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Summary. 1. V. Atamas’. The area of solutions of linear difference Hukuhara
equations. In this paper we study the question of area calculation for solutions to linear
difference Hukuhara equations

A, X, =A4X, .
We introduce here auxiliary sequences
& =S[X,. AX, | ke,

Then we can write a comparison system in abstract form A¢, :(Q+1) & with initial

conditions &, =(Q+2)" &,, where operator Q:1, — 1 is given by

(Qf)k =&, +& k=21, (Qé)0 =2&.
Examining a comparison system, we get a main result: we obtain the exact formula for
area S[X,,X,|for solutions to linear difference Hukuhara equations:
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HECTABIVIbHA JTU®EPEHIIAJIBHA TOYKA 3BOPOTY II POAY
B CUCTEMIYETBEPTOI'O IIOPAJKY

s HeoOHOPIOHOT cucmemu CuH2YAAPHO 30YpeHUx OughepeHyianbHux pieHAHb 3 MATUM
napamempom npu cmapuiitl NOXioOHil i MOYKOW 360POMY OMPUMAHO YMOBU 0] N06Y008U
PisHOMIpHOI acumnmomuky po3e’a3ky. Posenadaemovca eunaoox, xoau cnekmp 2panudnozo
onepamopa Micmums Kpammi i MOMONCHO PIBHI HYIO eneMenmu. Acumnmomuxy nooyoo8aHo
MEmooom  iCMOMHO-0COOIUBUX — (PYHKYIL, AKUNL 0036019€ 6 OKOML MOUKU 3860DOMY
suxkopucmamu mooeavHull onepamop Eipi-Jlaneepa 0ns 00Hopionoi 3adaui i ¢hyHxyiro
Ckopepa onsi neoonopionoi 3aoadi. Koncmpykyis acumnmomuunux po36 a3Kie Micmumbo
Q008IIbHI cmali, AKI BUSHAYAIOMBCA OOHOZHAYHO NIO YAC D036 SA3AHHSA IMepayiiHuX piGHAHb.
Josedeno makooic icnyeéanHs po3e’si3Ky cucmemu OupepeHyianrbHux pieHAHb 3 MATUM
napamempom npu cmapuiii NOXIOHIU ma Npu HAAEHOCMI MOYKU 360pPOMY, 3d YMOBU, WO
mouka 360pomy micmumscsi Ha inmepegani [—1,l]. I[lpoeedena oyinka 3anUUKOBUX U/eHi8
ACUMNMOMUKU PO38 "A3KY.

KarouoBi ciaoBa: iiHiliHA cuctema, Majauil napaMmerp, TOYKa 3BOPOTY, MPOCTIp
0e3pe30HaHCHUX PO3B’s3KiB, MoJenbHUl omeparop FEiipi-Jlanrepa, piBHaHHS Tumy Oppa-
3ommepdenpaa.
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Beryn

Acumrrotuyda Teopis piBHAHHS Oppa-3ommepdenbaa s TiApOAMHAMIYHOT
CTabITPHOCTI Ma€ JIOBTY iCTOPit0. YBara JOCTITHUKIB c(OKYCOBaHA Ha 3ajadyax bOTO THITY 3
METOI0 TOOYJOBM €IUHOTO ACUMITOTHYHOTO pPO3B’s3Ky, SAKMUH O MoxkHa Oyno
BUKOPHCTOBYBATH TIPU JOCITI[HKCHHI XapaKTEpHUCTUK MPOIECIB MpH mepexonai Teuii 3
JIaMIpHOTO CTaHy y TypOyneHTHHH. Y paHix po6ortax Bazos [1], Jlanrep [2], Jlin [3], JliH 1
Pabenmrreiin [4] Ta iHIII JOCHIPKYBAIH 33/1a4y METOJJOM NOPIBHAIBHUX PiBHSAHB. B ycix nux
poboTax roJloBHa MeTa IoJifraja B OTpUMaHHI aCUMITOTUYHUX PO3B’3KiB piBHAHHSA Oppa-
3omMmepdenbaa, siki 6 Oyau piBHOMIPHO 30DKHHMMH 1 NPUAATHUMHU B OKOJI1 TOYKU 3BOPOTY.
Teopii mporo THIy B 3Ha4yHI Mipi 0a3ylOoThCs Ha imel y3aranbHEHHS Teopii Jlanrepa Ha
pIBHSHHA BUIIMX MOpsakiB tumy Oppa-3oMMmepdenbaa, 3anponoHOBaHOI HUM B PoOOTax,
MPUCBAYCHUX JOCHIIPKEHHIO PIBHAHb APYroro MOPsAKY 3 MPOCTOI0 TOYKOIO 3BOpoTy. Ciin
3ayBa)KMTH, II0 YCIIX TaKOTO MiAXOy 3aJIKHUTh BiJ BUOOPY MOPIBHSIBHOTO PIBHSHHS, SKE
Ma€ OyTH IOCHTHb TPOCTHM, 1 PO3B’SA3KH SKOTO BBaKarOThbes BimoMmmu. [lo-mpyre, 1mi
PO3B’SA3KM MalTh OyTH ONM3BKMMM 3a BIACTUBOCTSMHU JO PO3B’SA3KIB JOCIIIKYBAHOTO
piBHAHHA. [IpoBeneHi NOCIIPKEHHS BUIE 3a3HAUYEHMX aBTOPIB IOKa3aiy, 110 BUHHUKAIOThH
MEBHI TPYIHOIIII 3 KOe(illiEHTAMU alPOKCUMAIlIN BUILIUX MOPSIKIB.

