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Anomauyia. M. [TL'abenasa. Ilpo eidxunenna  npusmMamuyHoi  00010HKU,
€KCNOHEHUIAIbHO 3pocmarouoi na Heckinuennocmi, 6 N=0 anpoxcumauii icpapxiunux
mooeneu. Ilpu N =0 anpokcumayii iepapxiuHux mooenell BUBYAEMbCA KOPPEKMHO
nocmasnena Kpauosa 3a0adya Ol PIGHAHHA  GIOXUNEHHS NPUIMamuyHoi 000J0HKU,
eKCNOHeHYianbHo 3pocmaiouoi Ha HeckiHuennocmi,. Copmynrbosano ma 00CRiOHCeHO
HACMYNHY 3a0a4y

2 2
h= hoe_’“(x1 +x2) hy =const >0, K =const>0, x €(—0+0), x,>0.

Ilooano aenutl 6ueind po38’ A3KY PIGHAHHA 68 IHMe2palbHill hopMmi.

Karw4oBi caoBa: 3aroctpeHa mnpu3MaTHyHa OOOJIOHKA, 3arocTpeHa IJIacTHHKA,
lepapxiuai MoOJemi, eTINTHUYHI PIBHSAHHS, PIBHAHHS B YaCTHHHUX TMOXIAHUX, BHUPOJKEHI
nrdepeHIianbHi pIBHAHHS B YaCTHHHUX MOXITHAX.

Opnepxano penakuiero 10.08.2016 [pwuitasto no apyky 15.09.2016
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MJIOWA/Ib PELIEHMIA TMHEHAHBIX PA3HOCTHBIX
YPABHEHUH XYKYXAPbI

Honyuenvi sguvie ¢hopmyavl 0N BbIYUCIEHUS HAOWAOU PEUEeHUs. DA3HOCHHbIX

ypasHenuii Xykyxapuol 6 npocmparcmee convIR".

Kuaruessie cioBa: PasHocTs XyKyxapbl, CMELIAHHAs 10113 1b MHUHKOBCKOIO, METOJ
cpaBHeHUs YamibirnHa—BakeBCKOro, pa3HOCTHBIE YPAaBHEHHM, IUHAMUYECKHE CHCTEMBI,
Merpuka Xaycnopda.

70



Cepis «Pi3uko-maremMaTnyuHi Haykm», 2016

Beenenue

Teopust TMHAMUYECKUX CUCTEM B MOJTYJTHHEHHOM METPHUYECKOM TpocTpaHcTBe convR”
aKTHBHO pa3BHBaeTCs B TOCIEIHUE TOAbl KaK YacTh MAaTeMaTHYecKOro aHaiu3a B
METPHYECKUX MpocTpaHcTBaX. OCHOBHBIE pe3yNbTaThl, Kacaromuecs A epeHIraIbHbIX

ypaBHEHUI B mpocTpaHcTBe convR” moapiTo’keHbl B MOHOrpaduu [1], rae paccMoTpeHbl
BOIIPOCHl OOIIEeH TeopuW M KAYeCTBEHHOTO aHaInW3a, B YacTHOCTH, I Pa3HOCTHBIX
ypaBHCHHUI 00O0OIIECHBI TeOpeMbl NpsMOro merona JlsamyHoBa. Pa3sHOCTHBIC ypaBHEHUSA
XyKyxappl TakkKe HccieloBaauch B pabore [2]. OOmme BOMPOCH TEOPUH PAa3HOCTHBIX
ypaBHEHUI B 0aHAXOBBIX MPOCTPAHCTBaxX M3yucHbl B MoHorpaduu [3]. B paborax [4, 5]
HCCJIEI0BaHbl BOMPOCHl YCTOMYMBOCTH JUHAMMYECKHUX CHUCTEM B MpocTpaHcTBe convR”, B
YaCTHOCTH, B O3TUX paboTax BIEpBbIE MPEAJIOKEHO HCMHOJIb30BaTh KJIACCUUYECKYHO
TE€OMETPUUECKYIO TEOPUI0 MHHKOBCKOIO—AJIEKCAHPOBA JIJIsl UCCIIEJOBAHMS YCTOWYMBOCTH.
B mpenenax 3TOro HAaydyHOTO HAIpaBJICHUs AaKTyalbHOW 3ajaueil SIBJISIETCS BBIUMCIICHUE
IJTOIIATU PEIICHUM Pa3HOCTHBIX ypaBHEHHUU XyKyxapbl. B HacTosmiei paboTe 3TOT BOMPOC
pemaeTcs B IPeaoI0XKEHNN, YTO JIMHEUHBIN ONepaTop A SIBISETCS YCTOMYHUBBIM.

