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KILPELAINEN-MALY TECHNIQUE FOR THE GENERAL CASE OF
DIVERGENCE QUASILINEAR ELLIPTIC EQUATIONS

In the paper we prove an iteration lemma for the general case of quasilinear elliptic
equations in divergence form:

Vu|)EJ =f(x)=0.
|Vu|

As in the case of p-Laplace operator, for which iteration lemma has been proved in
first by Kilpelainen and Maly, our obtained result serves a basic instrument for further
investigation of such type of quasilinear elliptic equations. With the help of mentioned
lemma it is established the Harnack —type inequality for equations under consideration in
terms of nonlinear Wolf potentials.

Keywords: quasilinear elliptic equations, iteration technique, second order partial
differential equations, p-Laplace operator, Wolf potentials, double-phase equations, pointwise
estimates.

- div(g(a(x):

Introduction
This paper is devoted to the extension of well-known Kilpelainen-Maly technique [1],
which has been applied in first for p-Laplace operator and measure u in right hand side of

the equation
—Au=pu, (1)
A u=div(|Vu |72 Vu), p>2.
Using proposed iteration technique, there has been proved [1] pointwise estimates for

nonnegative solution of the equation (1).
In the work [2] there was considered the double-phase elliptic equation of divergence

type
—div(| Vu|" Vu+a(x)| Vu "> Vu)= £(x) =0, )
in which

0<a(x) e C**(Q), a (0], 1<p5q§mjn(p+a,£], g<n. (3)

In the paper [2] pointwise estimates for nonnegative solution of double-phase elliptic

equations were obtained in terms of nonlinear Wolf potentials:
1

1
S n R .
WG, R)=20) P [ x| py =7, =0k, 4)
Jj=0 B, (%)
L
© g-1 R
VVI{; (xO,R)= z pJq—iz dex P = 2—1,] =0,L,.... (5)
=0 B, (%))

In the present paper we generalize the results of papers [1] and [2] and prove analogues
results for the quasilinear elliptic equations of general form:
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Vu|)ﬂ = f(x)>0.
[V
First of all it is necessary to prove iteration lemma. Instead of nonlinear Wolf potentials
(4), (5) we will use here the potential

2 — —n R .
VVI‘,/;V(XO?R)Z Z%)p/g(pi Ifdea p‘j ZF’] = 0515“-' (6)
J=

B, (x0)

- div[g(a(x)a

where the function g is inverse function for g.

Let us note that equations under consideration were studied in first by V. V. Zhikov [4-
5]. It has been shown that these equations can serve as models of strongly anisotropic
materials and can describe the Lavrentiev’s  phenomena. Moreover, in the book [3]
M. Ruzicka establishes the application of such type of quasilinear equations (with
nonstandard growth conditions) in modeling of electrorheological fluids behavior.

1. Problem statement
In the bounded domain QQ — R”, n>2, let us consider the following quasilinear elliptic
equation in the general form:

—div| g(a(x), Vu|)& = f(x)>0. (7)
[V
We will assume that function g satisfies the conditions
p—1 g-1
geC(R+),(£j SMS(LJ ,t27>0,1<p<g<n, (8)
z gla(xy),z) \7

for any interior fixed point x, € Q, f(x)e L'(Q). It is necessary to introduce the following
definitions.

Definition 1. Let G(a(x),?) = tg(a(x),t). Then the function u € W"(Q) if and only if
1) function u is weakly differentiable in €,
2) function u satisfies the condition

[G(a(x),| Vu ) dx < cc.

Q
Definition 2. The function u is called a weak solution to the equation (7), if
D uew" 9 (Q)

and
2) function u satisfies the integral identity [g(a(x),| Vu|)\Vodx= [ f @dx,
Q Q

o0 LG

forall peW
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2. Iteration lemma

The main result of the present paper is the following iteration lemma for equation (7),
which is generalization of obtained earlier analogs for equations (1) and (2).

First of all let us introduce the following notations.

Letx, € Q be such that B, (x,) < Q.. Weset r, = 5,3 =B, (x,),] =01.2,....

and

o -1,
A,(=r"g" ﬂ"(d(xo),—’J
B;

T

1+, u-— lj m—
{g {a(xoxT}:, . 9)

g u>l_,»}

We put /[, =0 and every next /,,,, j >0 we define from the condition
4, (lj+1 ): k,

if [, <I<|u L@ For the case /; > [lu iy Ve set 4,(1)=0. Here k <(0,))is some fixed
positive number, depending only on p,q,n, [a]cu.a @ |u Z;f Q),a(xo)( if a(x,)#0).

We note
5,()=1-1,,6,=8,(1,.)=1,,~1,,L, =B, "u>1j,

£, eCy(B,),0<¢, <1, & (x)=1, VxeB,,,,

VE| < 2
Ty
The following statement is a basis of Kilpelainen-Maly technique [1], generalized for
equations (7).
Lemma. Let conditions (3) and (8) be fulfilled, f(x)eL'(Q) and ueW"'(Q) is a
weak nonnegative solution to the Eq. (7). Then for every j >1 the next inequalities hold.

1 -
0, SEJH +74’_I.g(rj1 gfdx} (10)

Proof. We assume &, > %5 . for every fixed j >1.Otherwise (10) is evident. First of all let

us prove that
L, <27k (11)

u—1I. -1 u—1I,
Indeed, for xe L,,&,, =1 and =1+ 5 . >1 the next inequality is true

j-1

j-1

5.\ o 5.\
‘L/‘ = g_l_% (a(xo ),r]—lJJ.gl & (a(xo )a 7"] 1 J;,‘_lqu <
i1 )L,

j-1

-1- 5'— + u_l'— m— n
<g 1 %(a(xo)s - IJJ-gl o (a(xo)sr—j]J j—1qu: rj—lk'

i1 )L, j1
Since A4;(l,,,) =k and due to (9), the last inequality proves (11).

