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K.II. I'YPOB - IEPCOHAJIIA 0 100 PTYYA

6 Oepesnst 2018 poky BunoBHIO€ETHCS 100 pokiB 3
nHs  HapomkeHHss Kwupwma IlerpoBuua I'ypoBa —
BHUJIATHOTO PaJISTHCHKOTO (pi3uKa-TeopeTuka B ramysi
disuumOi KiHeTHkH Ta mudy3ii B MaTepianax. Moro yumi
Ta y4Hl HOro y4HIB 3apa3 CKJIaJal0Th OCHOBY HAyKOBOTO
MOTEHIIIATy kadenpu bi3uku UYepkacbkoro
VHIBEPCUTETY, TIPaIlOI0Th TaKOoX 1 Ha Kadeapax
aBToMaru3arii Ta KOMIIT FOTEPHO-1HTETPOBAHUX
TEXHOJIOT1H, MPUKIIAIHOT MaTEMAaTHUKH, THTEICKTyaIbHUX
CUCTEM MPUUHATTS pilieHb. TOMy IUJIKOM MPUPOIHBO
Bim3HauuTu cropiuus K.ILI'ypoBa y cepii «®Dizuko-
MareMaThyHi Hayku» BicHuka UY.

Kupmnio Ilerposuu I'ypoB (1918-1994) napoauscs
B ciM’1 kagipoBoro odinepa. Y 13 pokiB BaKKO 3aXBOPiB,
MICJIS YOro MOBHICTIO BTPATHB CiiyX. He3Bakarouu Ha 1ie,
YCHIIIHO 3aKiHYMB IIKONy 1 B 1936 polli MOCTYNHB 10
(hi3uKOo-MaTeMaTHYHOr0  (pakyiabTeTy MOCKOBCHKOTO
YHIBEpCUTETY, BUMBCS TaM 110 1HAMBIAYyaabHIH IIporpami
1 3akinuuB MJIVY 3 Big3Hakoro 23 ugepBHs 1941 poky. (I e He3Bakarouu Ha Te, 1o B 1937
por Horo 6aTbKo OYB perpecoBaHMii.) 23 4YepBHSA TOrO TPAriyHOro pokKy BCIM Oyao He 10
po3noainy BunyckHuKiB. Kupwio ['ypoB, He3Bakaroun Ha TIJIyXOTy, OyB HampaBlICHUH
mpaioBaTd  Ha 00opoHHHH 3aBoj y KyiOumesi. IlpamoBaB  1mniiyBaJbHHKOM,
NEePEeBUKOHYBAaB HOpMY. S ocoOucto 6auuB cTarTio 4aciB BiiHM mpo Kupuna ['ypoa sk
nepeaoBrKa BUPOOHUIITBA.

B 1944 poui Kupuno I[lerpoBuu BepHyBCcsS B MOCKBY 1 TIOCTYIIHMB B acIipaHTypy J0
OJIHOTO 3 HAMOUTBII BUIATHUX PAISHCHKUX (DI3UKIB 1 MATEMATHUKIB (BJIACHE, 3a MOXOKEHHSIM
1 OCBITOI YKpaiHCHKOTO BuYeHOro) Mukonn MukomnalioBuya boroaio0OoBa, skuii ToAdl
mparoBaB ojHo4acHO B MockBi 1 Kuei. Pe3ympraTomM iX poOOTH cTama CHijgbHAa CTATTS
«Kunernueckue ypaBHeHUs B KBaHTOBOU MexaHuke» (KITD, tom 17, crop.614 (1947), sika
3poOuIa aBTOPiB BCECBITHRO BijoMuMH. Ha ocHOBI 3raganux pe3ynbrariB Kupuio I[TerpoBuy
YCHIITHO 3aXHWCTHUB KaHAMJATCHbKY Auceprairo. [li3HilIe po3BUTOK IUX 17l 1 pe3yNbTariB,
Merony boromobGoBa-I'ypoBa OyB BukmaaeHuid y Bigomid MoHorpadii «OcHOBaHHS
KHHETHYEeCKOW Teopum» (BumaBHUITBO Hayka, 1966), ska crama knacuuHor. OpjHak
MmoaJIbIlia HOTo Kap’epa Ha TpUBAIMI Yac Oyia 3ynmuHeHa — HoMy Ipuraaaiy 0aTbKa-«Bopora
Hapody», TaK IO 3HAWTH pPOOOTYy Yy HAyKOBO-JOCHIJIHOMY IHCTHUTYTI YH YHIBEPCHUTETI
BHSBHJIOCH HEMOXIIHBO. JIo 1954 poKky BiH IpaifoBaB TEXHIYHUM PEIaKTOPOM Y HaYKOBOMY
BHUJIAaBHUIITBI (IITyKaB 1 BUIIPABISAB MOMUIKHA y (popmynax i Tekctax). Y 1954 pomi, micius
cmepti CrajiHa, MO0 TakKW «PU3UKHYJIW» B3SATH Ha JOCIIIHHILKY po0OTY B IHCTHTYT
metanyprii AH CPCP, B sxomy BiH 1 mpomnpaiitoBaB 40 pokiB 10 KIHIA XKATTs. BiH mpuHic
CBIM MiIXiJI, CBOT TECOPETUYHI METOJIH, CBOE ()YH/ITAMEHTAJIbHE PO3YMIHHS KIHETHKH Ta iepapXii
KIHETUYHHMX TPOIECiB y (i3UKy MaTepiamiB (3aXHUCTUBIIN JOKTOPCHKY aucepTailiro B 1968
poti). 30kpeMa, BaXJIMBY POJIb Y PO3BHUTKY Teopii B3aeMHOI mu(y3ii B METAJIEBUX CIUIaBax
3irpaB Oro «MeTo IipKOBOTO Ta3y».

Ocp cnucok MoHorpadiid, ski Oynu Hamucani K.ILI'ypoBum abGo min ioro
KEpIBHULITBOM:

I'ypoB K. II. OcHoBanusi kuneruueckoir teopun. Meron HH BoromobGoBa. — Hayka,
1966.




ISSN 2076-5851. Bicuuk Yepkacskoro yHiBepcurery. Bumyck Nel. 2017

boposckuii U. b., I'ypos K. I1., MapuykoBa 1./J1., Yracre 0. 3. [Iponecchl B3auMHOI
muddys3un B criaBax. — Hayka, 1973.

I'ypo K. II. deHomeHonornyeckas TepMOIWHAMUKA HEOOPATHMBIX IPOIIECCOB. —
Hayxa, 1978.

[TnaBnenue, xkpucraumsanus u (aszooOpazoBanue B HeBecomocTH. Hayka, 1979 (y
CIiBaBTOPCTBI)

I'ypor K. I1., Kapramkun b. A., Yracte 0. O. B3aumnas quddysus B MHOroda3HbIi
MeTaJTMYecKuX cucremax. — Hayka. ['nm. pen. ¢us.-mar. nur., 1981.

ABTOp 11KOTO MaTepiany no3HaiomuBcs 3 Kupunom IlerpoBudem B 1978 pori, koiau
TOW OyB y€ BH3HAHUM aBTOPUTETOM Yy Teopii nu(y3idHUX mporeciB. 3HAMOMCTBO 3 HUM
MIEPEBEPHYJIO MOE KHUTTS, ajie MPO 1€ KOJIUCh Oy HAITMCaHO OKpeMo. 3yCTpidi 1 CIIJIKYBaHHS
3 Kupunom (Tak ioro Ha3uBanu 1 apy3i, 1 yaHi) Oyiu JJisi MEHE K KOBTOK CBI)KOT'O TIOBITPSL.
Jlns crinkyBaHHSI 3 HUM BCl MU TTOBHHHI Oyl BUBYHMTH MOBY JkecTiB. [Ipu nnbomy Kupuio
YuTaB MO ry0am 1 B3arajii 3akiHdyBaB ()pa3u 3a crmiBpo3MOBHUKA. [Ipu TakoMy cCriiKyBaHHI
Oynb-sika (hajbplll aBTOMAaTUYHO BiI(UIBTPOBYETHCS. ['OBOPUTHCS JHUINE CIpaBil BaXKIUBE 1
mmpe. BiH He moBUaB, a Mmigka3yBaB, y SKOMY Hampsmi Bapto mrykatu. [lupicte, mpocTora i
nobpota Kupuia Bpakanu. Moro mo6um Bei — Bix MPUOMPATILHHULIB JIO aKaJEMIKiB.

Pazom i3 Kupmiom IlerpoBrueM, MHOK 1 4e€pKaChbKOK HAyKOBOI KOMAaHJIOK Oyid
PO3BHHYTI Teopis audy3iiHOI KOHKypeHIii (a3, Teopis 3apoIKOYTBOPEHHS B IOJIi TpagieHTa
KOHIIEHTpAIlii, Teopist B3a€MHOI 1 peakiiitHoi nudy3ii mpu oOMexeHil epeKTUBHOCTI JKEper
1 CTOKIB BaKaHCiH, Teopii BIUIMBY CTPyMYy Ha KiHETHKY peakmiiinoi mudysii. Inei Kupuna
[TeTpoBrya yxke Ticias WOTO CMEpTI CTalM BUXIJIHHUMH IPU CTBOPEHHI Teopii Oidypkarriit
KIpKEHJAJIOBHUX ILUIOIIHMH, 1HAYKOBAaHOI OTOKaMH KOaJIECIeHITIT pu B3aeMHIN qudys3ii, Teopii
YTBOPEHHS 1 KOJIANCY TOPOKHUCTUX HAHOCTPYKTYP, TEOPil 1HAYKOBaHOT MOTOKaMHU HYyKJIeallii,
Teopii TBepaoGha3HUX peakilii yepe3 TOUKOBHI KOHTAKT.

Bci mu xuBi cBoiMu mipogosxkeHHsMU. [Iponosxkenns Kupuna ['ypoBa He 3aTyxarmTh, a
MHO’KaThCS 3 KOXKHUM pokoM. bynemo nmam’sarartu!

A.M.Iycak,
npodecop kadenpu gpizuku UHY



Cepist «Pi3uKo-MaTeMaTHIHI HAyKn», 2017

K.P. GUROV - PERSONALIA

On March 6, 2018 we celebrate the 100th
anniversary of the birth of Cyril (in Russian - Kirill)
Petrovich Gurov, the prominent Soviet physicist -
specialist in the field of physical kinetics and diffusion in
materials. His students and students of his students now
form the basis of the research potential of the Department
of Physics at the Cherkasy National University, they also
work at the departments of automation and computer-
integrated technologies, applied mathematics, intellectual
decision-making systems. It is therefore quite natural to
mark the centenary of professor Gurov in the series
"Physics and Mathematics” edited at Cherkasy
University.

Cyril Gurov (1918-1994) was born in a family of a
Russian officer who was later repressed in 1937. At age
13 Cyrill fell seriously ill, after this he became
completely deaf. Despite this, he successfully graduated
from the school and in 1936 entered the Faculty of Physics and Mathematics of Moscow
University. Cyrill graduated from Moscow State University with honors on June 23, 1941.
(All this despite the fact that his father was repressed.) On June 23 of that tragic year the
distribution of graduates was not the central problem. Cyril Gurov, despite deafness, was
directed to work at a defense plant in Kuibyshev (now Samara). He worked as a grinder, and
he systematically exceeded the production rate. | personally saw the article of the war times
about Cyril Gurov as a leader in production.

In 1944, Cyril returned to Moscow and entered postgraduate study under supervision of
the world-known Soviet physicist and mathematician (in fact, Ukrainian scientist, according
to his origin and education) M.M. Bogolyubov, who then worked simultaneously in Moscow
and Kiev. The result of their work was the joint paper "Kinetic equations in quantum
mechanics" (ZhETF, volume 17, p.614 (1947), which made the authors world-famous. On the
basis of the above-mentioned results, Gurov successfully defended his Ph.D., and later the
development of these ideas and results, Bogolyubov-Gurov's method was described in the
well-known monograph "Foundations of the kinetic theory" (Nauka Publishing House, 1966),
which became classical. However, his further career for a long time was stopped — “thanks to”
his father - "enemy of the people". He could not manage to find a research position till 1954,
he worked as a technical editor in a scientific publishing house (he was looking for and
correcting mistakes in formulas and texts). In 1954, after Stalin's death, he was offered the
research position at the Institute of Metallurgy (Soviet Academy of Sciences) where he
worked 40 years till the end of his life. He introduced his approach, his theoretical methods,
his fundamental understanding of the kinetics and the hierarchy of kinetic processes in the
physics of materials (he defended his doctoral dissertation in 1968), In particular, he played
an important role in the development of the theory of mutual diffusion in metal alloys “the
method of the hole gas". Here is a list of monographs written by prof. Gurov or/and under his
guidance:

Gurov K. P. The foundations of kinetic theory. Method of NN Bogolyubov. - Science,
1966.
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Borovskii I. B., Gurov K. P., Marchukova I. D., Ugaste Yu. E. Processes of mutual
diffusion in alloys. - Science, 1973.

Gurov KP Phenomenological thermodynamics of irreversible processes — Nauka
Publ.,1978.

Melting, crystallization and phase formation under zero gravity. — Ed. K.P.Gurov -
Nauka Publ, 1979 (co-authored)

Gurov K. P., Kartashkin B. A., Ugaste Yu. E. Mutual diffusion in multiphase metallic
systems - Nauka Publ., 1981The author of this material got acquainted with Gurov in 1978,
when he was already recognized state-of-art expert in the theory of diffusion processes.
Getting acquainted with him turned my life over, but this aspect will be described elsewhere.
Meetings and communication with Kirill (friends, colleagues and students used to call him in
such a way) were for me like a sip of fresh air. To communicate with him all we had to learn
the language of the gestures. At the same time, Cyril read on our lips and generally used to
finish phrases for the interlocutor. With such communication any falsehood is automatically
filtered out. Only truly important and sincere could be said. He did not teach, but just hinted
in which direction we could look in our research. The sincerity, simplicity and kindness of
Cyril impressed everybody. He was loved by everyone - from cleaners to academics.

Professor Gurov, me and our Cherkassy research team jointly developed the theory of
diffusion competition of phases, the theory of nucleation in the gradient concentration field,
the theory of inter- and reactive diffusion with limited efficiency of sources and drains of
vacancies, the theory of the influence of electromigration on the kinetics of reaction diffusion.
The ideas of professor Gurov, after his death, were in the origin of the theories of bifurcation
of the cortical plane, induced by coalescence flows with mutual diffusion, the theory of
formation and collapse of hollow nanostructures, the theory of flux-induced nucleation, and
the theory of the point-contact solid-state reactions.

We all live in our continuations. The continuations of Cyril Gurov do not fade, but grow
and spread with each passing year. Let's remember!

A.M. Gusak,
Professor of the Department of Physics, ChNU
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PI3UKA MATEPIAJIIB

YK 517.9+531.19+530.145 PACS 05.20.Dd; 05.90.+m; 87.10.-e; 02.30.Jr;
02.50.Ey; 87.23.Ge; 87.17.-d

V.l. Gerasimenko

ON PROPAGATION OF INITIAL CORRELATIONS IN ACTIVE SOFT
MATTER

For collisional dynamics modeling the collective behavior of complex systems of
mathema-tical biology, the process of propagation of initial correlations is described. The
developed approach is based on the construction of a mean field limit for a solution of the
Cauchy problem of the nonlinear BBGKY hierarchy for marginal correlation functions.

Key words: kinetic equation, correlation function, scaling limit, active soft matter.

1. Introduction

As well known a main consistent approach to the problem of the derivation of kinetic
equations from underlying large particle dynamics was formulated by M.M. Bogolyubov [1]
(see also [2]). The rigorous derivation of Kinetic equations for many-particle systems in
condensed states is an open problem so far [3, 4].

In modern researches, the main approach to the problem of the rigorous derivation of
Kinetic equations consists in the construction of scaling asymptotics of a solution of evolution
equations which describe the evolution of states of large particle systems, for example, a
mean field limit of a solution of the BBGKY (Bogolyubov—Born—Green—Kirkwood—Yvon)
hierarchy constructed by methods of the perturbation theory [3, 4].

It should be noted modern wide applications of kinetic equations to the description of
collective processes of various nature, in particular, the collective behavior of complex
systems of biology. We emphasize that the considerable advance in modeling of the kinetic
evolution of systems of mathematical biology with a large number of constituents (entities),
for example, systems of large number of cells, is recently observed [5—11] (see also
references cited therein).

In this paper we consider the problem of a rigorous description of the evolution of states
within the framework of marginal correlation functions governed by the nonlinear BBGKY
hierarchy for a large system of interacting stochastic processes of collisional kinetic theory
[12], modeling the microscopic evolution of active soft condensed matter [6, 7]. The
developed approach to the derivation of kinetic equations is based on the construction of a
mean field limit of a nonperturbative solution of the Cauchy problem of the nonlinear
BBGKY hierarchy. One of the advantages of a such approach is the opportunity to describe
the processes of propagation of initial correlations in scaling limits, in particular, that can
characterize the condensed states of soft matter.

2. On collisional dynamics of active soft condensed matter
The many-constituent systems of active soft condensed matter [6, 7] are dynamical
systems displaying a collective behavior which differs from the statistical behavior of usual

3
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many-particle systems [4]. To specify such nature of constituents (entities) we consider
dynamical system suggested in papers [5, 12] which is based on the Markov jump processes
that must represent the intrinsic properties of living creatures (self-propelled particles).

We consider a system of entities of various M subpopulations introduced in paper [12]
in case of non-fixed, i.e. arbitrary, but finite average number of entities. Every i -th entity is
characterized by: u =(j,u)eJxU, where jeJ=(...,M) is a number of its
subpopulation, and values u, e U/ = R? is its microscopic characteristics.