B nmaniii po0OTi 3ampomOHOBAHO METOJ, SIKHA J03BOJIIE€ MOOyayBaTH PIBHOMIPHY
ACHMIITOTUKY PO3B’SI3Ky Ha BCBOMY BiIpi3Ky 3MIHU HE3aJEXHOI 3MiHHOI, TOOTO B 00OmacTi,
sSKa MICTUTh TOYKY 3BOPOTY 1 y3araJIbHIOEThCS SK Ha JAMQEPEHINaJbHI PIBHAHHSA BHIIHX
HOPS/IKIB, TaK 1 HA BEKTOPHI PIBHAHHS (CUCTEMU AU(EpEHIIIaTbHUX PIBHSHB).

Cuctemun cunryasipHo 30ypenux audepeniianbaux piBHsHb (CC3/IP) 3 Toukammu
3BOPOTY € ACHMITOTHYHHMH MOJCNSMH sl 0ararboX MpOIECiB, MO BigOyBarOTbCsS Y
NpUKIagHuX cdepax ¢izuku, Oiojorii, imkeHepii [5]. OCHOBHa CKJIAQAHICTh TaKOro THUILY
3a71a4 MoJIArae y nodynoBi aCUMITOTUKH PO3B 3Ky, HA BCbOMY BiJIPi3Ky BKJIIOUAIOUYM TOUKY
3BOpOTY [6,7,8].

3amava, siky OymeMo JOCTIPKYBATH B JIaHild poOOTi, Mae BUTIISI:

eY'(x,&)—AX)Y(x,&)=H(x), (1)
ne £>0 xe[-1,0] Y(x,&)=colon(y(x,8), y,(x,8), y;(x,8),y,(x,8)) - uykana BekTOp-
bynkuis,

H(x) = colon (0,0,0, h(x))— 3amaHa BeKTOP-PYHKITis,
0 £ 0 0
two=a@ra= oo o] @)
—c(x) —-b(x) —a(x) O

- BimomMa Matpuiid, B ki a(x), b(x), c(x)eC” [—l ,O].
Cucremy piBHsHB (1) Oynemo focniaKyBaTH 3a yMOB
a(x)=xa(x), a(x)<0, b(x)#0, c(x)=0. 3)
OCKUIbKM J1aHy CUCTEMY DPIBHSHb MOXHA 3BCCTH JO PIBHSHHS UYCTBEPTOTO MOPSIKY
tumy Oppa-3omMepdensaa BUAY:

£’y Y (x,8) +a(x)y? (x,) +b(x)y'(x,€) +c(x) y(x, &) = h(x),
TO B TAKOMY BUMAAKY OyJIeMO po3TisfaaTu oughepenuianvry mouxy 3eopomy II pooy [8].