Let us estimate the terms in the right hand side of (9) for /=17,,. We decompose

u—1I,
L, =L,OL7. Here L’ := {x el;: 5 L < g}. Small parameter & >0 will be determined

J

later.
Using conditions (8) and (11) we have:
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J

u—I, J;
J.gw0 (a(xo ), . ’ Jf_;n_qu < gt glt (a(xo )’F_J}‘L./‘ <

L j

S,

< 2" grhXprlyn gl [a(xo),—-’]k. (12)
r.
J

Let us choose A by such a way: 0<A< p-l . For all xelL” the
(g—D(n-1D+n /

following evident estimate is true

P
u—1I[, L 0. n u—1. u—1. n-1
g (a(xo), - ] <pe)g (a(xo),—"Jg”‘l (a(xo), d ][l +— J :
r v, l"j I’j

J J

Moreover, the estimate

[[V(@Emds < pg™ (a(xo),éj l g (a(xo),g(l + ”T_lD;m-qu + ys, (j | {|dx

T r

is also fulfilled. From assumption &, > %5 15 (9), (11) and (12) it follows

T

u—1I. — —l+ﬂon—_l 0,
[P [G(Xo)a : Jij ‘dx<y(e)g " " (a(xo),r—"] x
L] J

J

o 5. -2
g"! [a(xo ), rj UJI'D_I_/1 J / %
’ EM [J‘gl”“ [a(x ) 7y ];’.’"quJ <
1 J 0/> r J -

- J; (mg)"=L Y1
<p@erk g ax), =L | [log" " | dx| <

vl L

J

L.

J

9 [gl (a(xo),%] [g" (a(xo),%[l + ”;lf Déﬁm_”’:_qu +r [If |dXJ‘ 13)

&
J

(m-g)"! 1 0,
V(w}@ " ldx < p(e)rk” gh (a(xo ),r—’] X

1 S,
<y(erkrgh (a(xo),—jJ
r.

J

J JL; J J ;

.. -1
Let us choose m from condition (m — q)n— —g>1, then
n

0. u—1. 0.
[ ), 2| 145 || e < ey g™ | ag) =t . (14)
L ¥ J; rj
Taking into account (12), (13) and (14), we arrive at
1 S
k<2"g" PP D 4 y(g)kn [k + g‘l(a(xo),r—f r j fdx] . (15)
J B;
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We choose ¢ sufficiently small, 2" g®%)X»™) =i, and further we choose k =k(¢):

1

r(e)k" = % . So, estimate (10) follows from A4,(/,,,)=k, (9) and (15). Lemma is proved.

3. Application of Iteration lemma

Proved lemma can be applied for obtaining Harnack-type inequality for nonnegative
weak solutions to the Eq. (7).
Let us sum up inequalities (10) for j =12...,J —1.

l S750+7VV1,J;(3%52,0)- (16)
Here Wlfg (xy,2p) 1is nonlinear Wolf potential defined by (6). From definition [/, we
have J, <o, then sequence {lj }/eN is convergent and &, —0, if j—>oo. Passing to the

.. . . 1
limit J-—>o in (16), we obtain — j(u — )P < s RN 0, j — 00, where
7 B;

[:=lim/,.We choose x, as a Lebesque point of the function (u—/)""***™ Using (8) we
arrive at u(x,) </.If u(x,) = 27/W1£, (x9,2p), (16) implies
+4 u(x ) -n + u
g (a(xo)a - JSVP J. g' %(a(xo),—jdx. (17)
P B,(x) P

Here 0< 4, < So, we have shown that iteration lemma can be applied for

n—1
proving Harnack-type inequality u(x,)< lefz (xy,2p)  (or (17)) for nonnegative weak
solution to the equation (7).

Conclusions

In the present paper it has been proved iteration lemma for general case of quasilinear
elliptic equation (7). It has been shown the application of it for proving Harnack-type
inequalities. Our statements generalize the results obtained earlier for equations (1) and (2)

(see [1], [2]).
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Anorauisa. K.O. Bypauenxko. Memoo Kilpelainen-Maly oaa 3azanvonoco eunaoky
K8A3iNIHIUHUX eNiNMUYHUX PIGHAHL OUEEPZEHMHO020 6udy. s 3a2aibHO20 BUNAOKY
K8A3LNIHIUHUX eNiNMUYHUX PIBHAHb OUBEP2EHMHO20 BUOY

- a’iv(g(a(x), Vu|) &J =f(x)=>0

[V
006edeHo imepayitny nemy. Ak iy eunaoky onepamopa p-Jlannaca, 0ns sik020 nodioHa iema
oyna enepuie 6cmanosnena Kilpelainen i Maly, ompumanuii pe3ynomam ciysx#cums 0CHOBHUM
IHCMPYMEHMOM O NOOANLULO20 OOCHIONCEHHS KBA3LNIHIUHUX eNINMUYHUX DIBHAHb MAKO20
muny. 3a O0onomozoro yici nemu O0osedeno HepigHicmb muny laphaxa 01 piHAHb, WO
PO32IA0AIOMbCL, 8 MEePMIHAX HeNIHIUHUX nomenyianie Bovga.

KarouoBi cjoBa: kBa3umiHIHI eTINTHYHI PIBHAHHS, iTepaliiiHa TEXHIKa, PIBHSHHS B
YaCTUHHUX TMOXIMHUX JPYroro mopsiaKy, omeparop p-Jlamnaca, moteHmiann Boubda,
nBoda3Hi piBHAHHSA, TOTOYKOB1 OI[IHKH.
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