The stochastic dynamics of n entities of various subpopulations is described by the
semi-group e of the Markov jump processes defined on the space L. of the integrable
functions f,(u,...,u,) defined on (7 xU)", that are symmetric with respect to permutations

of the arguments u,,...,u., and equipped with the norm:

I £, ||¢:zhej...zjnejjw du,...du, | f, (..., u,)|.
The infinitesimal generator A of this semigroup (the generator of the Kolmogorov

backward equation for states of n entities) is defined on the space L; and it has the following
structure [12]:

(A F (U nu) =™ Y (A in) £ ) (W) =

h#. .~y =1
M n
IR DR I Ll (AT TS A CATIRRTS @
m=1 h#. #n =1 73y
o (Uyreees Uy 3 VU gy U )AV =270 ) F (U 1)),

where ¢ >0 is a scaling parameter [13], the functions a™ (Uy,--- U ), m>1 characterize the

interaction between entities, in particular, in case of m=1 it is the interaction of entities with
an external environment. These functions are measurable positive bounded functions on

(J xU)" such that: 0<a™(u,,...,u )<al™, where al™ is some constant. The functions
AM(v; u,,...,u; ), m=1 are measurable positive integrable functions which describe the
probability of the transition of the i, entity in the microscopic state u, to the state v as a
result of the interaction with entities in the states u,,...,u; (in case of m=1 it is the

interaction with an external environment). The functions Al™ (v; u,...,u ), m=>1 satisfy the
conditions: Lxu A[m](v;uil,...,uim)dvzl, m>1. We refer to paper [12], where examples of

the functions a™ and A™ are given in the context of biological systems.

In case of M =1 generator (1) has the form ZI” L AN(iy) and it describes the free
stochastic evolution of entities, i.e. the evolution of self-propelled particles. The case of
M =m=>2 corresponds to a system with the m-body interaction of entities in the sense
accepted in kinetic theory [4]. The m -body interaction of entities is the distinctive property of

biological systems in comparison with many-particle systems, for example, gases of atoms
with a pair interaction potential.

On the space L. the one-parameter mapping e™ is a bounded strong continuous
semigroup of operators.
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Further we restrict ourself by the case of M =2 subpopulations to simplify the
cumbersome formulas.

3. Dynamics of correlations

The evolution of all possible states of a system of non-fixed number of the Markov
jump processes within the framework of dynamics of correlations [14], [15] is described by
means of the sequence g(t)=(,g,(t,w),...,q,(t u,...,u,),..) of correlation functions

governed by the following Liouville hierarchy (hierarchy of the Kolmogorov backward
equations) [15], [16]:

ggn(t,ul,m,un)=(A:gn<t>><u1,--‘,un>+ @

DY 2 2 A1) gy (1.U1) g, (2.U,). n21

Pr(L...n)=X X, h€XiizeX,

where sz(l,...,n):XIsz is the sum over all possible partitions P of the set of indexes

L...,n) into two nonempty mutually disjoint subsets X,, X, and the arguments U, of the
function x| correspond to indexes from the set X..
For initial states g(0)=(g, 9,°,....,07°,..) from the space L'=®7 L a
nonperturbative solution of the Cauchy problem of hierarchy (2) is represented as follows:
gt,u,...,u)=6(t1...,n|g(0), n=>1 3)
where on the space L' the nonlinear one-parameter mapping G(t|e) is defined by the
expansion [15]

g(t;l,...,n| f)i Z Ql|P|(t’{Xl}""’{x|P|})X1_L flle(Ui)’ n>1 (4)

P: (1,_..,n):Uj X;

in which the generating operator is the |P|th-order cumulant of groups of operators e,
nx>1,

. Pl () D
Ay (CL{X - AXp D) = > (-1)" (1P |-t T ™, (5)
Pr{Xoh X D=, Zi =
the symbol sz(l“_n)zu . means the sum over all possible partitions P of the set (1,...,n)

into |P| nonempty mutually disjoint subsets X, the set ({X.},....{Xp}) consists from

elements of which are subsets X; =(1,...,s) and the declusterization mapping ¢ is defined

by the equality: O({X },...{Xp}H) =(&...,n).

The evolution of states of large particle systems can be also described within the
framework of marginal (s-particle) correlation functions governed by the fundamental
evolution equations known as the nonlinear BBGKY hierarchy [16, 17]. We note that
macroscopic characteristics of fluctuations of mean values of observables are determined by
means of marginal correlation functions [1].

The marginal correlation functions are defined within the framework of solution (3) of
the Cauchy problem of hierarchy (2) by the following series expansions:

Gs(t,ul,...,us)£2% [ du,..du,, GE1....s+n[g(0), s=1. (6)

n=0""% (7xu)"
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According to the estimate:
1G(EL....s| F) |, <sle*c’,

where ¢ =e®max(l, max_ | [| f. ll. ), series (6) exists and the following estimate
P-(lms)*UiXi ‘X,‘ Ll

holds: |G, ()], <sl(2e®) ¢y (2€%) ¢

Then, according to definition (6), the evolution of all possible states of a system of non-
fixed number of stochastic processes defined above can be described by means of the
sequence G(t) = (L G,(t),G,(t),...,G(t),..) e L' =®7 > of marginal correlation functions
governed by the Cauchy problem of the nonlinear BBGKY hierarchy: [16], [17]:

%Gs(t, U,...,u) = (AG,())U,...,u)+
e D 2 2 ATLL)G (1U) Gy, (1U,)+ )

P:(l,.“,s)=x1Ux2 beX, ieX,

+e I dumzs:/\*[z] (i,5+1)(G,u(t, Uy, U,y )+

TIxU i=1

+ > Gy, (t.U1) Gy, (1. U,)),
P:(1,...,s+1):X1UX2,
ieXy;s+leX,

G, (1) [o=G*, s=1, 8)

where ¢ >0 is a scaling parameter and we use accepted in hierarchy (2) notations.
A nonperturbative solution of the Cauchy problem (7), (8) is represented by a sequence
of marginal correlation functions:

Gs(t,ul,...,us)zZlI [ du,..du,, 2, t4,...8,5+1,...,5+n]G(0), s>1 9)

n=0 n'(un)"

where we denote by G(0)=(1G*,...,G2%,..) a sequence of initial marginal correlation
functions. The generating operator I, (t|+) of series expansion (9) is the (1+ n)th-order

cumulant of groups of nonlinear operators (4) of the Liouville hierarchy (2)
2., tfL...,s}hs+1...,5s+n|G(0) = (10)
3 ()™ (1P1-29(60(X,)1---G(£0(X,)1 G (0))..).
P:({l,A..,s},s+1,...,s+n)=UkXk

where the composition of mappings (4) of corresponding noninteracting groups of interacting
stochastic processes is denoted by G(t;0(.X,)|...G(#;0(X;) | G(0))...) [17].

Series expansion (9) exists under the condition that: max,.,||G>*

3\-1
<@ f

n>1

G ely, =L, it is a strong solution and for arbitrary initial data G e L;, it is a weak

solution of the Cauchy problem (7), (8).

The sequence of marginal correlation functions (9) describes the processes of the
creation and the propagation of correlations in a large system of interacting stochastic
processes, modeling the microscopic evolution of active soft condensed matter.

5. A mean field asymptotic behavior of marginal correlation functions
We describe the processes of the creation and the propagation of correlations in a mean
field limit, namely, we establish the mean field asymptotic behavior [18] of constructed

6
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marginal correlation functions (9) in case of the initial state specified by the one-particle
marginal correlation function with correlations

2 n
G :(1,610'8(ul),gg(ul,uz)l_[Gf’g(ui ),...,g,ﬁ(ul,...,un)HGlO'g(ui),...} (11)
i=1 i=1
where functions g;(u,,...,u,)=g,;, n=>2, are specified the initial correlations. We note that
a such assumption about initial states is intrinsic for the kinetic description of many-particle
systems [4], on the other hand, initial states (11) are typical for soft condensed matter.

We assume the existence of a mean field limit of initial one-particle marginal
correlation function in the following sense

lim|eG?* - 1], =0, (12)
and for initial correlations, respectively,
I|rr01 g, — :0, n>2. (13)

Hence a mean field limit of initial state (11) is specified by the sequence of the limit
marginal correlation functions

g = (1 gy ( l_lgl )s- ul,...,un)ljgf(ui),...j. (14)

Under conditions (12), (13) on |n|t|al state (11) there exists a mean field limit of
marginal correlation functions (9) in the following sense:

im &G (t)—g. . =0, s>1,

where for s>2 the limit marginal (s-particle) correlation function g.(t) is determined by
the formula

gs(t,ul,...,us)zli[e“‘*%) I I He’“‘ 'ZHgl(tu) (15)

ij=1 P(L..s)=J X Xi<P ip=1
and, respectively, the limit one-particle correlation function g,(t) is represented by the
following series expansion:

G, (tw)= Zfdt jdt [ du,..du, e 00

n=0 o ij{

2
<A (1,2) [ Te“ ™" He )W) o (16)
L=l Jna=l
n+l

XZA[Z] n’n+HetA D) Hg|xi|(ui)l;[910(u

jn=1 P(l,...,n+l)=UiXi X;cP
where it is used notations accepted above.
The operator g,(t) represented by series (16) is a solution of the Cauchy problem of the
Vlasov-type kinetic equation with initial correlations:

%gl (tu) = A g, () + (17)
+I du, A" 121_[etA ®(1+9,(u )He g, (tu)g, (t,u,),
TIxU iy =1 ip=1
9, (t, W) o= 97 (W), (18)
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where the operators A™(1) and A™(1,2) are defined according to formula (1). We point out

that derived kinetic equation for a many-constituent system modeling collective behavior of
active soft condensed matter (17) is the non-Markovian evolution equation.

We remark that in case of initial states of statistically independent interacting stochastic
processes specified by a one-particle marginal distribution function the kinetic evolution is
governed by the Vlasov kinetic equation and equality (15) means the property of the
propagation of initial chaos [18].

The proof of stated results is based on the corresponding formulas for cumulants of
asymptotically perturbed semigroups of operators (5).

Indeed, if f eL;, then for arbitrary finite time interval for the strongly continuous

semigroup e the following equality is valid:

lim|je

e—>0

et/\ T
H Lls

As a result of this equality for the (s+n)th-order cumulants of semigroups of operators
(5) the following equalities are true:

Iing A, L., s+n)f, | =0, s=2.
Foard 8

1L

In consequence of the validity of this equalities the representation of the limit one-
particle correlation function g,(t) by series expansion (16) is also obtained directly in view
that series expansion (9) in the case of initial data (11) takes the form

n+l

G (t Ul) z I dU Unia 1+n(t 1 n+1) Z H g|X| HGOE( )

(jxu) P:(L,...n+1)= U X; Xj<P

where it is used notations accepted above.

We note that the sequence of limit marginal correlation functions (16) and (15) is a
solution of the nonlinear Vlasov hierarchy which describe the evolution of marginal
correlation functions in a mean field limit for arbitrary initial states [16, 18].

6. Conclusion

For a large system of interacting stochastic processes of collisional kinetic theory [12],
modeling the microscopic evolution of active soft condensed matter, a mean field scaling
asymptotics of nonperturbative solution (9) of the Cauchy problem of the nonlinear BBGKY
hierarchy (7),(8) for marginal correlation functions was constructed.

The marginal correlation functions give an equivalent approach to the description of the
evolution of states of large particle systems in comparison with marginal density functions
governed by the BBGKY hierarchy [4]. The macroscopic characteristics of fluctuations of
observables are directly determined by marginal correlation functions (9) on the microscopic
level [1, 16].

In case of initial states specified by correlation functions (14), which can characterize
the analogs of condensed states of many-particle systems of statistical mechanics for
interacting entities of complex biological systems, a mean field asymptotic behavior of the
processes of the creation and the propagation of correlations were described (15). It was
established that mean field dynamics does not create new correlations except of those that
generating by initial correlations. It was also proved the property known as a propagation of



Cepist «Pi3uKo-MaTeMaTHIHI HAyKn», 2017

initial chaos, which underlies in mathematical derivation of effective evolution equations of
complex systems [4, 18].

We note that the developed approach is related to the problem of a rigorous derivation
of the non-Markovian kinetic-type equations from underlying many-constituent dynamics
which make it possible to describe the memory effects of collective dynamics of complex
systems modeling active soft condensed matter.

We remark also that in papers [19, 20] it was developed two other approaches to the
description of the process of the propagation of initial correlations in a mean field limit. In
paper [19] the process of the propagation of initial chaos was established within the
framework of the evolution of marginal observables (in [21] this result was generalized on
case of initial states with correlations) and in paper [20] the property of the propagation of
initial correlations was proved within the framework of the description of the evolution by
means of a one-particle (marginal) density function governed by the generalized kinetic
equation.
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Anortauis. B. I. I'epacumenxo. Ilpo po3noecrodrcenns nouamkosux Kopenayii 6
AKMUGHUX M’AKUX pedosuHax. i cucmemu 0a2amvoX CMOXACMUYHUX MAPKOBCHLKUX
CMPUOKONOOIOHUX NPOYecis, KO MOOEN0EMbCSA KOAEKMUBHA NOBEOIHKA CKIAOHUX CUCTeM
MamemamuHoi 0ioN02ii, ONUCAHO Npoyec NOUWUPEHHST NOYAmKo8Uux Kopenayiu. Pozsunymuil
nioxXio IpyHmMyemscsi Ha N0OY008i CKellIiHe0801 epanuyi cepeonbo2o nous 01 NOCIi008HOCMI
MapeiHaNbHUX KOpenayituHux (yHKyil, aka € HenepmypbamugHum po3e’saskom 3adaui Kowti
ons iepapxii neninitinux pisusano BBIKI (Bozonob6os — Bopu — Ipin — Kipxkeyo — leon).
Joseodenns ompumanux pe3yrbmamis IpyHmyEmvcsl Ha 8i0N0BIOHUX SPAHUYHUX MeopemMax 0
KYMYIAHMIG ACUMNIMOMUYHO 30YPeHUx 2pyn HeliHIUHUX Onepamopie, AKUMU ONUCYEMbCSL
OUHaMiKa Kopenayil CKiH4eHOI KilIbKOCmi MAaPKOBCLKUX CMPUOKONOOIOHUX npoyecié ma Ha
BUKOPUCMAHHI SIBHO20 6U2NA0Y MEIPHUX ONnepamopié po3Kknadieé 6 psd 011 MApPIiHANIbHUX
KOpenayitiHux yHKYiu.

YV eunaoxy nouamxosux cmamie, akumu Xxapaxmepe3ylomvcs KOHOEHCOBAHI CMAHU
AKMUBHUX M SIKUX PEYOBUH, A came, SIKI ONUCYIOMbC 00HOYACIUHKOB0I0 (DYHKYIEN pO3nooiny
ma KopensyiuHuMu QYHKYiaMY, 8 CKelliHe08ill 2panuyi cepeOHb020 o 6CMAHO8IEHO A6HULL
BURTISIO 2PAHUYHUX MAPSUHANbHUX QYHKYIU po3nodiny. B 3a3nauenomy nabaudxicenHi esonoyis
CMaHy cucmemu ONUCYEMbCSL 3a OONOMO20I0 2PAHUYUHOI OOHOUACMUHKOBOT (DYHKYIT pO3NOOILY,
sAKa € po3e’azkom 3adavi Kowii 015 HeMApKOBCbKO20 KiHemuuno2o pisHAHuHA Bnacoea 3
NOYaMKOBUMU KOpenayisamu. JIna 2panuyHux MapeuHanbHux QYHKYIU po3nooiny maxkoic
BCMAHOBNIEHO  G1ACUGICIb, GIOOMY AK GIACMUGICIb NOWUPEHHS NOYamKO8020 XaAO0C).
Poszsunymuii nioxio nog’szanuti 3 npooiemorw cmpocoeo 6u8e0eHHs 3 OUHAMIKU CKIAOHUX
cucmem KiHeMU4YHUX DIiGHAHb HEMAPKOBCHbKO20 MUNY, AKI 0Alomb MOMCIUGICMb ONUCY8AMU
epexmu nom ’ami KONEKMUBHOI NOBEOIHKU AKMUBHUX M SAKUX KOHOEHCOBAHUX PEUOBUH.
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SEVERE PLASTIC DEFORMATION BY KOBO METHOD -
ESTIMATIONS AND MODEL

A new phenomenological model for the description and simulation of Severe Plastic
Deformation (SPD) is developed based on the inverse dependence of the material's viscosity
on the concentration of point defects (the higher the concentration, the less the viscosity). In
this case, the local concentration of point defects is determined by (1) the intensity of
deformation, (2) the annihilation of interstitial defects and vacancies, (3) the absorption of
defects at dislocations, (4) diffusive redistribution of defects. The solution of the
corresponding system of nonlinear differential equations for the field of defect concentrations
and the differential equation for the velocity field at a given rate of deformation at the
boundary of the sample provides a non-equilibrium phase transition - a jump in viscosity and
a jump in the concentration of defects at a certain distance from the surface. In this case, the
width of the zone of reduced viscosity and increased defect concentration is proportional to
the surface velocity of the deformation. It is in this zone that it makes sense to consider the
material as a viscous medium.

Keywords: severe plastic deformation, interstitial defects, vacancies, diffusion,
viscosity, creep, nonlinear differential equations.

1. Introduction

An important example of nano-trend in science and technology during last decades is a
production of nano-grained metals by Severe Plastic Deformation (SPD) [1, 2]. The most
popular methods of SPD are ECAP (equi-channel angular pressing) and HPT (high-pressure
torsion). Less than 20 years ago Korbel and Bochniak from AGH (Cracow) suggested their
own method (KoBo) for extrusion of metals and alloys [3-5]. This method has something in
common with HPT, but torsion is oscillating: the external surface is subjected to periodic
rotations with a frequency of a few Hertz (say, 5 Hz) and amplitude of a few (6-8) degrees.

12
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Figure 1. Scheme of KoBo
lateral extrusion:
1—punch,

2—container,

3— reversibly rotating
mandrel with ragging on the
front surface,

4—extruded metal/billet,
5— product,

6—Ilock,

7— die located on
container's side surface.

In the KoBo process, the metal billet undergoes reversible plastic twisting just before
entering the cross section reducing die. The reversible metal twist does not affect directly the
geometry of the billet, however, it transforms the typical for extrusion axio-radial flow into
the layer like radial one. Experiments demonstrate that the metal flow during the KoBo
process is actually a viscous flow, which follows Newton's law of laminar flow. They
demonstrated that the metal within narrow layer around rotation zone becomes superplastic
and is squeezed out practically as a viscous liquid with velocity about 0.5 mm/s. In addition,
the measurements of the kinetics of metal flow have shown a linear dependence of extrusion
stress on strain rate, i.e., the Newtonian type of the flow.