1. IIpocrip 6e3pe3oHaHCHUX PO3B’sI3KiB
[Tpocrip ¢ynxuiii, B sikomy Oynemo OynyBaru PAP 3anaui mae BUrsin

R, =, (X)Ai()+ 571811{ (X)Ai'(2), R,, = a,, (x)Bi(?) + g}/IBZk (x)Bi'(2),
R, = f(x)v(t)+&"g, (xWV'(1), R, =o,(x),
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ne a, (x), B,(x), f,(x), g,(x), o, (x) e C*[-1,0],i =1,2; k =1,4.
Ockinpkn  ¢Qyskiis  Bi(f) HeoOMexeHO 3pocTtae  Ha  HECKIHYCHHOCTI, TO
midepeHLianbHa Touka 380poTy 11 posty Ha 3a1aHOMY BifIpi3Ky Oynie HecTadlibHOKO [9].
3 UMX MiIOPOCTOPIB HOBMIA MPOCTIP OTPUMYEMO SIK IPAMY CYMY
R =GR,
j=l
EnemeHT npocropy 6e3pe30HaHCHHUX PO3B’SA3KIB Oyjie MaTh BUTIIS;

Y(x.t,6) =3 [ (DU, + & B (U |+ [,V (D) +&7 g, V(1) + @, (x),

ae yukuii U, (¢), i=1,2, Tobto U,(¢) = Ai(?), U,(t) =Bi(¢) - pynkuii Eiipi-Jlanrepa,
a v(t) - ynxkuis Ckopepa [10].

2. Peryasipu3anisi CHHIyJIApHOCTeH
Ocob6iuBa Touka & =0 y pO3B’sI3KaX CHUCTEMHU IMOPOKYE iICTOTHO OCOOIMBI (PyHKIIIT

(I0®). 3 mMeroro iX BU3HAUCHHS BBEAEMO HOBY 3MIHHY f=¢& 7 -@(X), € HNOKa3HUK p 1
perynapusyroda QyHKIiS ¢(x) OiAIsaraioTh BU3HaueHHIO. [licist BBeZ€HHS HOBOI 3MIHHOT ¢
BEKTOpHE piBHSHHA (1) MepexoauTh B pO3IMIKUPEHE BEKTOPHE PIBHSHHSI

,8Y(x,t,€) f oY (x,t,¢)

LY(xte)=¢"p —A(x,&)Y (x,t,&) = H(x), 4)
ot Ox
MIpU BUKOHAHHI TOJIOBHOT TOTOKHOCTI peryIsipu3arii
Y(x,t,8) () = Y(x,¢).

3rigHo 3 po3pobsieHnM MeToA0M icTOTHO ocobmuBux ¢(yukuid [3] mns CC3P 3
TOUYKaMH 3BOPOTY, MOAIEMO PO3MIMPEHUM onepaTtopoM Ha enemeHt [1bP R, ta R,

L(a, (x, &)U, (6)+&" By (x, )U/(1) = ", (x,6)p' (x)U (1) =

=" B (x, )p(x)9' (U, (1) — A(x, £) et (x,€)U (1) =

—&” A(x, &) B, (x,&)U!(t) + g, ()U.(2) + &7 Bl (x)U!(t) = 0.
[Ticns eneMeHTapHUX NEPETBOPEHD OJTHO3HAYHO BU3HAYAEMO:

p=2iy=-1.
3 3
B pesynbrati Oynemo maTtu
Ul(®): o (x,8)@'(x) — 4, (x) B (x, &) = _ﬂ3ﬂi;c (x,&)+ /13"41:81'/{ (x, ), (5)
U, (1) : B (x,£)p(x)@'(X) = Ay (Xt (x,8) =~ o (x, &) + 1 Ayt (x, €), (6)

1
e =g,
Posnumemo BekTopHi piBHsHHA (5)-(6) 3 ypaxyBanHsM (2). B pesynbraTi MatumMeMo
HACTYIIHY CUCTEMY
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a, (x,8)¢'(x) =~ [ B} (x,6) = B, (x, )],

a, (x,8)p'(x) =~ [ B (x,8) = B (x.8)],

0,3 (%, )¢ () = By (x,6) =~ 1’ B (x, €),

0,4(x, &) (X) + () B, (x, &) +b(x) B, (x, ) + a(x) B3 (x, ) = =1’ By (x, £),
B (x,)p(x)@'(x) = — [}, (x, ) — @, (x, )],