ITycte x € convIR" — MeTpuueckoe IPOCTPAHCTBO HEMYCTHIX BBIIYKJIBIX KOMIIAKTOB C
meTpukoi Xaycaopdpa. B 3TOM mpocTpaHCTBE MOMKHO BBECTH CTPYKTYPY JIMHCHHOM
MOJIYTPYIIBI, ONPEACIUB OINEpaluio CJI0KEHHS MUHKOBCKOTO W YMHOXXEHHSA Ha
HeoTpuuarensHelid ckaysap [1]. Pasnocts Xykyxapsl onpenensiercs kKak JeicTBUe (4acTU4Has
omeparus) oopaTHOe ClIoKeHHI0 MUHKOBCKOTO [1].

PaccmoTpuM pa3HOCTHOE ypaBHEHHE

A, X, =AX,, (1)
rae A, — pasHOCTHBIM omepartop XyKyxapel, x, € convR", A4 — pacmupenue JIMHEHHOTO
2
oneparopa A e L(R‘) Ha MPOCTPAHCTBO convIR", ompeneneHHoe CleayomuM 00pa3oM Ais
x € convR" monaraem
AX ={Axlx e X} e convR®.

B aroil pabore mnpenmnosaraercs, 4To JMHEWHBIN oneparop A — YCTOWYUBBIM, T.€.
sup“A"' “ < +oo. BenenctBue teopemsl b. Cexedansu-Hans [3], det A=1.
keZ

Oo6o3HaunM S [X X ] — TUIOMIA/b BBIMTYKJIOT0 KOMMakTa x € convR", torna S [X Y ] —

(yHKOMOHAT  CMEMIAaHHOW  IIOmagun  MUHKOBCKOTO,  OMpEeAeNsieTcsl  MOCPEICTBOM
MOJIIPU3ALIMOHHOTO TOXACCTBA [6]

S[X+pY, X+ pY]|=S[X,X]+2pS[X.Y]+p’S[Y.Y].peR,.

Lenpro HacTosme paOOThl SABISETCA BBIUKUCICHHUE IJIOMIAM PEUIEHUN Pa3HOCTHOTO
ypaBHeHus: Xykyxapsbl (1). [[71st 5TOro HCnosb3yroTest KJIacCUYeCKrue T€OMETPUYECKUE METOIbI
1 MeToJl cpaBHeHUs1 Yambiruna—Baxkesckoro [7].

1. BoluuciieHue MJIOIAAH pelleHU Pa3HOCTHOr0 ypaBHeHUs1 XyKyXapbl
BBenem BcrioMorarenbHbI€ II0CIE0BATEIBHOCTH

k k
& =S[X,.4X, | keZ,.
Hcmonp3yst cBOMCTBA (yHKIIMOHATA CMEUIAHHOW TUTOMand MUHKOBCKOTO, HETPYIHO

ky} oo
YCTAaHOBUTH, YTO BBCACHHBIC MOCICOOBATCIBHOCTU {en}k=0 YAOBJICTBOPSAIOT PA3HOCTHBIM
YPaBHCHUAM

n?