The first attempt of some elementary mathematical modeling of this process was made
in [6], but it contained some artificial assumptions (like unknown non-zero viscosity in the
non-deformed region, etc.). Here we try to construct some simple but self-consistent scheme
for describing transition solid — viscous fluid due to the sharp increase of point defects
concentrations under SPD.

2. Basic equations for creep, defect concentration and viscosity

According to the ideas of Korbel and Bochniak, we will assume that the main
mechanism of KoBo process is based on interstitial defects and vacancies, generated by the
interaction of dislocations in the process of oscillating intensive torsion. We will treat
deformation in the active zone of the KoBo process as a creep generated by applied stress and
provided by nonequilibrium defects generated by SPD. If creep is realized via bulk diffusion
in the grains then we have Nabarro-Herring creep with deformation rate about

de D™ Q1
at . kT I2° )
Here D™ is a self-diffusivity in the bulk of the grain, Q is an atomic volume, kT isa

Boltzmann constant times temperature, | is a mean grain size, ois a local stress. Bulk
diffusivity can be represented in terms of products of the interstitial and vacancy diffusivities

D.,D, and respective defect concentrations (ratio of defects and atoms)
N,,N, :D* ~ND, +N,D,.

If creep is realized via grain-boundary diffusion then we have Coble creep with
deformation rate about

dc D05
dt kT |I®

)
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Here D®®is a mean self-diffusivity within grain-boundary, & is a width of grain
boundary, typically from half to one nanometer. Typically, at equilibrium conditions at low
temperatures and small grains, Coble creep is more realistic. Yet, in our case, when the
nonequilibrium defect concentration is rather high in the bulk and bulk diffusivity may be not
less than the grain-boundary one, we will treat Nabarro-Herring creep mode as the main one.
Then we may treat the coefficient before stress on the right-hand side of Eq. (1) as inverse
dynamic viscosity. Thus, in our simplified model, the viscosity will be estimated from the
expression

KT ’

|
N,D, +N,D,)Q

Here we neglect the turbulence effect, and the distribution of tangential velocities,
initiated by external rotation, is given by simplified equation

nz( 3)

WZGEX(U(M (t, XN, (t,X))%J @

Actually, we will work only with amplitudes of tangential velocities, therefore we will
further treat V, as the local amplitudes. Here we are interested in the steady-state regime of

oV
the KoBo process, when ﬁ_ty ~0. Then

Vv
n(N; (t, X)N, (t,X))%zconst:—qr, (5)

here o, is a strength limit, providing plastic deformation, movement, and annihilation of
dislocations leading to the generation of point defects. Velocities amplitudes should,
therefore, decrease from the maximum value V, (X =0) =V, at the rotating surface, in the
X-direction:

X
1
V (X)=V, ., —0, —aX’ (6)
Naturally, —at some  point X =Hvelocity will come to zero:
H
V,(X=H)=0=V,, -0 Id—x H has a physical meaning of the active zone width in the
y max cr ! 77(X )
KoBo process. It is determined by the condition (integral equation):
H
axX
I _ Vmax )
2 1(X) o

At X>H one may treat velocity as zero and viscosity as practically infinite (practically
zero defect concentration).

To have the self-consistent description of KoBo process, one has to predict (at least
roughly) the defect concentrations and the mean grain size in the active zone. For this, we
should somehow describe the energy dissipation per unit volume of the active zone. It can be
done by several methods.

The first method is almost school-like and based on the work of deformation:

Torsion force of the external source is about M = F_,R, where R is a radius of the
rotating part. (Here we neglect the factors like 1/2). Work per one oscillation is about
A=M-@.. z(acrn'RZ)-R-qomax with  ¢.,.as an amplitude angle of rotation,
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P = Voo | VIR (typically 6-8 degrees). Work per unit time is ?j—'? z(acrﬁRz)R(pmaxv with

v as a frequency of external rotations (typically a few times per second, say 5Hz). The

volume of active zone is about 7R*H . Thus, the energy dissipation per unit volume (w) is
about

Rv
W~ o.7R*)R V:M 8
7Z'R2H ( cr ) (Dmax ( )
Second, the alternative way is to use the expression for energy dissipation in viscous
media (Landau, [7]):
EYAY

w=n| — 9
77( axj )

Using eq. (5) for the steady-state regime, one can reformulate eq. (9) as

2
W= Ocr ~ o, ﬂ ~ o, Vmax ~ 0o, Prnax Rv (10)
n X H H

As one can see, equations (8) and (10) give the same energy dissipation per unit
volume.
Dissipation per atomic volume is
w0~ %0 g, PRV
n
If one assumes that some fraction @, of energy dissipation is used for generation of the

Q.

interstitial defects (with E;°™ being a formation energy of interstitial defect), then the average
number of interstitials generated per unit volume per unit time is
2
_ w o, Prax RV
qi =r Eiform =r nEF{)rm ~ rdcr Hmé)i(form '
Then the generation of defects per unit atomic cell pet unit time is
- Prnax RV
qil ~ I'-O-CI’ Hétform Q (11)

In our model, we admit the nonuniform distribution of defects and corresponding
viscosity. Therefore, in general case we should use the following expression (without using H
but using an expression for viscosity):

2 2 2
r O-?Lr)rm ~r Zo_crngorm (NiDi + NV DV )’ X <H
0. =1 7E I’kTE, (12)
0,X>H

(generation of defects proceeds only within the active zone).
We will further assume that the generation of vacancies proceeds simultaneously with

interstitials (like in Frenkel pairs production), and will approximately assume g, =q,, =0, .

Thus, we can now formulate the basic equations for the defect concentrations (mole
fractions):

ON. N. o°N.

E'qu—?'—aDiNiNv +Di672' (13)

oN N o°N

atv =q1—T—V—aDiNiNV +D, axzv (14)
\
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Here we did not take into account the flux of defects in the stress gradient. It is
important for extrusion but not for the redistribution of defects (see below). Second terms on
the right-hand side of eq. (13,14) are responsible for the sinks of interstitials and vacancies,

mainly at the dislocations. The values L, =,/Dz;,L, =./D,z, are treated as the migration
paths of interstitials and vacancies to the dislocations. The third term in both equations
(13,14) is responsible for the annihilation of interstitials and vacancies, A=1/Ja is a
distance at which vacancies and interstitials start to “feel each other”, 1>/ D, =1/(aD,) is a
time for a couple to annihilate. Interstitial diffusivity D, is used here since interstitials diffuse

much faster than vacancies.
We are interested in the observable steady-state KoBo regime. Therefore, we will take
the time derivatives of defects concentrations as zero:

2
%‘ﬁ_aDiNiNv"'Dia—Nzizo (15)
Ti X
2
6~ DN, +B, TN 0 (16)

T, oX?
Moreover, we will see below by direct calculations that the transient layer between
active and inert zones is significantly less than the active zone with H. Therefore, we will start
our evaluations from the points in active zone far from H, where both concentrations are
almost constant:
N

ql——i—aDiNiNV ~0. (15”)
T
N, s
g, ———-aD,N,N, =0. (16%)
Ty

Comparison of egs. (15, 16) implies:
NN N5 LD
LTy N LD

= 17)
I 1
If the sinks of vacancies and interstitials are the same dislocations then the migration

2
lengths should be the same (% =1) and

NL:EL:NJ%:Npi (18)

N, D,

Of course eqg. (18) is only an approximation, but we will use it below for our

estimations. In particular, in this case the viscosity and defect source expressions (3,12)
become following:

CKTI2 1

LPTYSAYA (19)
2 2
r 2% b\ X <H
6 =1 I’KTE, (20)
0,X >H

Substituting eqgs. (18, 20) into eg. (15) or (16), one gets approximate steady-state
uniform (averaged) solution for the active zone X<H:

16
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2 M2
IZZkGT% iNi:Di%+aDi& N2 =
2 M2
NS = DEV) [rlfk“TE?m —éj at X<H. (21)
abt i

Thus, physically realistic solution with high defect density is possible only under
condition
, 2020 1
IZKTEiform L2
Otherwise, the non-zero solution is possible only with diffusion term and will give the
active zone only of the magnitude of defect migration path L which is not centimeters as in
KoBo but microns.
Substituting Eq. (21) into Eq. (19), one can predict an average viscosity in the active
zone of KoBo:

(22)

kTl?a 1
n~ — (23)
2D,Q( 20,0 1
r 2 form 2
I’kTEP™  L* )
Substituting rg. (23) into eq.(7),one can estimate the width H of an active zone:
2
H =77Vmax KT« Vi (24)

o, 2D,0,Q( 2050 1
r 2 form 12
I’kTE"™ L* )

3. Estimations
We will use the following values of the main parameters, part of which are substantiated
in our previous paper [6], but which earlier had been used for another model:

r=050, =10°Pa, L=10"°m, I =10°m, Q=10%m?, ™ =10"J,
T =300K,D, =10°m*/s,D, /D, =10*, & =10"m~
Average defect concentration in the active zone:
2 M2
Nist — D\/ r zzacrgf2 _iz z1.4'10—10’
aD, | IPKTE™ L

NS =2 N 2140107
D,

Average viscosity in the active zone:

2
n* ~ ﬁit ~15-10"Pa-s
2DQ N

Maximal velocity of tangential motion:
V.. ¢ Rv=01m/s

m

Approximate width of active KoBo zone:

2
H :anax KT« Vi ~15.102m

o - 2D, 0, Q [r 2020 1 j

I’KTE,”™ L2

17
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Thus, we predict the active zone width about centimeter which is rather close to the real
case.

4. Mathematical model including diffusive redistribution

Now we consider the non-uniform model including the diffusive redistribution of
defects but preserving the steady-state approximation. In this case, two equations (15,16) are
reduced to the following form:

2 2 2
r Zzo-crgf) _l_; Ni_a&Niz-Fa—Nzizo, X <H
I2KTE,"™ 12, D, oX
2
_:I'_i2 Ni_a&Ni2+aN2izO,X>H (25)
L D, oX
Di
NV(X):D_N'(X)
v
5 kTI> 1 dX VvV

— max .
n(X)  ou
to use the non-dimensional length

O e T

X ~ 1
10%)% 250 N, (X)
To get the numeric solution, it is convenien

—t

1
£=XIH, Aé=1/ M. Then Hj%:\/mﬁx , 50 that
0

() o,
H:—\l/ma" (26)
o jdi
Ton(é)

Then we have the finite difference equation:
N[k —1]+ N, [k +1]-2N,[k]

KIN.[k]—B(N.[k])’ 0
ALKIN;[k]-B(N;[k])" + YE
2 2
2 p 202 1) kem -1
I2KTE,"™ 12,

Alk] = , (27)

H

[_L_ZJ7M<:k<2M

B:Hza&

Vv
To get the iteration scheme, we treat N,[k] in eq. (26) as a new iteration and N,[k —1],

N[k +1] as a previous iteration, so that one has the quadratic equation for the new iteration.
Choosing (naturally) only the positive root, one obtains:

newry,J - M? 2 2)? 2
N. [k].zE[A[k]/M —2+\/(2—A[k]/M ) +4B/M -(Ni[k—1]+Ni[k+1])j, (28)
1<k<2M -1

Boundary conditions are following:

N.[0]:= N,[1], N,[2M]:= N,[2M —1].

After finding the next iteration for the defect concentration, we find the new iteration
for the active zone width

18
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Vv KTI? V_ k.TI?M

H new := l — max M_l
o, DQ[N;(&)d¢ 0, DY N™[K]
0 k=0

homogeneous approximation without diffusion: for defect concentration eq. (21) for k<M
and zero for k>m, and for H-equation (24).

Calculations demonstrate that our iteration scheme converges very fast and effectively.

Zero iteration is taken from

5. Numerical results

10,0 \
‘ 50, \
8,0 H
: 4,0 Y
6,0 \ .
: N. 3.0 .
o l\ 108 1
10°° '\ 201 1
201 d |
. 1,04 i
0,01 . . # 1
0,90 0,95 1,00 1,05 1,10 00+ - e——
: 0,90 0,95 1,00 1,05 1,10
4
(@)
(b)
16-
1,41 1.4
1,2 1,24
1,04 1,01
0,84 0,81
Ni’ 0,64 N., 064
107941 [ 1OI-10 '
' 0,4-
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— 0.2- .
0,0- \
T T T 1 0’0-
0,90 0,95 1,00 1,05 1,10 : : : .
: 0,90 0,95 1,00 1,05 1,10
3
()
(d)

Figure 2. Convergence of concentration profile for interstitials according to iteration
procedure eq. 28 after 80 (a), 82 (b), 83 (c), 91 (d) iterations.
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n, 3,91
10 |
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3,7 —

09 092 094 09 098 1,00

Figure 3. Non-equilibrium phase transition under KoBo-process — sharp decrease of
KT?a Vo

2D, 0, Q [r 262002 1} )

viscosity within active deformation zone ( O0<x<H, H=

IZkTEiform L2

5. Conclusions

1. New phenomenological scheme of SPD description for KoBo method of extrusion is
developed. Viscosity is treated in terms of Nabarro-Herring creep under high
concentration of defects generated by external oscillating rotations at the surface of
the sample.

2. Generation of defects is estimated in the terms of energy dissipation in viscous
media.

3. Non-equilibrium phase transition solid—viscous is described.

4. The width of active zone and defect concentration in active zone is predicted.

5. Account of diffusive redistribution of defects changes results insignificantly.

Acknowledgements

This work was supported by the Marie Curie International Research Staff Exchange
Scheme Fellowship IRSES within the 7th European Community Framework Program under
Grant 612552; Ministry of Education and Science of Ukraine under Grant 0115 U 000638 and
Grant 0117 U 000577.

References (in language original)

1. Lowe T., & Valiev R. Z. (Eds.). (2012). Investigations and applications of severe
plastic deformation (Vol. 80). Springer Science & Business Media.

2. Valiev R. Z., Estrin Y., Horita Z., Langdon T. G., Zehetbauer M. J., & Zhu Y.
(2016). Producing bulk ultrafine-grained materials by severe plastic deformation: ten years
later. Jom, 68(4), 1216-1226.

3. Korbel A., & Bochniak W. (1998). U.S. Patent No. 5,737,959. Washington, DC:
U.S. Patent and Trademark Office.

4. Korbel A., & Bochniak W. (2017). Liquid-like behavior of solid metals.
Manufacturing Letters, 11, 5-7.

20



Cepist «Pi3uKo-MaTeMaTHIHI HAyKn», 2017

5. Korbel A., Bochniak W., Ostachowski, P., Paliborek A., Lagoda M., &
Brzostowicz A. (2016). A new constitutive approach to large strain plastic
deformation. International Journal of Materials Research, 107(1), 44-51.

6. Gusak A., Danielewski M., Korbel A., Bochniak M., & Storozhuk N. (2014).
Elementary model of severe plastic deformation by KoBo process. Journal of Applied
Physics, 115(3), 034905.

7. Landau L. D., & Lifshitz E. M. (1986). Theory of Elasticity, vol. 7.Course of
Theoretical Physics, 3, 109.

References:

1. Lowe T., Valiev R. Z. (ed.). Investigations and applications of severe plastic
deformation. — Springer Science & Business Media, 2012. — T. 80.

2. Valiev R. Z. et al. Producing bulk ultrafine-grained materials by severe plastic
deformation: ten years later //JJom. — 2016. — T. 68. — Ne. 4. — C. 1216-1226.

3. Korbel, Andrzej, and Wlodzimierz Bochniak. "Method of plastic forming of
materials." U.S. Patent No. 5,737,959. 14 Apr. 1998.

4. Korbel A., Bochniak W. Liquid-like behavior of solid metals //Manufacturing
Letters. —2017.—T. 11. - C. 5-7.

5. Korbel A. et al. A new constitutive approach to large strain plastic deformation //
International Journal of Materials Research. — 2016. — T. 107. — Ne. 1. — C. 44-51.

6. Gusak A. et al. Elementary model of severe plastic deformation by KoBo process //
Journal of Applied Physics. —2014. — T. 115. — Ne. 3. — C. 034905.

7. Landau L. D., Lifshitz E. M. Theory of Elasticity, vol. 7 //Course of Theoretical
Physics. —1986. —T. 3. — C. 109.

Anorauia. A.M. I'ycax, A.P. I'onoa. Inmencusna nnacmuuna oegpopmayia KoBo-
Memoody — ouinku ma mooenv. Po3gunyma nosa, (peHoMeHOoN02iuHa KOHYyenyis onucy ma
MOOen08anHs iHmeHcusHoi niacmuunoi Oepopmayii (II1]]), ocnosana na obepHeHil
3anexcHocmi 8’sa3Kocmi mamepiany 6i0 KoHyenmpayii mouxosux oegekmie (wum Oinvute ys
KOHYeHmpayis, mum MeHute 6’A3Kicmb). [Ipu ybomy J10KaNbHA KOHYEHmMpayis MOUYKOBUX
Odegexmis susHauacmocs, (1) inmencusnicmio Odeghopmayii, (2) auicinayiero Mixncey3nogux
Ooehexmis ma eakanciu, (3) noerunannsm Oepexmie na oucinokayisx, (4) oughysitinum
nepeposnooinom oegexmis. Po3s6’s30Kk 6i0n06ioHoi cucmemu HeniHiUHUX OupepeHyiantbHux
pi6Hanb 0Nl NoJsl KOHyeHmpayiu Oegekmie ma OugepeHyianbHo2co pieHAHHA OJIsl NOJs
weuokocmel npu 3a0auitl weuoxocmi deghopmayii Ha epanuyi 3paska 0a€ HePiBHOBANCHULL
Gazosuii nepexio — cmpubox 8’a3kocmi i cmpubok Komyenmpayii Oegpexmis Ha nesHill
siocmani 6i0 nosepxui. Ilpu yvbomy wupuna 30HU HNOHUIICEHOI 8 SA3KOCMI ma NiOB8UWEHOT
KOHYenmpayii 0eghekmis nponopyitina nosepxuesiil wieuokocmi oegpopmayii. Came 6 yiti 30Hi
Mae ceuc pozensgoamu mamepiai 5K 8 si3Ke cepedosuuye.

