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MATEMATHUYHA TA OBYUCJ/IIOBAJIBHA ®I3UKA

Miranda Gabelaia

ON DEFLECTIONS OF A PRISMATIC SHELL EXPONENTIALLY CUSPED
AT INFINITY IN THE N =0 APPROXIMATION OF HIERARCHICAL MODELS

In the N =0 approximation of hierarchical models the well-posedness of boundary
value problems for an equation of deflections of a prismatic shell exponentially cusped at
infinity is studied. Static problem of the shell with the thickness as follows

2,2
h= hoe_K(xl ) ho =const >0, K =const=0, x| e(-0+0), x>0,
is given and investigated.
The solution of the posed boundary value problem is given in an integral form.
Keywords: Cusped Prismatic Shells, Cusped Plates, Vekuas’s Hierarchical Models,
Degenerate Partial Differential Equations, Elliptic Equations, Reimann Function

Introduction
The elastic body is called a prismatic shell if it is bounded above and below by the
surfaces
(+) -)
X3 = h(x;,x,) and x3 = h (x1,x,)
laterally by a cylindrical surface of generatrix parallel to the x;-axis and its vertical

dimension is sufficiently small comparing with other dimensions of the body [1-3].

Vekua’s hierarchical models for elastic prismatic shells are the mathematical models [1-
10]. Their construction is based on the multiplication of the basic equations of linear
elasticity:

Motion Equations

X i+®; = piil-(xl,xz,x3,t), xeQc R, 1> tos
Generalized Hooke’s law (isotropic case)

Kinematics Relations

1
by Legendre polynomials P. (ax3 - b). After that it is necessary to integrate with respect to x5
- (+)
within the limits /4 (x;,x,) and /4 (x),x,). Here @, are the volume force components,
X;; are the stress tensors, u; are the displacements, e, are the strain tensors, 4 and u are

the Lame constants, p is the density, J;; is the Kronecker’s symbol. Moreover, repeated

indices imply summation (Greek letters run from 1 to 2, and Latin letters run from 1 to 3,
unless otherwise stated), subscripts preceded by a comma mean partial derivatives with
respect to the corresponding variables. Legendre polynomials has the following form

n(.2 _
P=—1" (T l)ﬂ, n=0,1,...,
2"n! dt"
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Let us consider the N =0 approximation of Vekua's hierarchical models (for details
see, e.g. [2,3]). The equation for the weighted zero moment of the displacement vector
component u; has the following form

H [(hvao,ﬂ ),ﬁ + (hvﬂo,a ),/7 ]+ /l‘é‘aﬁ (hvyo,y ),ﬂ
\/m HMORE SRR ) (1)
+ 0., [hlj +(h,2) +1+0., (h’lJ +(h,2) +1+®,, =phv,,,

@Y (Y SRR ) )
ﬂ(hv30,ﬂ)’ﬂ+Q(+)3 (h’lj +(h,2j +1+Q(,)3 (kl) +(h,2) +1+(D30=,0hv30,a,

where @, is the zero moment of the volume force component ®,, Q. , Q. are stresses

. 1
given on the upper and lower surfaces of the shell, v, = Zu,. 0>
) .
h (x1’x2) (h)(»"hxz)
uio(xlaxzat):= I”i(xlrx29x3at)dx3a D, (x,,%,,1):= I®i(x17xzrx3rt)dx3;

) )
h (x.x;) o)

&) (}?

+ —_

+ F (*) 1

Vg = F , vy, =% ;

@Y (®Y N (0N
(hlj +(h,2J +1 B+ hy ) +1

(+) (€} (+) (G}
Xig xl’xzah(xl’xz)at Vet X xwxzah(xl’xz) V3 :QH)'(xl’xZ’t)’
Vi

) ) ) )
Xiﬂ(xl,xz, h(xl,xz),tj Vg +X,.3(x1,x2, h(xl,xz)j v, = Q(y_(xl,xz,t).

1. Statement of the Problem
The system (1)-(2) for plates in static case has the following form

H [(hvao,ﬁ' ))ﬁ + (hvﬁo,a ))ﬁ ]'F A8 (hvyw ),ﬂ
® Y (#)? OV ()
+0., (h,l) +(h’2j +1+0, (h’lJ +(h’2J +1+®,, =0,
® N () Y (O
,u(hv30,ﬂ)ﬂ + Q(+) h,l + h’Z +1+ Q(_) h,l + h’2 +1+ (D30 =0. (3)
> v3 v 3

Let

2 2
h(x;,xy) = hoe_K(xl *x2) ’ h, = const >0, x=const>0, x, €(—o0+0), x,>0. (4)

We consider prismatic shell whose projection on Ox;x, is (see, Fig.1)
o= {(x,x,):—0<x, <400, 0=<x, <+oo}.
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—x(xf+xd)

h=le
X €(—o,+m)
X, € [0,+o)

v

Figure 1. The projection of the plate on Ox;x,.

The profiles of the plate on Ox;x; and Ox,x; are given on Fig. 2 and Fig. 3,
respectively.

X3 A " X3 LY

y h=le ™. x, =0 fy h=hoe_'“§_ % =0

X, £ {—m.+:) X, £[0.+x)

e

Figure 2. The profile of the plate on Ox,x, Figure 3. The profile of the plate
on Ox,x3

Using (4), equation (3) can be written as follows
2.2
pihoe™ T (30 1 3 5) = 2x1K03 ) — 2X5K035) + Fyg =0, )

where

Fyo(x,x,) = (0 (x,x,)+ 0., (x,,x, ))\/(hlj + (h,zj F14+D50(x;,x,).