é(;lﬂ =’S[‘}(n+l"}(n+l Xn+AXn]=§(;1+2é:1n+é:(;1’
EN =8| X, AKX, |=S| X, +AX, A X, +4X, | =&+ & + & + & ke,
C‘leTHa}I CUCTEMA pa3HOCTHLIX ypaBHeHI/Iﬁ

AL =& EHEk21, AL =280+ &) @

]=8[x, +4x,
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SBJIICTCSl CUCTEMOW CpaBHEHMs JJISi MCXOJHOrO Pa3HOCTHOTO ypaBHeHUs Xykyxapol (1).
[TycTp

L, :{(xo,...,xk,...)|xi € ]R‘fﬁp‘xkl < +oo}.

B [, ectecTBeHHBIM 00pa3oM BBOAMUTCS CTPYKTypa OaHaAXOBOTO MPOCTPAHCTBA MpHU

IIOMOII HOPMBIL ||.)C||OO = Suplxkl , JJIsL 100010 X € Zw .
kel

[Tokaxem, wuyrto (&,,¢,....¢,,..)0€l,, rae szS[X,AkX]. JIeCTBUTEIIBHO,

||X||=dH (X,O), XC||X||K, rne K — emumHWYHBIA Kpyr Ha muockoctH R’, mosToMmy,

BCJIEICTBHE MOHOTOHHOCTH (DYHKIIMOHAJIA CMEUIAHHOW IO MUHKOBCKOTO, PUXOIUM K
HEPaBEHCTBY

k 2 k
fi?S[X,A X:Is?g”)(u S[AK.K].

Bceneactue teopemsl Cekedanbpu-Haps, cymecTByroT OpTOroHaabHbIl onepatop U u
HEBBIPOXKICHHBIN OIIEPATOP T Takue, uto A=T ‘IUT Torpa

S[T UK K |= < I S[U*K K= s
|detT| |detT| " [detT] |det 7|
2 2
‘ I7I X .
[Tostromy supS| X,4"X |< Janee BBemem omeparop €:/ —I mo
ke, |detT|

dbopmynam:
(QE), =& +&,.k =1, (QE), =24,
Ouepuzno, uto Qe L(L,).

Torga cucremy cpaBHeHus (2) 3amuuieM B BuAe aOCTPaKTHOINO pPa3HOCTHOTO
YpaBHEHUS:

A, =(Q+1)¢,, 3)
OTCrOaa cnez[yeT
égn =(Q+2)n §o~

Jnist pernenus ypaBueHust (3) HpI/IMeHI/IM ¢dopmyny Pucca
(Q+2) =——56R )(A+2)"dA, (4)
rae I' — 3aMKHYTBII KOHTYD, OpI/IeHTI/IPOBaHHLII/I B IOJIOXKUTEIBHOM HAIPaBJIEHUH, KOTOPbII

oxBaThiBaeT crektp o () oneparopa Q, R(A,L2) — pesonbBenTa oneparopa Q.

CrexTp u pe3osibBeHTa orepaTopa 2, BRIYUCICHHBI B padote [8]. O4eBUAHO, UTO TpH
mobom « €[0,7] Bektop

e, =(l,cosa,cos2a,...,coska,...) €l

ABJISIETCSI COOCTBEHHBIM BEKTOpOM ormeparopa {2, TMpUHAISKANIAM COOCTBEHHOMY
3HaucHN0 A=2cosa oneparopa Q u, nostomy, o(Q)>[-2,2]. OGparHoe BKIHOYCHHE

JAOKa3bIBACTCA CICAYIOIIUM O6pa30M2 paccMaTprBaACTCA YPABHCHUC
(Q-A)x=1.fel;. (5)
H3BecTHO, uTO A € p(Q) — PE30JbBEHTHOMY MHOECTBY oreparopa {2 TOrja U TOJIbKO
TOr4a, KOoraa il YpaBHCHUSA IJI KaKAO0TI'O f (S I;S CYHICCTBYCT CAUHCTBCHHOC €0 PCHICHUC