K1ro4oBi cjioBa: iHTEHCHBHA IUTaCTHYHA Je(opMallis, MIKBY3JIOB1 Je(eKTH, BaKaHCIi,
nudysis, B’SI3KICTh, TOB3Y4ICTh, HENIHIWHI JU(epeHLiaabHl pIBHIHHS.

Opneprxano penaxiiero 23.11.2017 [MpuiinsTo mo npyky 15.12.2017
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NONLINEAR KLEIN-GORDON EQUATION
IN CAUCHY-NAVIER ELASTIC SOLID

We show that the quaternionic field theory can be rigorously derived from the classical
balance equations in an isotropic ideal crystal where the momentum transport and the field
energy are described by the Cauchy-Navier equation. The theory is presented in the form of
the non-linear wave and Poisson equations with quaternion valued wave functions. The
derived quaternionic form of the Cauchy-Navier equation couples the compression and
torsion of the displacement. The wave equation has the form of the nonlinear Klein-Gordon
equation and describes a spatially localized wave function that is equivalent to the particle.
The derived wave equation avoids the problems of negative energy and probability. We show
the self-consistent classical interpretation of wave phenomena and gravity.

Keywords: quantum wave, quaternion algebra, Klein-Gordon equation, gravity.

1. Introduction

In 1821 Navier formulated the general theory of elasticity [1], “A Dynamical Theory of
the Electromagnetic Field” was published by Maxwell in 1856 [2]. The hypothesis that we
make use of in this work can be found in his paper. Let us begin with the well-known
Maxwell remark on the ether [2]:

“On our theory it (energy) resides in the electromagnetic field, in the space
surrounding the electrified and magnetic bodies, as well as in those bodies themselves, ... may
be described... according to a very probable hypothesis, as the motion and the strain of one
and the same medium (elastic ether)”.

In the almost unnoticed part of his paper, Maxwell wrote:

“...assumption, therefore, that gravitation arises from the action of the surrounding
medium... leads to the conclusion that every part of this medium possesses, when undisturbed,
an enormous intrinsic energy... As I am unable to understand in what way a medium can
possess such properties, | cannot go any further in this direction in searching for the cause of
gravitation.”

The properties of such a medium are presented in Table 1. Maxwell’s hypothesis was
already investigated [3, 4], but connection with quantum mechanics was incomplete [5]. The
first basis for relativistic quantum mechanics was found by Klein in 1926 and it is known as
the Klein—Gordon equation, KGE [6]. Dirac maintained that the KGE equation is
unacceptable [7] throughout his life.

Basing on the Maxwell hypothesis [2] we combine the theory of elasticity [1] and the
quaternion algebra discovered by Hamilton in 1843 [8]. Quaternion formulation of the
elasticity theory allows expressing momentum conservation in the Klein form of the wave
equation [6] and the Poisson equation. Quaternion formalism allows analyzing such
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phenomena [11]. Properties of the medium (crystal) are shown in Table 1. For simplicity, we
consider the small deformation limit and consequently neglect here the effects due to density
changes.

Table 1
The physical constants of the ideal isotropic crystal.
Physical Quantity Unit Syr?f:]?,: for Value Slunit |Reference
Lattice parameter,  Planck length Ip 1.616229(38)'10%  m [9]
Poisson ratio % 0.25 - [10]
Mass of particle Planck mass Mp 2.176470(51)'10°® kg [9]
Planck density Mass density p 2.062072:10 | kg:m® [9]
Duration of the | 5 time b |539116(13)10% st [9]
internal process
Young modulus | Energy density Y 4.6332447-10"** | kg-m™-s2 This work

2. The quaternion representation of the deformation field

The Navier-Cauchy momentum equation in an elastic solid shows coupling between
compression and torsion in the displacement ueR®. Coupling becomes evident in the
boundary condition (nonlocal) for the suitable differential equations on the quaternionic

deformation field o =0, +¢3 e H, where symbol H denotes the quaternion algebra,
o, =divu,, ¢=rotu, and u=u, +u,.
In the isotropic crystal (Poisson numberv =0.25) the displacement u € R® is described by

ou _ 3O'ﬂgraddivu — O'ﬂrotrotu, (1)

E p
where Y and p denote the Young modulus and density shown in Table 1.
From Eq. (1), the local energy density in the deformation field follows [1]

eziuou+§ﬂ(divu)2+lwrotuOrotu, )

2 2 p 2 p
where U =aou/ét and o is the standard product in R®
In the small deformation limit Y/ p = const, and one gets equivalently

2
ale:3czgraddivu—c2 rotrotu, (3)
l. . l 2 . 2 l 2 2 . 2
e=£uOu+§C (divu) +§C rotuorotu+c?(divu), (4)

where the Young modulus was estimated from the velocity of the transverse wave:

c= Q/O.4Y/p =2.99792458-10°.

Every deformation can be expressed by compression and rotation, i.e., can be divided
into an irrotational and a solenoidal component. Thus, let u belongs to the C* class of
functions. By the Helmholtz decomposition theorem: u=u,+u,, rotu, =0 and divu, =0,

the Eq. (3) and formula (4) become

2

%(uo+u¢):2c2graddiwo+czA(u0+u¢), (%)
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e=%u00+%c2 [(divuo)2 +rotu¢orotu¢}+c2(divuo)z. (6)

Thus, there existsa deformation field o, such that one can represent the solenoidal
(vector) and irrotational
(scalar) fields as a superposition of the real and imaginary field parts at each point. From (5)
and (6)
oc=0,+¢ €H,
=% ¢A @
o =0,-¢ €H,

Py

Where H denotes the quaternion algebra [11], o, =divu,, ¢=rotu,,

diV¢3 =divrotu, =0 and ¢3:¢1 1+¢, J+ @, K, where i, j, k are the quaternion imaginary units
obeying the following relations:
i=j=k*=-1, ij=-ji=k,
e s aEAre (®)
jk =—Kkj =1, ki=-ik =].
Because u belongs to the C*® class, and upon acting on Eq. (5) by the rotation and
divergence operators, we can express it by the system

A

2
5 9)
Z2% =32 Ao,

The local energy density of the deformation field per mass unit, formula (6), is now
expressed by

e=10-0+1ic’ o-0" +C%, (10)
where (1= U, i+u, J+u, k. By adding Egs. (9) and from (7), the system (9) is expressed by a
single partial differential equation:
oo
ot’
In the next section we will show that upon splitting Eg. (11) into the system of wave
and Poisson equations, the nonlinear form of the wave equation follows.

=c’Ac +2¢°Ac,. (11)

3. From the quaternion equation of motion to nonlinear wave and Poisson
equations

We consider a stationary wave, m=Ec™ =const. Thus, Eq. (11) can be written as a
system:

2
(——C2A+ adll a*jazo,

t? t2
0 Melp (12)
2C°Ac, =— 87”2 c-o.
Mplp
The wave equation in (12) can be written in the more compacted form
2
iza—z—A J+87Z—TZG*-O':0, (13)
¢ ot m, c°t;

or in the covariant notation
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8#8*‘0'+mh8—7[0'*~a=0, (14)
P

10 » :
where 0,0" == ——A and 7 =m, ¢’t, =1.0545727-10 % kg m*s™ |.

2

The wave equation in the most compacted form is given by
(6,0+ml,0")-c=0 (15)
where ¢, =87/(m,|3)=4.4205986-10"[ kg *m” .
System (12) is a hyperbolic-elliptic quaternion representations of a wave equation (11)
and has solution of the form:
c=0,+p=0c,+Bi+djrokeH. (16)

The second equation in (12) is the Poisson equation and describes the irrotational, e.g.,
compression, potential in the deformation field

*

oo, a7

C*Ac, = —4rm——;

PP
it can be expressed as a function of the local mass density: p=mo-o’/I3. Thus (17)

becomes:
3

c*Ac, =—4np l ~=—4rpG, (18)
m,t2

using data in Table 1, the gravitational constant equals:

G= Iﬁ/(tﬁmP )=6.674082-10 " | m*-kg*-s® |.  Equations (9)-(15) require boundary

conditions for a solution.

4. The additional integral equation
The energy is conserved thus, for t> 0 from Eq. (10) follows

1 2~ » l *
j(—t]ou+—c20~0' +cza§jd3r:const. (19)
2\ 2 2
In a case of the bounded closed volume Qc R®, the above energy conservation
formula becomes

2
J.(lﬁofﬁlcza-a*+cza§Jd3r:@:£,
o 2 2 m, m,
j Mo ol imo-o +m,o? d’r = m(Q) (20)
2c? 5P P00 = :
Q

The integral (20) can be treated as a nonlocal boundary condition for Egs. (11)-(15).

5. The nonlocal boundary condition
In order to obtain a more simple and useful nonlocal boundary condition, the formula
for the local energy density (4), should be expressed by the local energy flux S in the
continuity equation
@erivS:O. (21)
ot
Below we derive the quaternion form of the energy flux following the Cauchy schema.
Formula (4) upon differentiation becomes
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%=u00+302divudivquchotuOrotu (22)

and using Eqg. (3) we have

%:00(302graddivu—CertrOtu)+3C2divudivu+C2r0tuorOtllI. (23)
Using identities div (au) =ucgrada-+adivgradu and div(AxB)=Borot A—A-rotB, the
formula (23) becomes

%—div[%z(divu)U—CZ(rOtu)xU]=O. (24)

Comparing (21) and (24), the energy flux equals S =C?*(rotu)xu—3c*(divu)u or in
the quaternionic notation

$ =C?@x0-3c%, G (25)
or equivalently
$=C*(o—0,)x0-3C%, 0. (26)
Thus, the relation (21) can be written in the form of the continuity equation
% L divé=0. 27)
ot

Moreover from (27) and the Gauss theorem we obtain
Ejeolgzzj@o|3r=—jo|ivs”ol?’r:-jsioﬁd(ag:), (28)
dt Q Q at Q oQ

where A is a normal outside vector to the boundary 6Q, A=ni+n,j+n,K. Hence the
condition
[Send(aQ)=0 (29)
o

is equivalent to the law of energy conservation (20) and it is a well posed nonlocal boundary
condition for Egs. (11)-(15).

The Klein-Gordon equation fulfills the laws of special relativity, but contains two
fundamental problems [12]. The first one is that it allows negative energies as a solution. As
can be seen, the energy computed using formula (20) and solutions of Eq. (15) is per
definition always positive. The second problem of the KGE is the indefinite probability
density, e.g., it allows negative probabilities. From Egs. (26) and (27) it follows that such a
situation is avoided in the derived wave equation.

6. Conclusions

The alternative, mathematically correct derivation of the quaternion form of the
momentum conservation law in an elastic solid is presented. Using the quaternion algebra, we
demonstrated the transition from the classical Navier-Cauchy motion equation to its
quaternion valued analogue. This quaternionic analogue elucidates the coupling between the
irrotational and solenoidal displacement in the deformation field (compression and torsion)
and allows for a physical interpretation of the wave mechanics and lets some of the quantum
mysteries disappear. Below we compare the classical and quaternion forms of the equation of
motion. The last column shows the terms that vanish in Egs. (3) and (11) but contain
information on the oscillation of internal energy due to the deformation caused by the
spatially localized wave. These terms are essential to get system (12).

26



Cepist «Pi3uKo-MaTeMaTHIHI HAyKn», 2017

o°u . m
Fa = c*(2au-3rotrotu) +  c’graddivu  +  WV(t)-WV(t).|5
S
) gradient of mech-
momentum torsion & compre- ] ) )
. compression force anical potential
change per = ssion: "wave force" + ) + )
. . per mass unit per mass unit
mass unit per mass unit
Quaternion analogue: U
o’c gzm, . . [1
- = c’Ao + 2¢°Ac, + > (0'-0' -c-0 ) -
ot met, S
momentum change torsion & compression: compression force fluctuation of mechani-
per Planck = "wave force" per + per Planck + cal potential per Planck
particle & length Planck particle & length particle & length particle & length

We derived a spatially localized nonlinear wave function that is equivalent to the

particle:

2
0,0"c+8r ME =0
P
and its essential consequence, the formula for the irrotational potential field (gravity field):
APp=4rpG , where ¢=—c’c,.

The wave and Poisson equations were derived from assumptions which are independent
of the postulates of quantum mechanics. The formulae for the local energy density in its
quaternionic form allow obtaining the nonlocal boundary conditions providing the energy
conservation. The energy computed using a new wave equation is per definition always
positive. The problem of the indefinite probability of the density, present in classical KGE, is
ruled out as well.

This derivation is new evidence that there is a well-defined mathematical connection
between classical and quantum mechanics. The method allows the self-consistent classical
interpretation of the wave phenomena and vyields the non-relativistic gravity field. It is
obvious that it can be generalized upon neglecting the assumptions of the constant density of
mass and the constant Young modulus within the deformation field.
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Anomauis. /laninescoxi M., Cana JI. Heniniiine pisnauna Kneitna-I'opoona y
npysxcnomy meepoomy cepeoosuwyi Kowi-Hae'e. [loxazano, wo keameprioHHa meopis nos
Modice Oymu cmpo20 OmpuMaHa 3 KiIACUYHUX DIBHAHb OALAHCY 8 I30MPONHOMY 10ealbHOMY
Kpucmani, 0e nepeoasanHs IMNYIbCy i eHepeis nois onucyromocs piensanuam Kowi-Hag'e.
Teopiss npeocmasnena y 6ueisidi HENiHIIHO20 X8UNbOB020 PISHAHHS ma pieHsHHs [lyacona 3
K8AMEPHIOHO-3HAYHUMU X8UNbOBUMU PYHKYIAMU. Ompumana KeamepHiOHHA (hopmMa PieHAHHSL
Kowi-Has'e 36's3ye migic coboto cmucHenus i KpyueHHs nojs 3miujenb. Xeuibose pieHIHHS
mae suensio HeniHilinoeo pisensanua Knetina-I'opoona ma onucye npocmopogo 10KANi308aHy
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V]IK 621.78-978. 004.94 PACS 02. 05.12.31.36.37
A. Gokhman, D. Terentyev, M. Kondria

ISOCHRONAL ANNEALING OF ELECTRON-IRRADIATED TUNGSTEN
MODELLED BY CD METHOD: INFLUENCE OF CARBON
ON THE FIRST AND SECOND STAGES OF RECOVERING

The evolution of the microstructure of tungsten under electron irradiation and post-
irradiation annealing has been modelled using a multiscale approach based on Cluster
Dynamics simulations. In these simulations, both self-interstitials atoms (SIA) and vacancies,
carbon atoms isolated or in clusters, are considered. Isochronal annealing has been
simulated in pure tungsten and tungsten with carbon, focusing on recovery stages | and II.
The carbon atom, single SIA, single vacancy and vacancy clusters with sizes up to four are
treated as the mobile pieces. Their diffusivities as well as the energy formation and binding
energies are based on the experimental data and ab initio predictions and some of these
parameters have been slightly adjusted, without modifying the interaction character, on
isochronal annealing experimental data. The recovery peaks are globally well reproduced.
These simulations allow interpreting the second recovery peak as the effect of carbon.

Key words: Post-irradiation Annealing, Tungsten, Carbon Effect, Cluster Dynamics.

1. Introduction

Tungsten is one of the candidate materials for the plasma facing component of fusion
reactors because of its high melting point, high sputtering resistivity, and high temperature
strength. Numerous studies have explored the recovery processes of radiation-induced
damage in tungsten. Residual electrical resistivity was commonly used as an index of the
damage present in materials for the damage recovery study, resulting in the identification of
the temperatures and activation energies for different annealing stages. To date, the physical
mechanisms governing the damage recovery of tungsten are still controversial. The next
progress in study of this phenomenon could be done by Cluster Dynamics (CD) and Adaptive
Kinetic Monte Carlo (AKMC) simulations. In our paper CD is applied to simulate the kinetics
of point defects in post-irradiation annealing tungsten after electron irradiation. Special
attention to effect of carbon is devoted.
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2. Discussion of model and input material parameters

The mean field isotropic model on the electron-irradiated and post-irradiation annealing
of pure tungsten and tungsten with carbon is applied. Because the distance between point
defects expected to be more great than size of them the frustration effect isn’t considered.
Hence, the CD model for bcc iron with chromium and carbon [1] was modified to study of
tungsten with carbon system.

In additional, new CD code takes into account the conclusion [2] on the mobility of
vacancy dimmer, V,, vacancy cluster with size of three and four, V3 and V.

The lattice parameter of tungsten, ay, is taken of 3.1652 °A [3]; line dislocation density,
pa, Of 10 m? [4]; grain size, d, of 50um; Burgers vector, b, of 2.74 °A [3]. Capture
efficiency for vacancy and (self-interstitial atoms) by dislocation net, Z, (Z; ) are taken 1(1.2)
as in [1]. Recombination radius for all pairs: vacancy-SIA, carbon-SIA, carbon-vacancy,
(vacancy-carbon)-vacancy, (vacancy-carbon)-carbon is taken the same and equal to 4.65°A
(rec = 4.65°A) as in [1,5]. The migration energy of vacancy, En,, is taken of 1.5 eV according
to experimental data [6]. The migration energy of di-vacancy, En,y, three-vacancy, Ensy, and
four-vacancy, Enay, is taken as 1.6, 1.7 and 1.8 eV, respectively. Vacancy pre-exponential
factors for vacancy clusters and SIA, Do, Davo, D3vo, Davo and Djo are assumed to be of 2*10°
® m?/s. The value of SIA migration energy, Eni, of 0.013eV was calculated in [7]. In our study
Emi is taken as the fitting parameter to get the best reproduction of experimental data on
recovery of tungsten. Formation energy of SIA is taken of 9.466 eV according to [5].
Temperature dependence of carbon diffusivity into tungsten has been studied experimentally
and theoretically in [8-12]. Following to data [8-12], pre-exponential factor, Dco, and
migration energy of carbon in tungsten, Ecp, are taken in our study as 2*10® m%s and 1.7eV.
Value of surface energy, 7, is taken of 3.119 J/m?, which is between calculated values [13]: ¥
= 2.275 JIm? for the crystallographic plane (100) and 3.221 J/m? for the crystallographic plane
(110). Values of binding energy of SIA dimmer, Ey;, pairs SIA-carbon, Epic, vacancy-carbon,
Ebve, (vacancy-carbon)-vacancy, Epycy, and (vacancy-carbon)-carbon, Epycc, are assumed to be
2.2, 1.15, 2.3, 2.3 and 2.3 eV, respectively. For comparison we present here some calculated
literature data:

Epi =2.12eV [14]; Epve = 1.93 eV [12] and 1.3%V in [15].