Let F3q € C([0,7]).
We consider the following problem:
Problem. Find the solution v3, of the equation (5)
v3p € C* (@) NC(),
under following boundary conditions
V40(0,x,)=0 (6)
and condition at infinity
2,.2
V30(x) = 0 T2)) when x| 5 w0, x:=(x),%,). (7)

We use methods proposed in [11,12] for solving Problem. Let us rewrite equation (5) in
the following form
V3011 V3022 —2X1K V301 —2XK V30, =F, 3)
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where

F = _LF306K(XIZ+X§).

0
Equation (8) in the complex form can be rewritten as follows

2
LU =T AT TR ) =0, ©)

whete 2=, +ity, £ =x~iy, A0 =52 Bz = ¢,

UZ=V30 Z+§’Z_é, A F'l ;:lF ﬂ’ﬂ I
2 2i 4 2 2i
The boundary condition (6) and condition at infinity (7) can be written as follows
U(z,8y) =0, U(zp,5) =0, (10)

U(z,{)=0(e"*), where |20, |¢]—> . (11)

Riemann function for problem (9)-(11) has the following form

~SH(¢-r)—Sr(z1)
R(z,¢t,t)=e 2 2 )
Therefore the solution of the boundary value problem (9)-(11) can be written by such a
way (see [11])

28 TG

U(z,&) = j jez - Fy(t,7)dr dt, (12)
Y40
where zozx{)+ixg, §0=x{)—ix(2), (xlo,x(z))eéa).
Let at first F,(¢,7) =1. From (12) we have
;K ¢ K
——('t -——z7
U(z,§)=e’”§J‘e 2 dtJ.e 2 dr=
) o
K K K K
_ o7 _i[ezgz—efz‘)] : _3[6224 —ezzgo] K (13)
¥4 Kz
_ 4 l_egzc—gzgo _egzg—gg% +ezcz;—§¢zO—§z;o |
Kzzé'

Thus, due to (13) we obtain the following estimate
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4 g(xlz +x3 —xlxl0—X2x20+i(x1x20—x2x10))
|V30(X1,x2)|§ﬁ l-e
K°(x{ +x3)

K( 2 2 .
S +xg _xlxlo_x2x20+’(x2xl0_x1x20)) 2. .2
K(X] +X5 —X1X19g— X X
—e2 1 X T —axgmx0) | <

(14)

< (i3 )
4 7 D HX2 XX 07020

K
VI N 1-2e COS(— (x1x20 —xleo)j
K- (x{ +x5 2

2. .2
K(X] +X7 =X X, Xy X
oK (i +x—xx10 zzo))‘

From (14) we get
Vao(x) = O(e’((xlzﬂg)), when [x| >0, x:=(xp,x,).
Let further F(t,7) be an arbitrary continuous bounded
function (|Fl (t,7)| <M < const < oo). From (12) we have
z¢ K,
Uz¢)=|] [e?

2040

K
(—t)+—¢(z-1)
2 -F(t,7)dr di| <

Y N S
< He2 (o Rt 0)|dT dt <

2040

28 Ko-0+Es
<M~jje2 27 drdt.

So, (12) is a solution of the setting problem.
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Anomauyia. M. [TL'abenasa. Ilpo eidxunenna  npusmMamuyHoi  00010HKU,
€KCNOHEHUIAIbHO 3pocmarouoi na Heckinuennocmi, 6 N=0 anpoxcumauii icpapxiunux
mooeneu. Ilpu N =0 anpokcumayii iepapxiuHux mooenell BUBYAEMbCA KOPPEKMHO
nocmasnena Kpauosa 3a0adya Ol PIGHAHHA  GIOXUNEHHS NPUIMamuyHoi 000J0HKU,
eKCNOHeHYianbHo 3pocmaiouoi Ha HeckiHuennocmi,. Copmynrbosano ma 00CRiOHCeHO
HACMYNHY 3a0a4y

2 2
h= hoe_’“(x1 +x2) hy =const >0, K =const>0, x €(—0+0), x,>0.

Ilooano aenutl 6ueind po38’ A3KY PIGHAHHA 68 IHMe2palbHill hopMmi.

Karw4oBi caoBa: 3aroctpeHa mnpu3MaTHyHa OOOJIOHKA, 3arocTpeHa IJIacTHHKA,
lepapxiuai MoOJemi, eTINTHUYHI PIBHSAHHS, PIBHAHHS B YaCTHHHUX TMOXIAHUX, BHUPOJKEHI
nrdepeHIianbHi pIBHAHHS B YaCTHHHUX MOXITHAX.

Opnepxano penakuiero 10.08.2016 [pwuitasto no apyky 15.09.2016

VK 517.928.1 PACS 02, 03, 05, 06, 07
H. B. Atamace

MJIOWA/Ib PELIEHMIA TMHEHAHBIX PA3HOCTHBIX
YPABHEHUH XYKYXAPbI

Honyuenvi sguvie ¢hopmyavl 0N BbIYUCIEHUS HAOWAOU PEUEeHUs. DA3HOCHHbIX

ypasHenuii Xykyxapuol 6 npocmparcmee convIR".

Kuaruessie cioBa: PasHocTs XyKyxapbl, CMELIAHHAs 10113 1b MHUHKOBCKOIO, METOJ
cpaBHeHUs YamibirnHa—BakeBCKOro, pa3HOCTHBIE YPAaBHEHHM, IUHAMUYECKHE CHCTEMBI,
Merpuka Xaycnopda.
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