B (x,8)p(x)g'(x) = =’ [at)y (x,€) = 5 (x, €)1,

By (x,8)p()@'(x) = a1, (x,8) =~ t5 (x, ),

B (x,8)p(x)@'(x) +c(x)a, (x, ) + b(X)at,, (x, &) + a(X)a; (x, £) = _ﬂ3a1'4 (x,€).
OtpumaHi cucteMu anreOpaidyHUX pIBHSAHB pPEryasipHO 30ypeHi BiHOCHO MAaJloTo
napamerpa.
Hesinomi koedinientu «, (x,¢), B, (x,&) OyaeMo BU3HAYATH Yy BUIIISL PAMIB BEKTOP-

bynkuint (=12, k= 1,_4) :

ay(re) =Y wa, (), Bune)= iu’@k, (x).

Toni MaTuMeMO peKypeHTHI CUCTEMH BULY
Dx)Z, (x)=0,r=0;2, D(x)Z,.(x)=FZ,, 5(x), r=3. (8)

3 MeTOI0 BU3HAUEHHS Peryispu3yrouoi QyHKIil ¢(x), BUMAIIEMO BU3HAYHUK cHCcTeMH (8):

det @) =[] ({09 ] +2000(000” () + ()| =0,

, 2
(o(x)¢" (x)+a(x)) =0.
3BIIKM OTPUMAEMO 3a/1ady A7 BUSHAYCHHSI PETYISIpU3YI0U0i QYHKIIIT:
P()p" (x) =—a(x), @(0)=0,

(7)

PO3B’A3KOM SIKO1 €:

o(x) = [%I —a(x)dxj3 .

3. IToGynoBa popMaibLHOIO PO3B’SI3KY OJHOPIIHOI CHCTEMH
[Ipu TakoMy BH3HAY€HHI PEeryasipu3yrodoi (pyHKIIi ICHYIOTh HETPHBIaJbHI PO3B’A3KH

oHOpiaHOI cuctemu piBHAHD P(x)Z, (x) =0, npu r =0,2 BuUrIALy

Z,.(x) = colon (o, 0, ﬁ B (0,009 (X) B, (),0,0, B, (), By <x>}

ne pB,(x), i=1;2, k=14 - no neBHoro uyacy JAOBUIbHI, JOCHTh Iiajaki (yHKUIi mpu
xe [—l R O].
[TponoBskyroun maii po3B’si3yBaTH iTepalliiHi CUCTEeMH anreOpaidHuX piBHSIHB, MOXKHA

MOKa3aTH, 0 ICHYIOTh PO3B’SI3KU HEOTHOPIAHUX PEKYPEHTHUX cUCTEM (8).
Toni po3B’sa3ku ogHOPiAHOT cucTemu (1) OymemMo BU3HAYATH K

Dy 1,6) =3¢ {a U, (0)+&° B, (. e)U;(r)} i=1;2,

r=0
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e a, (x)=colon(a,,(x),c,,(x),a,, (x),c,, (X)) i
By (x) = colon(,, (¥). B, () 1, (x) /3, (x)) - Biztoi BexTOp-(yRKi.

2
3BY)KEHHS 1IbOTO PO3B’A3KYy IpH =& -(x) 1i=12:

2 £

D (x,&’p(x),e)=> & [a,-kr<x>U,-<e‘3(p(x)+e3 ,-,a‘(x)U;(ewx»} i=12.

r=0

4. IToOynoBa ¢gopmMajibLHOT0 YACTHHHOTO PO3B’A3KY HEOAHOPIIHOI cuCcTeMH
Ha nactynmHOMYy Kpol1ii mojiieMo posmupeHuM oneparopom (4) Ha enementu [IbP R, Ta

R, . PesynpTaroMm aii Oy1yTh HaCTYNHI BEKTOPHI PIBHSHHSL:
V()10 () £, (x,8) [ A, (x0) + 14, |g(x,8) =—1’g} (x, ),
V(0): ()P (D) g, (x.8) +[ A, () + 124, £, (x.8) = 4 fl(x, 8),

K 0] (x,8) =[A)(X) + 1’ 4] (x, ) + 19 (x) g, (x, €) = h(x).
Kommnonentu BEKTOP-(DYHKITIN [, =colon(f, (x), f,,(x), ;,(x), f,.(x)),

g, = colon(g,,(x),g,,(x),&;,(x),8,,(x)), @, =colon(a,(x),,,(x), @, (x),®,,(x)), Oynemo
BHU3HA4YaTHu 3 TAKUX pﬂ,[[iBI

L= gme=Y g oo =3 g,

r= r==2
[TincraBumo nani psau B cucteMmy (7), 3 HACTYHNHHMX PEKYPEHTHHUX CHCTEM pPIBHSHb
3HaWJEMO YaCTUHHUI PO3B’S30K.