3. Master Equation of CD simulations
Master Equation of CD simulations for both electron irradiation and post-irradiation
annealing of tungsten is written by the system of ordinary differential equations for
concentrations of vacancies (SIAs) (Egs. 1-3) and carbon - point defects complexes (Egs. 4-7):
dCy 4r 1. (D, +D)C,Cy 4rr, (D, +D)CC
-G, -

rec rec

dt e Q. Q,
6 (szv )70'5 e v(i) v(i) v(i)
—py L, (1"‘ d Dv(i) (Clv(i) _C1V(i))_4ﬁlv(i) Clv(i) +4a2v(i) C2v(i) N ;ﬂnv(i) Co
+>al C o+ A C =D B C
mv(i) ~nv(i) 2v(i) ~2v(i) ni(v) ~ni(v)
n-3 n=2 (1)

_ 4 r-rec(Dc-i_ Dv(|)) CCCl . —(Cc-l-C . )eXp _ Ebcv(i) _
QW V(i) v(i) kB-I—

4rr, D, C,C
kv . T rec —v ~1vvc 1_ eXp _ Ebvcv
Q, KT
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dC,,;
dz 0) Zﬂlv. ﬂZV, 20(i) +ay C3V ﬁzv. C2V+ﬁ3w M) (2)
dC_ . . _
(i) _ pov(i) (i)
dt _ﬂ(n—l)v(i (n-1)v(i) (ﬂ(n+l)v (i) n+1v(|)))C(n+1)v(i) (3)
_( 50 i(v) v(i)
(ﬂnv(i) + nv(i) + anv(i))Cnv(i) for n>2
drr D
dcvcc rec — c C C 1 eXp bVCC (4)
dt Q,
4rr. D
dC\/CV — 7[ rec \ C C [1 exp( EbVCV Jj (5)
dt Q, ko T

Ic — (6)
dt  4rr D, E
—==.C,-C,|1-exp| ——2x
Q, k,T
drr (D, +D,,.
e (Do D)) C (C +C,; )exp[ aall j —~
dC,. Qy )

dt  4rr_D,C,C
T rec —v “1lvvc 1 eXp Ebvcv
Q, ko T

Here G, is electron flux, which equal to ratio of irradiation exposure (in dpa) to
irradiation time for the case of electron irradiation and zero for the case of post-irradiation

E .
annealing, k, is equal to one for vacancy and zero for SIA, D, (D) =D, -exp[—km—tl(_')J is
B
3

the diffusivity of free vacancy (SIA), Q, = % is the atomic volume of tungsten, C,;(C; )is

the concentration of free vacancies (SIAy), Cui) is the thermal equilibrium vacancy (SIA)
concentration, C, . is the concentration of vacancy (SIA) clusters contain of n vacancies
(SIAg), C,. is the concentration of vacancy-carbon pairs, Cycc and Cyy are the concentration of
(vacancy-carbon)-carbon and (vacancy-carbon)-vacancy complexes; ﬁ:v((' and (a )are the

absorption and emission coefficients of vacancies V, V,, V3 and V4 (SIA) from VC (SIAC),
which are calculated similar to [1].
The system of Equations (1-7) describes:
(1) formation of free vacancy and SIA due electron irradiation;
(2) vacancy - SIA recombination;
(3) trapping of vacancy (SIA) by dislocation net;
(4) trapping of vacancy (SIA) by carbon;
(5) vacancy (SIA) — recombination;
(6) absorption of vacancy (SIA) by vacancy cluster (VC) and SIA cluster (SIAC);
(7) emission of vacancy and SIA from VC and SIAC, respectively;
(8) absorption (emission) of VC with two, three and four vacancies by (from) VC;
(9) absorption (emission) of carbon or vacancy by (from) vacancy-carbon complex.
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4. Cluster Dynamics simulations

Because the evolution of point defect system in post-irradiation annealed tungsten is the
set of kinetics processes with the different characteristic times, the integration of the Master
Equation (1-7) is the typical problem of stiff ordinary differential equations. Stiff equation is a
differential equation for which classical numerical methods for solving the equation are
numerically unstable, unless the step size is taken to be extremely small. Hence, the
FORTRAN subroutine package, LSODE, the Livermore Solver for Ordinary Differential
Equations [16] based on the backward differentiation formula method [17] has been taken as a
main program of computer code. Following to [18], the electron irradiation exposure,
irradiation time and irradiation temperature are taken as 0.0001 dpa, 43200 seconds and 5 K;
the temperature step of isochronal annealing is taken about 5 K, the time of annealing on each
step is taken 300 seconds for temperature below 450 K and about 600 seconds for temperature
from 450 K to 500 K. CD simulations have been done for the initial concentration of free
carbon atoms in tungsten about 100 ppm and for tungsten free from carbon.

It was found that electron irradiation of 0.0001 dpa during 43200 seconds at
temperature of 5 K results in formation of Frenkel pairs with concentration about 100 ppm in
both pure tungsten and tungsten with carbon. The increase of En;, to 0.163eV provided the
quite good correspondence between experimental data [18] and simulation data in our study.
Calculated by CD temperature dependences of concentration of free and clustering vacancies
and SlAs; free carbon atoms, vacancy-carbon, SIA-carbon, VC-V and VC-V complexes in the
post-irradiation annealed tungsten are presented on Figures (1-3). For the temperature range
of isochronal annealing from 4.2 to 100 K (Stage | of the recover spectrum of tungsten [18]),
we observe:

(1) decrease of the concentration of free vacancies to value about 29 ppm (57 ppm) for
pure tungsten (tungsten with carbon) and of free SIA to zero for both pure tungsten (tungsten
with carbon), formation of SIA clusters (SIAC) with concentration of clustering SIA about 21
ppm (10.6 ppm) for pure tungsten (tungsten with carbon), no vacancies clusterization for both
pure tungsten (tungsten with carbon) in the temperature range from 55 to 100 K;

(2) formation of carbon-SIA pairs with concentration about 43 ppm and decrease of
free carbon atoms to value about 57 ppm for tungsten with carbon in the same temperature
range;

(3 no formation of vacancy-carbon, (vacancy-carbon)-vacancy and (vacancy-carbon)-carbon.

[0
o

100 —_ 100 ~
CD dataon CYl —s— CD data on the concentration of
-+ CD dataon Cil 80 4 SIA-carbon pairs
) CD data on Cvc —=— CD data on the concentration of
—= CD data on Csiac 60 4 carbon
40 A
20 | / \

o2}
o
I

S
o
1

Concentration, C/ppm
Concentration, ppm

N
o
I

O T T T T 1
0 | ‘ ' ‘ ‘ \ 0 100 200 300 400 500
0 100 200 300 400 500 Temperature of post-irradiation annealing of tungsten, T/K
Temperature of post-irradiation annealing of tungsten, T/ K
Figure 1. Temperature dependence of Figure 2. Temperature dependence of
concentration of free vacancies (C,,), free concentration of SIA-carbon pairs and
SIA; (Ciy), clustering vacancies into VC carbon in post-irradiation annealing
(Cyc) and clustering SIA into tungsten.

SIAC (Cisigc) in post-irradiation
annealing tungsten.
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With aim to compare our CD results with experimental data [18], the differential
isochronal resistivity recovery has been calculated on Equation (8) according to [18,19]:

—p,)! n—n,)/n
100% e w —100% e m (8)
LnT —LnT, LnT —LnT,

Here p  andp, are the specific electrical resistivities; n and no are the total number

of Frenkel pairs at temperatures T and To. It was found that our CD simulations reproduce
well the recovery peak centered at about 70 K (Fig. 4).

For the temperature range of isochronal annealing from 100 to 500 K (Stage Il of the
recover spectrum [18]), is observed in CD simulations:

(1) decrease of the concentration of free vacancies to zero, no significant changes of
concentration of free SIA, clustering vacancies and SIA for the tungsten with carbon in the
temperature range from 360 to 500 K;

(2) decrease of the concentration of carbon-SIA pairs to zero, increase of concentration
of carbon atoms to 100 ppm, for the tungsten with carbon in the same temperature range;

(3) no significance change of concentrations of point defects for pure tungsten;

(4) very slight increase of concentration of vacancy-carbon, (vacancy-carbon)-vacancy
and (vacancy-carbon)-carbon.

It was found that our CD simulations result in the recovery peak centered at about 420
K for the tungsten with carbon and no recovery peak for pure tungsten (Fig. 4).

Latter confirms the hypothesis of [18] on the role of impurities as traps for point defects
on the Stage II.

+01 - 600 - .
LE+0L —— CD data for the model with carbon
= —=— CD data for the model without carbon
€ 1,E-16 S
g S 400
3 3
E 1,E-33 g
§ —e— CD data on concentration of vacancy-carbon pairs -g 200 4
S 1,E-50 A ) a
(@] —=— CD data on concentration of vc-c complexes
—— CD data on concentration of vc-v complexes
1,E-67
0

50 150 250 350 450 ‘ ‘ ‘ ‘ j
0 100 200 300 400 500

Temperature of post-irradiatiation annealing of tungsten, T/K Temperature of post-irradiatiated annealing, T/K
Figure 3. Temperature dependence of Figure 4. Derivative versus temperature
concentration of vacancy-carbon pairs, vc-c  plot of the irradiation recovery data for post-
and vc-v complexes in post-irradiation irradiation annealing tungsten.

annealing tungsten.

5. Discussion

The first-order process attributed to recombination of a particularly close SIA-vacancy
pair and the second-order process attributed to extensive diffusion of one of these defects,
presumably SIA are discussed in [18] to reveal the physical nature of the peak centered about
70K at the Stage I. The conclusion on the mixture of the both first-order and second-order
processes with dominating of the second-order process is done in [18]. It corresponds to the
recombination of SIA-vacancy pairs and to self-trapping of SIA (formation of SIAC;) and to
trapping of SIA by impurities and some immobile sinks but the nature of them is not revealed
in [18].

Let’s consider the results of our CD simulation, which complement data [18]:
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(1) All point defects are immobile under post-irradiation annealing in the temperature
range from 5 to 50K

(2) Values of C,; and Cj; are about of 53 and O ppm, respectively, for annealing
temperature of 100K. Concentration of free vacancies fall downs slowly than SIA at the Stage
I. It shows that recombination of SIA-vacancy pair isn’t alone process and hence the first-
order process doesn’t attribute to this Stage.

(3) Values of concentration of SIA; clustering into SIACs and SIA-carbon pairs about
10.5 ppm and 43.0 ppm, respectively, for annealing temperature of 100K. With taking into
account that concentration of C,; decreases on 47 ppm, it means that at least 7.5 ppm C,; are
trapped by immobile sink, which is dislocation net.

There is a set of observed experimental small recovery peaks [18], which are not
reproduced in our CD simulations. The possible reason is the paucity of data points in any of
the apparent peaks in the Stage Il region, which prohibits meaningful speculation concerning
the shape of these peaks [18].

Next CD simulations will describe the stage Il of recovering tungsten [18] need in new
set of material parameters for the corresponding temperature diapason: 500-1000K.

6. Conclusion

1. We have shown how CD simulations reproduce well Stages | and Il of the
isochronal resistivity recovery experiment of electron-irradiated tungsten.

2. The carbon doesn’t effect on the position of the recovery peak centered about 70K
(Stage 1) in tungsten with carbon.

3. The taking into account of the carbon presence needs to reveal the reason of
recovery peak at the Stage Il in tungsten with carbon.
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Anortauis. 'oxman O., Tepenmvwes /l., Konopa M. 130xponnuii gionan ei1exmpoHHo-
ONPOMIHEH020 801bPPaAMY, MOOENI06AHHA 34 MEMOOOM KIACMEPHOI OUHAMIKU: 6NIUE
gyzneyio na neputy i Opy2y cmaoii ¢ionosnennsa. Eeonioyis mikpocmpykmypu onb@pamy nio
BNIUBOM €NeKMPOHHO20 ONPOMIHEHHS Ma NICsi ONPOMIHIOBAHO20 [30XPOHHO20 8i0nany oyia
docniodceHa 3 BUKOPUCHMAHHAM ~MYIbMIMACUIMAOH020 NiOX00y, AKUll 0a3yemvcs Ha
MOOEN0BAHHI MemoOOM KIACMEPHOI OUHAMIKU. Y yux cumynayiax po3ensdaromscsi GLIbHI
MOYK08l Oehexmu (MidC8Y3elbHI amoMu ma B8aKAaHCii), Kiacmepu mouykosux Oeghekmis 3
posmipom 0o 10000 monomepis, a maxodc Kiacmepu, sKi CKIAOAOMbCL 3 AMOMIE 8y2lleyio
ma moukosux oOeghekmis. 3miHa Oegexmuoi cmpykmypu y npoyeci i30XpoHHO20 BiONAy
sonbhpamy 6e3 0omiwKie ma onb@pamy 3 yereyem O0O0CHIOHNCYEMbCA HA neputii cmaoii
(memnepamypa izoxponnozo eionany 6io 5 oo 100 K) ma opyeiti cmaodii (memnepamypa
i30xpoHno2co eionany 6i0 100 0o 500 K) sionosnenns. Amomu yeneyro, 8ilbHi Midc8y3enbHi
amomu, 8iLIbHI 6aKAHCII MaA 6AKAHCIUMI Klacmepu 3 pPO3IMIPOM 00 HOMUPLOX BAKAHCIU
PO32180a0mvCs AK pyxomi 00 ekmu, ougysisa akux 8i06y8acmsbcsa y mpbOXMipHOMY NPOCMOPI.
Knacmepu midceyzenvnux amomis, 6axanciumi kiacmepu 3 po3mipom n’sme ma Oinvuie
BAKAHCIll, A MAKOXC KAACMepU, AKI CKIA0aiomsbcs 3 amomie gyeieyro ma moukoeux oegexmis,
po3ensioaromscs K Hepyxomi o06’ekmu. Bubop napamempie mooleni, a came, 3HAYEHHs
Koeiyienmis ougysii, enepaii hopmysanns ma enepeiio 38'93y8aHHA MOUKOBUX Oehekmis ma
MOUKOBUX OeheKkmig i3 amomamu 6y2ieyrd ZSPYHMYEMbCs HA OAHUX eKCHepUMeHmy ma
pe3yibmamis po3paxyHKie 3 nepuux npunyunis. /lesxki napamempu mooeni 6yiu 000amro8o
CKOPEKMOBAHI HE3HAYHUM YUHOM Ol OOCACHEHHs HAUKPAW020 V3200MCEHHS OaHUX
MOOEN0BAHHI MEMOOOM KIACMEPHOI OUHAMIKU MA eKCNEPUMEHMAIbHUX OAHUX OO0 BIIUBY
[30XPOHHO20 BIONANY HA BIOHOGIEHHA OeEeKMHOI CMPYKMYpU eleKmpOoHHO-0ONPOMEHEHHO20
sonv@pamy. Excnepumenmanvhuu nix 6ionoenenns npu memnepamypi 70 K na nepuioi
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cmaoii' y yinomy 0obpe 8i0meopoemvpcs Y MOOEN08AHHI MEMOOOM KIACMEPHOI OUHAMIKU 5K
onsl 8onvbghpamy 6e3 domiwikie, mak i 0nsi 8onvhpamy 3 gyeneyem. Excnepumenmanvui niku
BIOHOBNEHHA Ha Opyeoi cmaodii BiOHOBNEHHs OeheKmHOI cmpyKkmypu 80ab@pamy
Gopmytomuca, 32i0H0 3 HAWUM OOCTIONCEHHAM, 3A60AKU B3AEMOOII MOUKOBUX Oedhekmis ma
amomis gyaneyio.

KrouoBi cjioBa: Bifnan, onpoMiHIOBaHHS, BOJIb(pam, ByTjelb, KJacTepHa AUHAMIKA.
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BEHAVIOR OF MATERIAL WITH A MEMORY OF FORM AND
PSEUDOELASTICITY UNDER NONSTATIONARY LOADING OF THE BODY

A nonstationary thermo-elastic-plastic problem is examined for pseudoelastic bodies. The
key feature of theory consists in that the diagram of tension of deformations appears as a three-
unit broken line and can have a falling down segment. Thus the characteristic points of the
diagram depend on the materia/’s temperature and phase state. Such character of the diagram
leads to the discontinuous  solutions and as a result to the moving boundaries of phase
transitions. The example of thin stripe at uniaxonic tension is considered. It is shown that
deformation is not homogeneous through the stripe and its development depends on the material’s
properties. The got results confirm an idea that front of races change of deformation spreads with
permanent speed that depends only on mechanical properties of material.

Keywords: thermo-elastic-plasticity, pseudoelasticity, form memory, phase transitions.

1. Introduction

The list of alloys that exhibit pseudoelasticity includes Ni-Ti alloys and various copper,
iron, silver and gold-based alloys. Pseudoelasticity is the ability of a material to accumulate
deformations upon loading at a high temperature regime and then return to its original state
after unloading (through the hysteresis loop). The mechanism of this reduction is the
transformation from the martensite phase to the original austenite phase.

Such alloys as NiTi, CuznAl, CuAlINi, AuCd and others can restore deformations up to
3%. Important characteristics of some of these materials are internal damping,
pseudoelasticity and high yield strength. It is noted that the amount of experimental data of
high quality of macroscopic behavior of NiTi remains limited.
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A characteristic feature of the SPF material diagram under active loading is an area of
ideal plasticity (NiTi stress-strain response at 70 © C [3]). Similar sections are also present at
unloading, but at certain temperatures.

2. Local diagram of pseudelastic material

To describe the local relationship between physical quantities, a model of an
elastoplastic body with a softening point under active loading and constant temperature was
used [1-3]. The temperature field of the body is assumed to be known, being obtained by
solving the corresponding problem of nonstationary thermal conductivity or from other
sources [2].

olo,

. A B

05 - K

0 D e
£, £, &

Fig. 1. The local material diagram.