x €l , KOTOpPO€E HEMPEPHIBHO 3aBUCHUT OT f .
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VpaBHEHHE YKBHUBAJICHTHO PA3HOCTHOMY YPABHCHHUIO
X X, —Ax, = f,k=12,... (6)
C Ha4YaJbHBIM YCIOBHEM
2x, = Axy = f,. (7)
[Ipeanonoxum, 4to ﬂe[—Z,Z] U PAaCCMOTPUM XapaKTEPUCTUYECKOE ypaBHEHUE MJIA
OJTHOPOJTHOTO Pa3HOCTHOT'O YPaBHEHHsI, COOTBETCTBYIOIIETO YPABHEHHUIO
g +1=1q.
D10 ypaBHeHue umeer 1Ba KopHs ¢,(A) u g,(A), npuuem >TH KOPHH He NexkaT Ha

€IMHUYHON OKPY>KHOCTH, I103TOMY Oy/€M CUMTATh, YTO ‘qz (/1)‘ <1. Ilycts

g, ()
q, (Z’) 4q, (ﬂ’) .

Mosxkuo J0Ka3aTrh, 4YTO IIOCJICAOBATCIIBHOCTD
A) fo+24Ge ) (A)+ G, (AN,
p=1

YIOBJIETBOPSAET PAa3HOCTHOMY YpPaBHEHHIO HauyalbHOMY YCIOBHUIO, IPUYEM, BBIIOJHAETCS

OLICHKa
. - [ J
\/‘ — ‘

Takum o6pasom, Aep(Q), CJ'ICI[OB&TGJ'ILHO(C\[ -2,2]c p(Q), urto moxaseiBaeT
o(Q)=[-2.2] n (R(2.9Q) 1), =G, (4) /,+ 2 (G, (A)+ G, (AN S, k=0.L.
p=1

3 popMyIIEl U IpECTABICHIS Ul PE30IIBBEHTHI oriepatopa R(4,Q) cienyer, uro

G, ()=

m

o1 - ,, ”
&= Zm.f[Gk(ﬂ)S[XO,X()H;(Gk_p(ﬁ Gy, (ANS[ X, 47X, |(2+2)" d2, -

k=0,1,...
Psn B moaMHTErpanbHOM BBIPAKEHUU CXOJUTCS paBHOMEpPHO Mo mapamerpy A€l
te[O,T ], [03TOMY OOOCHOBAHO TMOYJIEHHOE HWHTErPUpPOBaHHE OECKOHEYHOro psjna B

BBIPAKCHUN U

S[X(1),4°X (t)|=-a,S[X,. X, ] —i(ak_p +a,,)S[ X, A" X, |

rie a =—2mec;k(,1)(/1+2)" dAkeZ .

Hcnonb3ys MeToasl Teopun QyHKIMH KOMIUIEKCHOM nepeMeHHoM u cinenys padote [8],
MOJTydaeM:

nﬂ'

a, =—;I 1+cosa) cos|k|ada ———mZOCm:[COS ‘acos|k|ada =
{n—\kq [ —\k\}
2 & m(k21) o L2 1

R P+ 2P 4 (n k|- 22)1 (k] + 1)1
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CnenoBaTenbHO, NPUXOJAUM K OCHOBHOMY pe3yabTaTy Hacrosinmieii padoTsl:
roJiydeHa siBHas ¢opMmyliia I BBIYUCIICHUS TUIOMIAIN S[X , X ] peLIeHHsT Pa3HOCTHBIX

ypaBHeHHil XyKyXaphl B IIpocTpaHcTe convIR:
H .
1 n! 1
—  S[x,.x,]+2 sl x,,4"X, .
=4 (n-20)\(10) (Ko %0] ,,z::‘zf'—" ,ZO: 4 (n-p-20)\(p+I)! [ X0 a7, ]

S[X,.X,]=2"n!