D(x)Z“™ (x) = 0,r =-2;0, D(X)Z " (x) = FZ“"(x), r21,
ae Z“"(x) =colon(f,(x), f,,(x), f5,(x), f,,(x), &, (%), &, (), &5,(x), 84, (x)).

-4, ()@, (x) = h(x), —A4, ()@ (x)=0, r=1,

—Ay(X)@,(x) =—¢'(x)g,(x), r=2,

—A4 ()@, (x) = 4 (¥)@,(x) ==¢'(x)g, ,(x) — @ 5 (x), r=3.
Pan

Y (x,1,8) = Z W S V() + pg, (V' ()] + Z 1o, (x)

BU3HAYa€ YACTUHHUM PO3B’S30K PO3IIMPEHOTO BEKTOPHOTo piBHSIHHS (1).
Taxum unHOM, TOOYTOBAHO 3araJIbHUMA PO3B’ 30K PO3ITUPEHOTO BEKTOPHOTO PIBHSHHSA (4):

Y(x,t,€)= 3 g {i[aik,,(x)U[(t)+g3 [kr(x)Uri(z)H+

r i=1

Wi [fk,(x)vm+e3gk,(x)v'(z)}+ie’wk,(x).

2
3BYXKCHHSI LILOTO PO3B’A3KY NpH ¢ = &3 - ¢(x), TOOTO psx
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2

)7(x,t £) i Z l,kr(x)Uk(g (/J(X))+83 lkr(x) dU (8 3 (P(x)) n

et e d(e ; -(x))

W fo e g+ e gmM £ 0, ()
dis o) |
€ ¢popmanbaum po3B’szkom CC3/IP (1).

5. Ouninka 3aJMIIKOBUX YIEHIB ACHMIITOTUKHU PO3B’A3KY
BpaxoByroun BrnactuBocti [OD Ai(¢), Bi(¢), v(¢) Ta ix moxigaux [3], A7 3aIUITKOBUX
YJICHIB BIANOBIHUX PO3B’S3KIB, ACHUMMTOTHKY 3arajibHOr0 pO3B’A3KY CHUCTEMH MOXHA
3aIuCcaTd y BUTIISAII
2

)7(x,f £) Z{[Ze oy, (x)+0(gq+1)}ui(g_3 -(x))

i=1

e {ie”/ik,(x) + 0(8"“)} aUe oD,

d(z > -(x)) ®)

J{i & fo () + 0(8'”1)} V(e 3 -p(x))+ 8% {i &g, (x)+ O(eq“)} —dv(g_; o),
d(e” - p(x)

+i &, (x)+0(™).

r=0

BucnoBku

Onepxani pe3yabTaTi cHOPMYITFOEMO y BUIJISIII HACTYITHOT TEOPEMHU:
Teopema. Hexait mis CC3/IP (1) Buxonyrorecs ymoBu (2) i (3). Toni Bumie onmucanum
METO/IOM MO’KHA MOOYTyBaTH aCUMITOTUKY PO3B 3Ky BUIY (8).
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Summary. V.0. Boliliy, 1.0. Zelenska. Non-stable differential turning point of the
2-nd kind for the fourth order system. This paper is concerned with the nonhomogeneous
system of the singularly perturbed differential equations of the 4th order with the small
parameter at the higher derivative. This system is consequence of reduction of the 4th order
scalar singularly perturbed differential equations with the differentiable coefficients and the
turning point of the second derivative and the Orr—Sommerfeld type equation with the small
parameter of the fourth derivative. The reduced equation is the differential equation of the
second order. The turning point is the second genre discontinuity in the solution of the
reduced equation. The characteristic equation that corresponds to the system of interest has
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two identically zero roots and two simple roots which are identically double. Due to the
method of essential singular functions the new regularizing variable is obtained and the
extension of the vector equation is kept. Asymptotic forms of solutions for the homogeneous
problem are constructed with the help of Airy functions and their derivatives. Asymptotic
forms of solutions for the nonhomogeneous problem are constructed using Scorer functions.
The article discusses the variation of the non-stable turning point or the variation when the
turning point is on the left of origin.
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OCOBJIMBOCTI JUCKPETHHUX AJI'OPUTMIB IEPETBOPEHHSI
IH®OPMALII 3A 1O0IIOMOTI'OIO OBEPHEHUX TUHAMIYHUX CUCTEM