The table below gives the coordinates of the points is obtained on the basis of the
processing of the experimental data given in [3].

T°C | A(e%,0(GPa)) | B(s%,0(GPa)) | D(¢%,oc (GPa)) F (%, o (GPa))
100 1,00; 0,82 6,50; 0,82 6,05; 0,45 0,55; 0,45
90 1,00; 0,78 6,50; 0,78 6,03; 0,41 0,53; 0,41
80 1,00; 0,67 6,50; 0,67 6,07; 0,38 0,57; 0,38
70 1,00; 0,59 6,30; 0,59 5,81; 0,30 0,51; 0,30
60 1,00; 0,44 6,20; 0,44 5,72;0,23 0,52; 0,23
50 1,00; 0,42 5,80; 0,42 5,16; 0,15 0,36; 0,15
40 1,00; 0,39 5,70; 0,39 4,88; 0,07 0,18; 0,07
30 1,00; 0,31 5,00; 0,31 4,00; 0,00 0,00; 0,00
20 1,20; 0,28 4,30; 0,28 3,10; 0,00 0,00; 0,00
10 1,40; 0,22 4,30; 0,22 2,90; 0,00 0,00; 0,00
0 2,00; 0,20 3,90; 0,20 1,90; 0,00 0,00; 0,00

When the temperature changes during the loading process, the transition from one
diagram to another occurs. Different local diagrams of the material can be used at different
points of the body.
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3. Statement of the non-stationary problem of the theory of thermo-elastic-
plasticity for a pseudoelastic material
Let us determine the velocity of the slow wave from which the plastic deformation field

propagates along the one-dimensional body xe [0; L]. On the edge x=0 the speed of
stretching the sample v=V, is set and its edge x =L is fixed and here v=0.

In general, the required values are: the speed of movement in the axial direction v(x,t)
(the movement u(x,t) is determined if necessary by integration v(x,t) over time); axial stress

o(xt) ; axial strain &(x,t) and temperature T(x,t). Here x €[0;L],t €[0,0).
To determine the unknown quantities, we use a system of equations
Ee—Ka; (T-T,) npu € €0,

o oo . 0O ov
'EZK’S =T o={E,(¢6—&)+0,—Kay (T-T,) npu celes,ec], (1)
E,(e-¢&)+o.—Kopy (T-T,) npu ee(e,»),
oT 0T
“=ar o+
ot OX

Here, p— is the density of the material, E , E,, E; is the modules of the local material
diagram (Figure 1), as well as the coefficient of linear thermal expansion ¢, which can
depend on temperature, W — source of heat, which is released as a result of a phase transition.

We pass in system (1) to dimensionless normalized quantities for which we retain the
previous notation
Vv T X t
V:>—,g:>i,0':>i,T:>—,X:>—,t:>—. (2)
v, Eqr Og: T X t

* e *

Here v,,T,,X,,t, are some given scale values of displacement speed, temperature,
spatial coordinate and time. og;,é&5 (0 = E/(T,)es;) The flow stresses of the material for
stress and deformation, determined atthe T =T,.

As a result of the transition to dimensionless normalized quantities (2), we rewrite the
system of equations (1) this way

ov Gaaekﬁv

_:kl*_’ — =Ky, —,
ot ox ot OX
E.e—K.,o (T-T,) npu EG[O;SS],
o=1E,(6-&)+os Ko (T-T,) npu celee], (3)

Ei(e-¢,)+0.— Ko, (T-T,) npu &e(e:;0).

The notation
kl — GSTt* ;kZ*_ V*t* E _ El(T) E _ EZ(T) ,E3 _ E3(r)

’ pX*V* - X*gST T EJ_(T*) . E2 (T*) " E3 (T*) , (4)
o T, E. a’

L= K = k=t =
Eqr 1-2v X,

To simplify the calculations, we choose k,, =1. Then we can take
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_Et

V=6, ki
t, pX;

We use the finite-difference method. To numerically solve the system (3), we introduce
grids with respect to time t and coordinate x as follows [4]

@ :{tp;tpﬂ =t +7t,=0;p 20;1;2;---},
L . ®)
@, Xi;xi+1:Xi+h;Xo=O;h:H”:O;l;Z;...n )

Then an explicit difference system equivalent to a complete system of partial
differential equations (3) can be written as

VPR =vP 17k A(cP), e = &P +ZA(VP), (6)

TP =TP 4k, u(TP) +2W Pt
We shall formulate the boundary conditions for the heat equation as the conditions for
free heat exchange
a =0; x=0;L.
OX
From this we obtain the calculated difference formulas on the boundary of the rod

Top = (kZTlp - kstp + k4T3p )/ k1 ; Tnp = (kZTn'il - ksTnFiz + k4Tn23 )/ kl' (1)
The magnitude of the stress at an arbitrary instant of time is determined explicitly by the
corresponding formula in (3). In the calculation formulas (6) we introduce the notation for
difference operators approximating the first derivatives with respect to the coordinate. They
can be set in various ways.
Here, to approximate the derivatives, we obtain the following difference formulas [4].
Equations (7) use the coefficients determined by using the spline function. If cubic B-splines
that have a fourth order of approximation are used, then

k, =11 k, =18, k, =9; k, =2.
In the case of using strained splines that have the fifth order of approximation
k, =11,2646; k, =18,4641; k, =9,1344; k, =1,9349.

4. Results of numerical experiment

Let’s consider a series of numerical results. In Fig. 2, the left column shows the time
variation of the deformation and stress fields under active loading. The transition from A to B,
austenite to martensite (A— M) occurs at V,=-13v,. The right column shows the

deformation and stress field changes in time during the reverse transition (M — A) from D to
Fat V,=17v,. Lines 1 give the distribution of deformations along the length of the rod at

fixed instants of time, and lines 2 show the corresponding distribution of stresses in the body.

The obtained results support the assumption that the front of the stepwise change in
strain propagates at a constant rate, which depends only on the mechanical properties of the
material.
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Fig. 2. Distribution of stresses and plastic deformations for different instants of time

(x = 0,001).
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The change in the temperature field along the axis of the rod for different instants of
time is shown in Fig. 3.

1-7300 2-7300 3-71000 1-r1100 2-r11200 3-T1300
14 - 17 )
1.2 08 A
1 2
06 +
0.a 3
0,6 04 1 1
0.4
3 0,2
02 / i / »

0 L L L L L L L L |_|_47'4_7_7_\ O v T T T T T 1
1 3 5 7 9 11 13 15 17 1% 21 1 3 5 7 9 11 13 15 17 19
1-711400 -2 -T1500 -3 -T1600 1-11700 2 -T1800 -3 -T1900

1,2 14 2 .

1 4 . 12 1 : E::

0.8 1 3 -

-] —— -

1 \.2 0.8 &

0.6

0.6

0.4 0a

0,2 - - 0,2

0 Tt 0
1 3 5 7 9 11 13 15 17 19 1 3 S 7 9 11 13 15 17 19
1-1t2000 2-12100 3-72200 1-72300 2-712400 3-T2500

12 —m———1—2 11 1
1 *\3— 1,05 \
0.8 1 3
0,95
0.6 R
0_9 - 2
0.4 7 0,85
0.2 0.8

L e e e S s e S S A et 075 F—rrr T

1 3 s 7 9 11 13 15 17 19 1 3 5 7 9 11 13 15 17 19

Fig. 3. The time variation in the temperature field due to heat release.

Here, the temperature field arises in connection with the stress-strain state and is due to
heat generation during the sequence of phase transitions (jumps in the diagram from
Composition A to B). The results are presented in dimensionless form, the temperature at the
phase transition point is assumed to be equal to the conventional unit. Numbers 1, 2, 3
indicate the curves for the specified time.

5. Conclusions

A version of the model of behavior of a pseudoelastic material has been developed and
experimentally substantiated. In this model, the possibility of quantitative evaluation of the
associated interactions between stresses, temperature, deformation and material loading rate is
built that is suitable for modeling the continual level.

We obtained the numerical confirmation that the front of the stepwise change in the
strain propagates at a constant rate that depends only on the mechanical properties of the
material.
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Recurrent formulas allow us to obtain the third (for temperature) and fourth (for the
velocities of displacements, stresses and deformations) order of approximation of the method
with respect to the coordinates.

When constructing the solution of the complete system of thermomechanical equations,
all unknown gquantities were represented as spline functions [4]. This makes it possible to
write more accurate difference expressions for the differential operators that make up the
difference schemes and, on the whole, increase the accuracy of the computation by
coordinates by at least an order of magnitude.

Given the same accuracy of calculations with the classical finite-difference method, this
method allows us to obtain results faster by virtue of the choice of larger steps of integration
along the coordinates, which leads to a significant decrease in the number of nodes of the
spatial grid used.
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Anortauia. Ilempoe A. /l. Ilogedinka mamepuany 3 nam’smmio opmu ma
nCeeoONnpy’CHICMI0 NpU  HeCMAauioHapHoMy Haeanmadxicenni min. Pozenadaemovcs
HeCMAayioHapHa mepMOo-NPYHCHO-NIACMUYHe 3a0aya ONsi Mil 3 nam 'asmmio  @GopMu.
Ocobaugicms meopii nonsieac 8 momy, wo oiazpama Hanpyeu oegopmayii 6 mamepiaibHill
moyyi npedCcmasiAeEMsbCsa y U0l MpUlaHKo8oi 1amManoi i Modce Mamu cnaoaryy OLISHKY.
Ilpu yvomy xapaxmepHi mouxu oiazpamu 3anexcams 6i0 memnepamypu i ¢azoeo2o cmamy
mamepiany. Takuil xapakmep Oiazpamu npu3eoo0uUms 00 PO3PUBHUX PIlUeHb T AK HACAIOOK 00
PYXIUBUX medc hazosux nepexodis. Pozenanymuii npuxkiad moukoi cmyau npu 00OHOOCHOMY
pozmazyeanni. Ompumani pesyrbmamu RIOMEEPOACYIOMb OYMKY Hpo me, wo @Gponm
CcmpubKonooioHoi 3miHU Odepopmayii NOWUPIOEMBbCSA 3 NOCMIUHOKW  WBUOKICMIO, KA
3anedxicums aue 8i0 MEXAHivHUX 61ACmMuocmell Mamepiaty i memnepamypu.

KurouoBi cjioBa: TepMO-Tpy>KHO-TIACTHYHICTh, TICEBIONPYKHICTh, TaM'sITh (popmu,
¢da3oBi mepexoau.
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YK 621.762:669.715.29 PACS 66.30.-h, 68.35.fx, 64.70.kd, 66.30.X],
61.43.Gt, 81.20.Ev.

C. 1. IepeB’sinko, B. B. Mopo3oBuuy, 5. /I. KopoJs,
O. 10. JIsmenko, 0. O. JIsmenko

TBEPJO®A3HI PEAKIIII B IOPOIIKOBUX MNASIJIbHUX CYMIIIIAX
CUCTEMM Cu-Sn

B pobomi onucano mexmnonociio 8ueOmMo8ieHHs MACUBHUX 3PA3KIE THMEPMemaniyHux
cnoayk cucmemu CU-Sn, a came: 0-CUg1SN11 ma e-CUsSn i nodanvuuuti npoyec ucomosnients
3 HUX NOPOWwKi6 i nasibHux cymiwel. bByno nidiopano cxknao i yuxin mepmiunoi 0opobKu 0
nasnvHux cymiweu. byno excnepumeHmanvHo O0CHIONCEHO 6NAUE pI3HUX (hiocié Ha
CnarosanHs nopowkie inmepmemaniois 0-CUs1Snyy ma e-CusSn i npoananizosano 3miny
Gazo6020 ck1ady OmpumMaHux NasILHUX cymiuiel 00 ma nicis peaxkyii.

KirouoBi cjioBa: iHTepMeTaNiYHI CIOIYKH, TBepIoQa3Hi peakiii, CriikaHHsS TOPOIIKIB,
PEHTTeHOCTPYKTYPHHM aHali3, MasiibHA CyMIII, CKaHyl0ua eIEKTPOHHA MIKPOCKOTTISI.

Beryn

TexHoJOris Maifku B MIKPOEIEKTPOHIII 3ITKHYIACS 3 BEIMKUMHU TPYJHOIIAMU MPOTITOM
OCTaHHIX JIBOX JIECATUIITH uyepe3 3a00pOHY BUKOPHUCTAHHS J0OpE BiIOMUX MPUIIOIB HA OCHOBI
CBHUHIIIO, a TaKOXX BHACIJIOK 3HAa4HOI MiHiaTiopu3aiii 3’eqHanp [1]. Cepen miaxomiB 10
MiJBUIICHHS HAIIHOCTI 3’€IHAaHb BUIULIETbCA METOH 3 €AHAHHS 4Yepe3 MPOMIKHY PIIKY
¢dazy (ITP®). B upomy MeTOIi TOHKWH, 3 HU3BKOIO TEMIIEPATYPOIO TUIABIICHHS, MPOMIKHUN
OpPOIIAPOK METAIIYHOrO Marepiajly pO3TallOBYIOTh MDK METaJleBUMU KOHTAaKTaMH 1
BIJIMAJIIOIOTH TIPU TEMIIEPATypi, BULIiH, HIX TeMIepaTypa IUIaBJIeHHS TPOMIKHOTO MPOIIApKY,
asie HabaraTo HIKYii, HDK TeMIepaTypa IUIaBI€HHS METaJeBUX KOHTAKTIB. [licis muiaBiaeHHs
MPOMIKHOTO TPOIIAPKY, BCSA PIAMHA MOCTYIIOBO BUTPAYa€ThCS HA YTBOPEHHS IMPOIYKTIB
TBepao(a3HOi peakiii Ha iHTepdeici MK TBEpIUMH KOHTaKTaMH 1 piauHow. Lli npoaykTtu
peakuii MOXYyTb MaTH 3HA4YHO BHIY TEMIEpaTypy IUIaBieHHs [2,3], HIXX NOYaTKOBUM
OPOMDKHUM HpoOIIapoK, 10 3a0e3nedye MOXIUBICTD BUKOPUCTAHHS 3’€IHAHHSA Yy
BHUCOKOMOTYKHIN eNneKkTpoHini. Pazom 3 TuMm, meton [1P®D Mae neBHI HEAOMIKU: TaK TOBIIMHA
3'€JHYBIBHOTO TPOILIAPKY IOBHHHA OYTH [OCTaTHbO MAJIOK0, I1HAKIIE IUKI TEepPMiuHOL
00poOku Oyne moBoui 10BruM [2]. Takoxx HE0OX1JHO MiadoupaTu atMocdepy A KOHTPOIIO
OKHCIICHHSI MeTaJleBUX IMoBepXoHb [3]. Hampukian ToBHIMHA 3'€JHYBaJIbHOIO MPOLIAPKY Y
BEPTUKAIBHUX 3'€IHAHHSIX TPHOXBUMIpHHUX iHTerpanpHux cxeM (anri. 3D Integrated Circuits)
craHoBuTh Jumie 20 MM [2,4], ane TepMIUYHUIA MK, 0 HEOOXIAHWH il 3aBEpIICHHS
3’eqnanHs [IP®, 3aiimae nekinbka roguH. Y CBOIO Yepry 3BHYAWHUN TEPMIYHUM UK Malku
— OTUIABJICHHSI 3aiiMae€ JIMIIE KiTbKa XBUJIMH [1].

Jlnis mojtoniaHHs MX TPYAHOILIB OyJo 3ampornoHoBaHo Moaudikanito Metoxy [TPD [5]:
HOPOIIOK Mifi (KpyMHICTh OJU3bKO 6 MKM) 3 HAHECEHHM MPONIAPKOM 0JI0Ba TOBIIMHOK B 0,5
MiKkpoHa OyB BiAmajgeHui MK aBoma auckamu CU. 3a TepMiYyHOIO BiANany 3 TEMIEpaTyporo
300°C npotsirom 30 ¢ 0JI0BO MOBHICTIO BUTPAYA€ThC HAa YTBOPEHHS 1HTEpMeETaliuHoi (dazu
CusSn, 1m0 NPUBOAUTH A0 YTBOPEHHS KOMIIO3UTHOTO IPOMDKHOIO TPOLIAPKY, SKHUH
CKJIaJIA€ThCS 3 TEPMOJIMHAMIYHO CTIHKOI cymimii TBepmoro po3umHy Cu-Sn Ta mpomixHOL
¢a3u CuzSn. Xoua TpuBamicTh TEPMIYHOTO LUKIY 3a BUKOPUCTAHHS LIbOTO METOAY 3HAYHO
CKOpPOTHJIacs, BUHUKJA TOTpeda y MpUKIaJAaHHI 3Ha4YHO Outbimoro tucky y 10 MIla nHa
MOBEPXHIO MIJHOI MIACTHHKU Y MopiBHSAHHI 3 MetomoMm [IP® (<0,001 MIla [2]). Takox
BiJiNIaJI IPOBOAMBCS Y MIKIUIMBIM U1 JIFOAMHU aTMOc(epl MypalInHoi KUcIoTH. Bei onucani
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Henoniku [IP® metony 3'enHaHHS KOHTAKTIB Ta MOro Moaudikaiiid COHYKAarOTh PO3POOKY
HOBUX MIJXOMIB 10 CTBOPSHHS HAIHHUX 3'€THAHb B MIKPOEIEKTPOHHINA IPOMHUCIOBOCTI.