n o

BoiBoabl

B macrosmmeii paGore BbrumcieHa omans S[X,X| pelreHmii pasHOCTHOTO
ypaBHeHuss Xykyxapbl (1). Jlns 3TOro Mcnosnb30BalUCh KJIACCHUUYECKUE I'€OMETPUUYECKUE
METO/IbI, a Takke MeToJ cpaBHeHus YarubirnHa—BaskeBckoro. [lomydena sBHas dopmyna
IUIS BBIYKCICHUS IIomiaau S [X”,X ] pelIeHUsT Pa3HOCTHBIX YypaBHEHMM XyKyxapbl B

n
2.
npoctpaHctse convR™:

n n-p

2 1 n n! 2 1
S[X,.X,]=2"n> —————— S[X,,X,]+2 S| X,, 47X, .
%] n,:()4’(n—21)!(1!)2 [Xo- Ko+ ;‘21’—" ;4l(n—p—21)!(p+l)1! [,
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Summary. 1. V. Atamas’. The area of solutions of linear difference Hukuhara
equations. In this paper we study the question of area calculation for solutions to linear
difference Hukuhara equations

A, X, =A4X, .
We introduce here auxiliary sequences
& =S[X,. AX, | ke,

Then we can write a comparison system in abstract form A¢, :(Q+1) & with initial

conditions &, =(Q+2)" &,, where operator Q:1, — 1 is given by

(Qf)k =&, +& k=21, (Qé)0 =2&.
Examining a comparison system, we get a main result: we obtain the exact formula for
area S[X,,X,|for solutions to linear difference Hukuhara equations:

n n—p
1

o ]
X, ] 2 'Z )() [ 0> ]+222pnz41 n p—2l)!(p+l)l!

Keywords: Hukuhara difference, Minkowski mixed area, Chaplygin-Vazhevskii
method of comparison, difference equations, dynamic systems, Hausdorff metric.

S[x,. 47X, .

Oneprxano penakiiero 19.08.2016 [Ipuitasito mo apyky 23.09.2016

YK 517.92 PACS 02,03,05,06,07
B. O. Bouainuii, I. O. 3eencbpka

HECTABIVIbHA JTU®EPEHIIAJIBHA TOYKA 3BOPOTY II POAY
B CUCTEMIYETBEPTOI'O IIOPAJKY

s HeoOHOPIOHOT cucmemu CuH2YAAPHO 30YpeHUx OughepeHyianbHux pieHAHb 3 MATUM
napamempom npu cmapuiitl NOXioOHil i MOYKOW 360POMY OMPUMAHO YMOBU 0] N06Y008U
PisHOMIpHOI acumnmomuky po3e’a3ky. Posenadaemovca eunaoox, xoau cnekmp 2panudnozo
onepamopa Micmums Kpammi i MOMONCHO PIBHI HYIO eneMenmu. Acumnmomuxy nooyoo8aHo
MEmooom  iCMOMHO-0COOIUBUX — (PYHKYIL, AKUNL 0036019€ 6 OKOML MOUKU 3860DOMY
suxkopucmamu mooeavHull onepamop Eipi-Jlaneepa 0ns 00Hopionoi 3adaui i ¢hyHxyiro
Ckopepa onsi neoonopionoi 3aoadi. Koncmpykyis acumnmomuunux po36 a3Kie Micmumbo
Q008IIbHI cmali, AKI BUSHAYAIOMBCA OOHOZHAYHO NIO YAC D036 SA3AHHSA IMepayiiHuX piGHAHb.
Josedeno makooic icnyeéanHs po3e’si3Ky cucmemu OupepeHyianrbHux pieHAHb 3 MATUM
napamempom npu cmapuiii NOXIOHIU ma Npu HAAEHOCMI MOYKU 360pPOMY, 3d YMOBU, WO
mouka 360pomy micmumscsi Ha inmepegani [—1,l]. I[lpoeedena oyinka 3anUUKOBUX U/eHi8
ACUMNMOMUKU PO38 "A3KY.

KarouoBi ciaoBa: iiHiliHA cuctema, Majauil napaMmerp, TOYKa 3BOPOTY, MPOCTIp
0e3pe30HaHCHUX PO3B’s3KiB, MoJenbHUl omeparop FEiipi-Jlanrepa, piBHaHHS Tumy Oppa-
3ommepdenpaa.
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