Komn'tomepna peanizayiss  anecopummie nepemeopenHs iHgopmayii Ha  OCHOBI
XaomMuuHoi OUHAMIKU Npusooums 00 HeoOXiOHocmi — Ouckpemusayii cucmem. Poboma
NPUCBAYEHA BUBYEHHIO 0CcOOIUBOCmel O0OepHeHUX OUCKPEeMHUX CUCmeEM Kepy8aHHs K
nepemeoprogawié inpopmayii, 30kpema, maxoi iXHbOI eracmusocmi, K OUHAMIYHA
dezpaodayis. Bouna nonseac 8 Modcaugomy pizkomy smeHulerHi OUCKPemHOi MHONCUHU CINAHI8
CKIAOHOT OUHAMIYHOI cucmemu npu 88e0eHHi IHopmayitino2o nogioomients. B snaunii mipi
ye sAuwie 3anexcumsv 8i0 No4amrKo8ux 3HAYEeHb MPAEKMOPIU ma Napamempis Cucmemu.
Haseoeno npuxnad ounamiunoi cucmemu, mpaekmopii AKoi mMaiwoms CKIAOHY GHYMPIUWHIO
OUHAMIKY, ane npu 66edeHHi 6 Hel IHGOPpMayYiuHO020 NOBIOOMIEHHS NOMPANIAIMb HA
HYTb08ULl  iHeapianmuulli  MHo208ud. Tum camum, 3amicme  wU@ppPy8anus  6XiOHOL
iHghopmayitinol nocrioognocmi, Guxio cucmemu Oas  0yO0b-AKUX 3HAUEHb  KIHOYOBUX
napamempis, NOYUHANOYU 3 O0eAK020 MOMEHmY, 6 MOYHOCMI nepeoac 3HAYEeHHS
iHopmayitinoco 6x00y 3 OOUHUUHOIO 3AMPUMKOIO.

KarouoBi cjioBa: oOepHEHI TUHAMIYHI CUCTEMH, JUHAMIYHA JIETpajallis, KUTbIEe MUTHX
Yucell, TeHEepPaTOpH N1CEBIO0BUITAIKOBUX MOCIIIOBHOCTEH, M(pyBaHHS, (PyHKIIiS KepyBaHHS.

Beryn

V 3B'I3Ky 3 PO3BUTKOM CYNYTHUKOBHMX, MOOUIBHHMX, KOMIT IOTEPHUX KOMYHIKALIHHUX
CHCTEM 3pOCTa€ 3HauyeHHSA mpolneMu KoH(pimeHUitHOCTI mepenadi iHdopmarii i OiLTbII
IIUPOKOi MpobieMu 3axucTy iHpopMauii Ha PUHKY KOMYHIKAL[IHHUX IMOCHYr. Y Haml 4Yac
BUHHUKA€E HarajgbHa moTpeda y 3aXuCTi KOMepIiiHOi iHpopMaIlii B KOMI'TOTEPHUX MeEpekKax,
3a0e3rneueHHs Oe3IeKn eIeKTPOHHUX TUIATEeXIB Ta iHTepHeT-TeneoHii i Take iH. THUIOBOIO
BHMOT0I0 CTa€ HEOOXiJHICTh MAaCOBOT'O 3aCTOCYBaHHs aJTOPUTMIB KOAYBaHHS Ta iX HU3bKa
co0iBapTicTh Ha OJUHHULIIO «iH(popMaliiiHO» mpoaykuii. B ocranHiii yac, 3 mosiBoro podoTH
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