B naniii poOOTI €KCIIEPUMEHTAIBHO JOCIHIKEHO OJWH 13 TMEPCHEKTHBHUX METOMIIB
BUKOPUCTAHHS MAasUTbHUX CyMiIIEH — MMacT, 0 MIiCTATh MOPOIIKH IHTEPMETAIIYHUX CIOIYK &-
CusSn Ta 0-CugiSni; mepemimaHux 3 KHCIOTOBMICHUMH (IFOCaMU JUIS TIAWKH MITHUX
KOHTAaKTiB, 3aCTOCYBaHHS TaKUX MasIbHUX CyMIIIEH MOXE CYTTEBO CKOPOTHUTH dac,
HEOOXITHUW i1 yTBOpPEHHs 3’€aHaHHsA B mopiBHAHHI 3 [IP® merogom. B po3mim 2
IPOBEICHO OIKC TEXHOJIOTIi BHUTOTOBJIEHHS MOPOUIKIB IHTEPMETANIIIIB Ta IOPOIIKOBUX
nasjapHUX cymimedr y cucremi Cu-Sn. B posnmimi 3 mpuBeneHo 1 0OroBOpeHO
eKCHepUMEHTAIbHI Pe3yIbTaTH JOCHI/DKEHHS CIIKaHHA 1 MIKPOCTPYKTYpU MasuIbHUX
CyMIiIIeH, siKi OyJIi TepMIYHO 0OPOOJICHO 3a PI3HUX TEMIIEpaTyp.

1. ExcnepumeHTa/jibHi MeTOAM OTPUMAHHS NasIbHUX CYyMilled Ha OCHOBI
nopomkiB iHTepmeraJigiB cucremu Cu-Sn

1.1. ExkcnepuMeHTaIbHE 0012 JHAHHSA

Jns BuUpilieHHS NOCTaBIEHUX 3aJad Oyno0 BUKOPHUCTAHO HACTYMHE OOJaJHAHHS:
pentreniBebkuii audpaxromerp tumy JPOH, Bakyymuuii moct BVYII-4, mydensHy mid,
MOJICpHI30BaHUI  CKaHylOuuil  enekTpoHHUW  Mikpockon PEM-200 3 moaynem
€HeproAucIepciiHoro penTeHiBcbkoro mikpoanaiizy (EPCA).

2.2 BuroTtoBJ/ieHHsl NOPOIIKIB iHTepMeTaJiaiB cucremu Cu-Sn

Jlist mpuroTyBaHHs NasUIbHUX TOPOIIKOBUX CyMIIIeil Oyu BUTOTOBIJICHI IHTEPMETA1 N
OinapHoi cuctemu CU-SN 3 KOHIEHTpaIiiHUMU cKiagaMu: 6-CugiSnyy (66.61 mac. % Cu) Ta
e-Cu3Sn (61.63 mac. % Cu) Biznosigno 3 aiarpamoro crany Cu-Sn (Puc. 1).

XsX.  Weight Percent Tin

"
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Puc. 1. liarpama crany cucremu Cu-Sn [6].
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Jis  BUTOTOBIICHHSI 1HTEPMETANIiB BHKOPHCTOBYBAINCH 4YHCTI KoMmmoHeHTH Cu
(99.99%) 1 Sn (99.98%). Burorosnenus o6-CusSn;; ta €-CusSn ¢as3 BigOyBasoch 3a
HACTYITHOIO TIPOIIENYPOI0: B THUTEIh 3 OKCHAY AaIOMIHIIO TOMIIIATd Migbh Ta OJOBO B
BIJIMOBITHUX MAacOBUX MPONOPIISAX, MICAS YOrO TUTeNb 3 CYMIIIIII0 LUX MeTaliB OyB
noMilleHuid B KBapueBy TpyOky. Jlami Turenp 3 cymimmio MeTaniB OyB TEpMIYHO
00pobnenwmii 3a Temneparypu 1100°C mpotsirom 3 roaun B atMocdepi Ar (Juist 3amobiraHHs
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OKHUCHEHHsI 1HTepMeTamiaiB). [licist TepmidHOi 00poOKH 3pa3ok Oysio 3arapToBaHO y BOJII 3a
temneparypu 20°C 11 OTpUMaHHS OJTHOPIAHOI CTPYKTYpH HE0O0X11HOT MPOMIKHOT (a3H.

JonatkoBo OyB BHILIaBICHUH 3pa3ok o-CU, 0 € TBEpAMM PO3YMHOM 3 MAaCOBOKO
gactkoro 13,5% Sn B Cu. BiH cinyryBaB eTaJloHOM JJisi BU3HAuUEHHs i€l a3y MeToqoM
PEHTICHOCTPYKTYPHOTO aHalli3y B TEPMIYHO OOpOOJEHUX MOPOIIKOBUX cymimax. Jlims
BUIUIABJICHHS 3pa3ka o-CU B Turens nomictuiu 86,5 mac. % mini ta 13,5 mac. % onosa. Jlami
cymim Oyna TepmidHo oOpobieHa B atMocdepi Ar 3a temrnepatypu 1100°C mpotsirom 1 rog.
[Ticns uporo cymim Oyna oxonomkena jno temneparypu 800°C ta 3araproBaHa y BOJII
temneparyporo 20°C. [lami macuBHUM 3pa3ok oTpumanoi a-¢pazu Cu-13,5 mac.%Sn Oymno
roMoreHizoBano B armocdepi Ar 3a remmeparypu 500°C BIpoaoBx 7 ro.

2.3 TexH0J10Tisl BUTOTOBJICHHS NASIJILHUX CyMillei /sl Maiilky MiTHUX KOHTAKTIB

Jlns orpuMaHHs moOpomikiB iHTepMmeTamiaiB 6-Cus Sny; ta €-CUsSNn BiAmoBiaHI MacUBHI
3pa3Ku KOXHOI 3 (a3 Oyino MmoaApiOHEHO B KepaMiyHIW CTyIi Ta MPOBEICHO KiJbKa eTariB
MPOCIFOBAHHS Yepe3 CUTa 3 po3MipaMu Komipok: 225, 90 ta 40 MKM.

OTtpumaHi MOPOIIKH iHTEpMETATiAIB Oyiu gocmimpkeHi 3a qonomororo CEM. s mporo
nopomiku 8-CuUsSnyp ta &-CusSn ¢a3 Oynmo 3ainuTo KoMIaymom, IO Micis 3aTBepAiHHS
JI03BOJISIE TIPOBOAMTH JociikeHHs 3pa3kiB Ha CEM. 3o00paxenHs Ha Puc. 2a otpumano B
3BOPOTHBO-PO3CITHUX eleKTpoHax. Ha Puc. 2a 300pakeno mopomok ¢aszu 6-CusiSnig (cBiTii
30HHM), IO OTOYeHW Kommayaom (TemHi 3ouM). Ha Puc. 20 HaBemeHO 300pakeHHS Yy
BTOPUHHUX €JIEKTpOHaX mopomky €-CusSn da3u y kommnay/ii.

Amnaii3z 300paXEHHsS OTPHUMAHOTO 3pa3Ky II0Ka3aB, IO MaKCHMAJIbHI PO3MIpH
nopomuHOK 0-CuUg1SNn1; ta &-CusSn ¢da3m € mpubmmzno piBaumu 40 mxm (Puc. 2a), a
MiHIMaJIbHI pO3MipH MOPOMKHOK - 5 MKM (Puc. 20).

o
Puc. 2. CEM 3006paxenns nopomikis: a) 6-Cus1Sn1; dasu; 6) e-CusSn ¢asu, 1mo 3HATI B
PeXHUMI 3BOPOTHHO-PO3CISIHUX €JIEKTPOHIB.

[lepen BUTOTOBIEHHSM MasJIbHUX CYMIIIEH MOPOLIKY 1HTEpMETaNi1iB mpoxoauiau 30-tu
XBWJIMHHUHA TIPOIeC TpaBieHHsS B po3umHi cymimi constHoi kuciaota HCI ta ZnCly o
HEOOXITHO JIJIi OYMIICHHS IMOBEPXHI 3pa3KiB Ta 3HATTS OKCHAHOI TUTBKU. [licias mporo
MOPOUIKU OyJIU PETENbHO MPOMHUTI B €THJIOBOMY CITUPTI JUIS BUJAJICHHS 3QJIMIIKIB TPaBHUKA 1
BHCYILIEH]1 Ha MOBITP1. 3 MOPOIIKIB IHTEpMETAIIIIB OyJI0 BUTOTOBJIECHO YOTUPH BUIM NASIIBHUX
cymimeit (3pasku 1-4) numsixom gonaBaHHs (UIFOCIB IO MOPOIIKIB Ta TEPMIYHOI 0OpOOKHU
(Tabn. 1). HomaBamocst nBa TUNU (IIFOCIB: KOMEPUIMHUN KaHI(OIHHUI M SIKO-aKTHBOBAHUM
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(KMA) ¢mroc (Weld Team Decapant Liquid, Lincoln Electric Group) (mani KMA ¢uroc) ta
po3Beaena 1o 85% oprodocdopna kucnora (Hz3PO,) (mus. Tabm. 1).

Tabmmus 1
3pa3ku NasuIbHUX CyMilIen
Haspa [TopomkoBi Tun darocy YacTtka darocy
IHTepMeTaIin (mac. %)
3pazoxk 1 0-Cus1Snq; KMA 17,5
3pazok 2 0-Cus1Shqg po3unH H3PO, 12,3
3pazok 3 25 % - CusSn, KMA 14,8
25%-Cu
50 % - Cus1Sny;
3pazok 4 25 % - CusSn, po3uuH H3PO, 19,7
25 % - Cu,
50 % - Cus1Sny;
B pobotri mpoBeneHO pPEHTIEHOCTPYKTYpPHUN —aHami3 OTPUMAHHMX TIOPOIIKIB

inTepmeramigaux ¢gas 6-CusSnyp ta e-CuzSn Ta massmpHUX cyMmiliel Ha OCHOBI IIMX MOPOIIKIB
BiJIAJICHUX 3a Pi3HUX TeMmmeparyp. Hudpakrorpamu etanoHiB ¢a3 0-CusSnig, e-CuzSnta Cu
Opamuch 3 0Oasm nmanux International Committee of Diffraction Database [7]. ITopiBHsSHHS
mudpakTorpaM NpoMibKHUX (a3 Ta X eTajoHIB MIATBEPIUIA BMICT y BIAMOBIIHUX MOPOIIKAX
mumre 6-CugiSny; (Puc. 3a) ta e-CusSn ¢a3 (Puc. 36). Ha pucynkax minii audpakrorpam
BisiHOpMOBaHi 10 100 oMHMIIE Ta PO3HECEHI 110 THTEHCUBHOCTI.

—— Cuy1Sny| nopomok

Cu,Sn nopook

100+ Cuy18n; eranon 1001 Cu,Sn etanon
: 2
2 80 2
2 80 S g0
5 g
T 604 2 604
E =
‘= 404 ‘= 404
T o
(5] Q
% 204 % 20
) ' | * , e ’

o .M_J
0 T[ l T T T T T 1 0 = ‘ T T T T 1
40 60 80 100 120 140 40 60 80 100 120 140
Kyr auppakuii 20 KyT andpakmii 26
a 0

Puc. 3. ludpaxrorpamu nmoporikis inrepmeraninis a) 6-Cus1Sn;; Ta etanony o-
Cuz1Sn;; dasm; 6) e-CusSn ta eramony €-CuzSn dasmu.

Takoxx OyB TpOBENEHUN JIOKAJBHUN  EHEProJMCHEpCIMHUNA  pPEHTTeHIBCHKUI
CHEKTpalbHUHN aHalli3 BUXITHOTO MOpomiKy 6-Cus1Sny; dasu (Puc. 4).

Ha Puc. 4 300paxeno obOmacte Spectrum 3, B skiii Oyno TpoBeneHO
€HEeproAUCIepCiiHII PEHTEHIBChKUI CIEKTPAIbHUI aHali3 BCepeIrnHI OKPeMOl MOPOIIMHKU
0-Cug1Sny; das3u. bymo Bu3HaveHo, mo MacoBa yactka CU cTaHoBUTH 66,38 %, 110 BiAMOBI A€
y Mexax nmoxuoku 8-Cus1Sni1 asi 3rigHo niarpamu crany (Puc. 1).

Takoxx OyJI0 MPOBEIEHO PEHTTEHOCTPYKTYpHHIA aHami3 o-¢pazu Cu-13,5 mac.%Sn ta
3po0JIeHO MOPIBHSAHHS 3 AU(PAKTOrpaMoOIO BiJl MiAHOI MJIACTUHKH, L0 BUKOPHCTOBYBalacs
JUTsS. BATOTOBJICHHST TIOPOINKiB iHTepMmeTaniaiB (Puc. 5). BumHo, 1o miku Ha audpakTorpami
3pazka o-¢aszu Cu-13,5 mac.%Sn 3wmimeHi BmiBo BigHOCHO HiHIM CU, IO TOSCHIOETHCS
PO3YMHEHHSIM 0JIOBA B TPpaTIli Mil.
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Puc. 4. OGmacte enepromucnepciinoro Puc. 5. [udpakrorpamm o-pasu Cu-13,5
PEHTEHIBCHKOTO CIEKTpaJlbHOTO aHamizy wmac.%Sn  (miuis 1) cuctemu Cu-Sn Tta
nopotky 0-CusiSnyg eTaloHHOTo 3paska Cu (miHisg 2).

3. Pe3yabTaTH A0CaiIKeHHS NAasVIbHUX cCyMillel Uil MaiKu MiTHUX KOHTAKTIB

TepmiuHa 00poOKa MasyIbHUX CyMIlIe MPOBOIWIACH 32 TAKOI TEXHOJIOTIEI0: KOXKEH
TUN TMasUIbHUX CyMilield OyB MOMINIEHHHA B OKPEMHH THTENb 3 OKCHAY amroMiHiro. Jlami
nasuibHi cymimni Oynu posirpiti Ao 130°C 1 mpoxonmnu TepMiuyHy 0OpoOKy mpotsrom 10
XBWJIMH Ha TIOBITPi I aKkTUBAIii (rocy Ta Horo 4acTkoBoro BunapoByBaHHs. [1oTiM BoHH
Oyiu moMmilleHi B KBapieBy TpyOky 3 armocdeporo Ar ta TepMiyHO 00po0IieHi B MydenbHii
nedi npotsrom | roguau 3a temnepatypu 350°C. Jam 3pasku 1-4 Oynu varpiti no 500°C i
BUTPHUMaHI 3a Ii€l TeMIepaTypu NpoTAroM | TOOUHM, MIiCIs YOro MOBUIRHO OXOJOJKEHI J0
KIMHATHOT TeMITepaTypH.

byno npoananizoBaHo qudpakrorpaMu 3pa3kiB 1 1 2 Ha HasgBHICTh HAOOPIB JiHIHU, 1110
BIZIMOBITAtOTh pi3HUM (a3zam crctemu CU-SN B MasuIbHUX CyMilIax Micisi TepMidHOI 00poOKH
(Puc. 6).

1 - 3pazox |
2 - 3pazok 2 80
160 1 n

3 - a-daza
£ 140 v« -4
5 4 - Cu, Sn  nopouwok e 4
= 120 I
? =]
S 100 =
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Puc. 6. lndppakxrorpamu 3paska 1 (ninis 1), 3paska 2 (minis 2), a-dazu Cu-13,5 mac.%Sn
(minis 3) Ta mopomky iHTepMeTainy 6-CusiSnyy (Jtinist 4) 3a KyTiB qudpaxiii:
a) 52-57°; 6) 57-110°.

Amnainiz nudpakrorpam, mo 300pakeHi Ha Puc. 6, 103Bossie 3pOOUTH BHCHOBOK, IO
eyt TepMigHOi 00poOku 3paska 1 (minis 1) daza 6-CuySni; He po3nagaeTses Ha iHII Ga3u

Ha BiaMiHYy Bia 3pas3ka 2 (iHis 2). B mopomky inTepMeTaniay 3pas3ka 2 BUHUKIH JOJaTKOBI
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miku: 53.8°, 63° 95.5° 120.3°. Byno BCTaHOBIICHO, IO JTOJATKOBI MIKH HAJIEKAaTh TBEPIAOMY
po3uuny cuctemu CU-Sn, 3 BMmicToMm Sn He MeHIre 13.5 MacoBux BifICOTKIB (1uB. Puc. 6).
B po6oTi Takox mpoBeneHo anami3 qudpakrorpam 3paska 3 ta 3paszka 4 (Puc. 7).

1 - 3pazok 3
2 3pasok 4 ool
160 - - a-(haza 5
2 1401 4 Cymiun nopoumkis a 804
‘E’ ol 5-Cu, Sn  etaton 5
= z - o
S 100 E 804 — 4
£ 80 5 f
= 1 £ 40.p™ ool 3
; 60 - 4 é /
g 40 3 2 e 2
& 20 M 2 J LW#.LM'-
a2 ] ——— R, h»«mu o 1
52 57 100 110 120 130 140
K}T ,:u{d)pa}cuu 260 yT nmpp.mui'f 26
a 0

Puc. 7. Tudppakrorpamu 3paszka 3 (ninis 1), 3paska 4 (ninist 2), a-dpazu Cu-13,5
mac.%Sn cuctemu Cu-Sn (Jinist 3), cyMilni NOPOIIKIB IHTEPMETAIIIIB, IO BXOAAThH B CKJIa]]
3paska 3 14 Ta wTpux-aiarpamu etanona ¢asu 6-Cus1Snij 3a kyTiB qudpakiii: a) 52-57°; 6)

57-140°.

Ha Puc. 7 npoBeneHo nopiBHsHHS qudpakrorpam 3paska 3 (miHis 1) Ta 3paska 4 (miHis
2). Buano, 1110 miciist TepMiuHoi 00po0Oku 3pa3ka 3 BUHUKIIHN J10JaTKOBI miku: 53.8°, 63°, 95.5°,
Byrno 3’sicoBaHO, 110 BOHHM HaJeXaTh TBEpAOMY po3umHy cucremu Cu-Sn, 3 BmicToM Sn He
meHmie 13.5 macoBux BiacoTkiB (miHis 1, Puc. 7). Pemra mikiB audpakrorpamu 3paska 3
HamexkaTh ¢asi 6-CusSny. Anami3z audpakmiiiaux mikiB 3pa3ka 4 BKa3dye Ha HAsBHICTH B
HBOMY CYMIillli HETIEPEPBHOIO PsAy TBEPAMX po3uuHiB cucteMu CU-SN Ta iHTepMeTraniay o-
Cu418n11.

Takox Oyn0 MpPOBENEHO JIOKAJbHUM  E€HEepProJUCHepCiiHMA  peHTTeHIBCHKHUMA
cnektpanbHuil anaini3 (nant EPCA) 3pa3ka 2 B Toukax nokasanux Ha Puc. 80.

Puc. 8. CEM 300pakeHHs AUISHKA 3pa3ka 2. a) B peKUMi 3BOPOTHBO-PO3CISTHUX
€JICKTPOHIB 0) 3 Mo3HAYeHHSM TOUOK npoBeaeHHsT EPCA.
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Ha Puc. 8a mpuBenaeHo 3o00paxkeHHst dyacTHKHA O0-CUs1SNi; ¢asu B 3paska 2. Ha
300payK€HHI YACTHUHKHU CIIOCTEPIrarOThCS CBITIII 1 TEMHI AUISHKH, IO BiAMOBIIAIOTH Pi3HUM
dazam cucremu Cu-Sn. B Ta6n. 2 mpoeneno pesynbrati EPCA B meskux xapakTepHHUX
TOYKax Ifi€l yacTuHku (nuB. Puc. 100).

3rimHo 3 Tabn. 2 yvactuHka ckiamaeTbes 3 ABOX ¢a3: 0-CusSnip dasu B Toukax
spectrum 2 i spectrum 4 (cBiTii IUISIHKM MOPOIIMHKM) Ta o-(pa3u B Toukax spectrum 1 i
spectrum 3 (TemHi IIJISTHKH MTOPOLIUHKH ), 110 CBIAYUTH IIPO Te€, M0 B 00’ eMi 6-CUs1SN11 hazu
(3paska 2) yrBoproeThes a-(haza cucremu CU-SN B pe3ynbTaTi TepMidHOI 0OPOOKH.

Tabmmig 2
PesynpraTu criekTpaspHOTo aHami3zy 3paska 2
Hazpa Touku Macoga Macosa ®daz3a
JOCITIJDKEHHS | KOHIIGHTpAIlisl | KOHIEHTpallis Sn
Cu (%) (%)
Spectrum 1 83.61 16.39 2-(ba3na 30Ha: a-¢aza + 0-Cuy1Snyg
Spectrum 2 66.33 33.67 0-Cus1Snyg
Spectrum 3 82.89 17.11 2-(ba3na 30Ha: a-¢aza + 0-Cuy1Snyg
Spectrum 4 66.04 33.96 0-Cug1Snyg

s Ginbin TouHOTO aHami3zy po3naay 0-Cus1Sniy pasu Ha MPOMIKHUX eTanax TepMidHOT
00poOKH OyII0 IPOBEICHO PEHTTCHOCTPYKTYPHUH aHai3 qoJaTKOBUX 3pa3kiB 5-11 (Tabm. 3).
Bci  3pa3ku  mepen  BHTOTOBJICHHSIM — MAsUIBHUX — CYMINIEH MPOXOIWINM  TPOLEAYPY
IPOTPABIIOBAHHS MOBEPXHI Ta MPOMHUBKH (IuB. Po3min 2.3).

Ta0muus 3
Crucok 0JaTKOBUX 3pa3KiB Ta X TepMiYHOT 00pOOKH
Haspa [Topomkosi Tun ¢urocy Tepmiuna o6poOka PesynbTatu
iHTepMeTaNi I mrdpakToMeTpii
3pazok 5 0-Cuy1Snq; BincyrHiii Bincyras 0-Cugy1Snqg
3pa3ok 6 0-Cu41Shq; H3;PO, 10 xBummu, 130°C, Ha 0-Cu41Shqg
HOBITPI. Cu
14,9 mac. %
3pazok 7 0-Cuy1Snq; H3;PO, 1. 10 xBummH, 130°C, Ha 0-Cus1Sny
MOBITPI. Cu
14 mac. % 3. 5 xBmwmH, 350°C, B
atMocgepi Ar.
3pa3ok 8 0-Cuy1Snq; H3;PO, 1. 10 xBummH, 130°C, Ha 0-Cugy1Snqg
MOBITPI. a-aza
12,6 mac. % | 2. 1 romuua, 350°C, B
atMocgepi Ar.
3pa3ok 9 0-Cuy1Snq; KMA 1. 10 xBummH, 130°C, Ha 0-Cus1Snyg
TOBITPI. Cu
18,4 mac. %
3pa3ok 0-Cus1Snq; KMA 1. 10 xBummH, 130°C, Ha 0-Cu41Shq;
10 TIOBITPI. Cu
14,1 mac. % | 2. 5 xBumun, 350°C, B
atMocgepi Ar.
3pa3ok 0-Cus1Snq; KMA 1. 10 xBummH, 130°C, Ha 0-Cu41Shq;
11 TIOBITPI. Cu
149 mac. % | 2. 1 rommua, 350°C, B
atmocgepi Ar.
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byno mpoBeneno mopiBHsHHA nudpakTorpam 3paskiB 6-8 (Puc. 9a) ta 3paskis 9-11
(Puc. 96) 3 eramonamu Cu ta 8-Cus;Sny; dhasm.

5 1 - 3pazok 6 5 1 - 3pazok 9
. 4 2 - 3pasok 7 9 4 2 - 3pasok 10
140 3 - 3pasok 8 140+ ) 3 - 3pazox 11
v | 2
5 1201 4 - Cu eranon 5 1204 4 - Cu eranon
_ T = =
E 100 5 - Cu, Sn  eranon E 100 5-Cu, Sn  eranon
£ 2 g0
cE; 80+ g
.é 604 . é 60+ -
§ 401 3 2 404 :
jard
o= i H 204 2
= 20 2 =
Di 1 07 T T T T T 1
52 53 54 55 56 57 58 52 53 54 55 56 57 58
KyT audpaxuii 260 Kyt audpaxuii 26
a 0

Puc. 9. Tudpaxrorpamu: a) 3paska 6 (sminis 1), 3paska 7 (inis 2), 3paska 8 (niHis 3),
eranona Cu (minis 4) Ta etamona 8-Cus;Sny dasu (inis 5); 0) 3paszka 9 (sinis 1), 3paska 10
(srinist 2), 3paska 11 (minist 3), eranona Cu (sinis 4) Ta eranona 8-CusSny; dasu (minis 5) 3a

KyTiB qudpakmii 52°-58°.

[TpoBenenuii ananiz audpaxrorpam 3paskis 5, 6 Ta 9 mokaszas, IO MiJb B IIUX 3pa3Kax
3’SBISETHCS Ha erari TepMidyHoi o0poOku 3a temmneparypu 130°C mpotsrom 10 xBuiMH Ha
noBiTpi. Takoxx Oyno BcraHoBneHo (nuB. Puc. 9a), mo 3a HacTymHOi TepmiuHOI 0OpOOKH
(3pasok 8, 110 OTpUMAHUN 3 BHKOPUCTAHHSIM OPTO(HOCHOPHOI KUCIOTH B SKOCTI (hirocy)
npotsirom | roguam 3a Temmneparypu 350°C ocHoBHI niku CU MOYMHAIOTH 3MIITYBaTHCh BIIiBO,
10 BKa3ye Ha YyTBOpPEHHsS TBepaoro po3unHy Sn B Cu. B 3paskax 9-11 (Puc. 96, Tabn. 3) i3
CIIBCTaBJICHHS BEJIMYWH IIIKIB BHJIHO, IO Ticisi TepMiuHOi 00poOkum 0-CusiSnyy dasm 3
BukopuctaniiM KMA ¢urocy Takox yTBoproetscsi Cu, ajme B MEHIIIH KUIBKOCTI, HIX B
3pazkax 6-8 (Puc. 9a), B AkuX y sSKOCTI (PJIFOCY BUKOPHUCTOBYEThCS opTodochopHa KUCIOTA.
[Tpu nmomanswiit TepMivynii 06po0i 3a 350°C mpotsrom 1 rogunu 3paska 11 (aus. Puc. 96),
YTBOPEHHS TBepAOro po3unHy SN B CU He crocTepiraeThesl.

BucHoBku

B po6oti 3ampomoHoBaHO crioci0 BUIUIaBKM iHTepMeTanmiyHuX (a3 0-CusSnip Ta e-
CusSn cucremu Cu-Sn, TEXHOJIOTII0 BUTOTOBJICHHS 3 HUX IMOPOIIKIB Ta MAasTIbHUX CYMIIIEH.
Onucano eranu TepMidHOI OOpOOKM MasabHUX CyMiIIeH 1 JOCHIIKEHO 3MiHY (ha30BOro
CKJIa/ly B 3aJIEKHOCTI B1JI TEMIIEPATYpHU CHIKaHHA CyMillled 1 TUIy BUKOPUCTAHOTO (IIOCY.

[Tokazano, w0 micias eTamy NpPOTPaBIIOBAHHS TMOPOIIKOBHUX CyMilled B pO34MHI
HCI+ZnCl, ¢da3oBuii ckiman 3pa3kiB He 3MiHIOEThCs. [lepmmii eranm TepMiuyHOI 0OpOOKH
nasuibHUX cymimei 6-CusiSnin dasu 3a temmneparypu 130°C nmpu3BOIUTH 10 YTBOPEHHS
npomapky CU Ha TOBEPXHSAX IOPOIIKIB SIK Yy BHUIAAKy BHUKOPUCTAHHS B SKOCTI (QuIrocy
optodocopHoi KUCIOTH, Tak 1 y BuUHajaky 3actocyBaHHs KMA durocy. Ilpn nomambimiii
TepMmiuHid 0o0pobmi 3a temmneparypu 350°C B 3pa3kax 3 BUKOPHCTaHHSAM opTodochopHoi
KHCJIOTH B AKOCT1 (h1rocy 301IbIIY€EThCS KIJIBKICTh Mijll Ta BUHUKAE TBEPAUNA pPO3UMH OJIOBA Y
Mmizgi. B 3paskax 3 KMA ¢arocom dacTka Mizii He 3MIHIOETHCS 1 TBEPAUI PO3UUH 0JIOBA Y Mifl
HE YTBOPIOETHCS.

Po3ranryBanHs MmikiB Ha AUQpPaKTOrpaMi NasyIbHOI CyMillli, IO CKJIAAA€ThCs 3 MOPOIIKIB
0-Cus1Sn11 dasm ta KMA dutocy, micas 1 rogunu Bianmany 3a temmneparypu 350°C ta 1
roguau 3a Temmepatypu 500°C Bkaszye Ha HasBHiCTH Jmmie O-CUsSnip ¢asu. Y BUmanky
TEpMIYHOT 0OpPOOKH MasIbHOI cyMmili, 0 cKiaagaeTbes 3 8-Cua1Snyy da3u Ta oprodochopHoi
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KHCJIOTH B SIKOCTI (PIIFOCY, CIIOCTEPIraeThcss YTBOPEHHS CYMIllll HETIEPEPBHOTO Py TBEPIUX
PO34MHIB pi3HOT KOHIEHTparlil cucreMu CU-Sn ta inTepmeraminy 6-CusiSnyg.

AHaniz nudpakTorpam 3pasKis, MO CKIAAAIOTHCS 3 CYMIII MTOPOMIKIB a3 B MPOIOPIIAX
25 % - CusSn, 25 % - Cu (~50 mxm), 50 % - CusSn;; 1 o6ox tumiB ¢mocy (KMA Ta
oprodochopHOi KUCIOTH), TICIs TepMidHOI 0OpOOKHM BKa3zye Ha HasABHICTH MIKiB 0-CUs1SNyg
¢azu Ta TBepaoro po3unHy SN B CU 3 MaCOBOIO KOHIIGHTpAIII€I0 mepuioro He Oibire 13,5 %.

B MaifOyTHIX IOCHIJKCHHSAX IUIAHYETHCS PO3TJSIHYTH BUKOPHUCTAHHS PO3POOJICHUX
NasUIbHUX CyMIIIed IS MaKU MiTHUX KOHTAKTiB.

Honsixku
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Summary. Derevianko S.I., Morozovych V. V., Korol Ya.D., Liashenko O. Yu.,
Lyashenko Yu. O. The solid state reactions in powder soldering mixtures of Cu-Sn system
This paper describes a method of production of massive samples of intermetallic compounds
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of Cu-Sn system, namely J-Cus1Sny; and e-CusSn, and the subsequent process of production of
powders and solder mixtures from these bulk compounds. Various compositions of powders
and fluxes and heat treatment cycles were selected for experimental study of solder mixtures
sintering. Influence of various fluxes on the 6-CusSniy and e-CusSn intermetallic powder
sintering and phase transformation inside the solder mixtures are studied and discussed.

Pre-alloyed 5-Cus1Sny; powder inside solder pastes prepared by mixing this powder
and commercial RMA flux do not undergo phase transformation after 1 hour annealing at
350°C and 1 hour annealing at 500°C.

Location of peaks on the diffractogram indicates only presence of 6-Cus1Sny; phase.
Instead, the same heat treatment of the solder pastes made on the basis of ortophosphoric
acid results in the phase transformations inside 6-CusSn;; powder — formation of the
continuous set of Cu-Sn solid solutions with maximum 13,5 wt% Sn.

X-ray diffraction analysis of two types of annealed solder pastes, which consist of
powder mixtures with composition 25 % - CusSn, 25 % - Cu, 50 % - CusSn;; and different
fluxes (commercial RMA flux and ortophosphoric acid) indicates the presence of 0-Cus1Sniq
phase and Cu-Sn solid solution with maximum 13,5 wt% Sn.

Keywords: X-ray diffraction analysis, intermetallic compounds, solid state reactions,
sintering of powders, soldering mixture, scanning electron microscopy.
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VJIK 538.9 PACS 61.72.Qq, 64.60.A-, 64.60.De, 64.70.kd, 85.40.Ls
O. A. Boopos, M. O. ITaciunuii, O. 1O. JIsmenko, A. M. I'ycak

PO3MIPHUM E®EKT PO3IO/ILITY YACIB 10 BIZ[IMOBH TA YACIB
INEPETBOPEHHA

Biomosa 0eosumipnux nasHux KOHMAKMi8 00OMEHCEH020 pPO3MIPY PIBHOCUTbHA 00
¢azoeo20 nepemeopenns y obOMmednceHili 0806uMipHiti cucmemi. Mooeniolomobcsa po3mipHi
3anexcHocmi po3nooinie uacy 00 8iomMosu ma yacy nepemeopenus. Hebesnexa pannix 6iomog
BHACNIO0K PO3WUPEHHSL PO3ZNOOILY YACy 00 8i0MOBU pOOUMb BUBUEHHS POSMIDHO2O eqheKkmy
BANCIUBUM NUMAHHAM MIKpOeleKmpoHiKu. Po3swupenns po3nodiny uacy nepemeopeHHs €
cymmeeum y (pazoeux nepemeopeHHax ancamonie MiKkpo- ma HaHOYacCMUHOK. 31 3SMEeHUEeHHAM
PO3MIpY pO3noodin yacie 00 6i0MOGU MA 4ACi8 NepemeopeHHs 3MIHIOEMbC 3 HOPMAIbHO2O
po3nodiny 0o Ilyacconiscbko2o uepe3 NOCHOPMANbHUL PO3N0OIL Yu po3nodin Beubynia.
3natioeni ananimuuHi HAOIUNCEHHS NEPEXIOHUX PENCUMIS.

Kurouosi cioBa: po3mipHuil edekr, yac 10 BIIMOBH, 2-BUMIpHUN (a30Buil mepexif,
po3noain iMoBipHOCTI, KiHeTHKa Konmoroposa-ABpawmi, flip-chip Texnosnoris.

1. Beryn
SAx Bnepuie nomitTuB Kinr-Hinr Ty, BITMOBH MIKpPOEIEKTPOHHUX MPHUCTPOIB Ta (Pa3oBi
NEPEeTBOPEHHS MEPILOro poay (HapUKIIad, KpUcTalizalis aMoOp(HUX TOHKHUX IITIBOK) MalOTh
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Oararo cmiumeHOro [1-3]. CmpaBai, ¢a3oBi MEpeTBOPEHHS IMEPIIOTr0 POAY BiAOYBAIOTHCA
BHACJIIZIOK 3apO/PKEHHS Ta HACTYITHOTO POCTY 3€peH HOBOI (a3u B 00’ €Mi MaTepuHCHKOI (a3u.
Kinetnka Takoro sBumia 3a3Buyail omucyerbcs piBHAHHAMH KIJMA (Koamoroposa,
Jlxoncona, Mensi, ABpami) [4-6]. UacoBa 3aliexHICTh IEPETBOPEHOT YACTKU MOBHOTO 00’ €My
BUPAXKAETHCS S-KPUBOIO:

X (t) =1—exp(-k-t"), Q)
ne f — ue NOKa3HUK ABpami, SKAW 3alle)KUTh B PO3MIPHOCTI MPOCTOPY, THILY

3apOAKOYTBOPEHHsI (TOMOTE€HHE 4YHM TETEpOTCHHE) Ta MeEXaHi3My pocTy. BiamoigHo
HIBUJIKICTh POCTY MIEPETBOPEHOT YACTKU HACTYITHA!
d—x=k-B~tB_1-eXp(—k-tﬁ). @)
dt

Ile#i Bupa3 € wmaTreMaTHyHO NOAIOHMM 10 posnoniny BeiOymia, sKuid dYacTo
BUKOPUCTOBYETbCS [UIS  alpOKCHMMAIlii pO3MOJLTYy dYaciB A0 BiJIMOBM KOMITOHCHTIB
IHTErpAJIbBHUX MIKPOCXEM:

t) =L Ly exp- (). &)
nn n

Bkazana ananoris moTpedye OKpeMoro AeTalbHOIO JIOCHIKEHHS. Y Wil poOoTi MU
OOMEXHUMOCS JIMIIIE HACTYIIHUMHU MipKyBaHHSAMH. MOKHA ySIBUTH OyAb-sIKy BiIMOBY, SIK
nepexi Bia ¢azu «IIpuiiaj npamroey» a0 Gasu «Ipuiiaj] He Tpalioe HaIeKHUM YuHOMY. [Ipu
IbOMY MAaHOyTHIA «KUUIep» NPUCTPOIO (HANPHUKIAJ TIOpa, MO0 YTBOPHIIACS BHACITIIOK
eJeKTpoMirpanii y IHTerpajbHill CXeMi) 3apO/DKYEThCS Yy ACSIKOMY MICLI Ta pPOCTe, YU
MEPeMIlyeThCs y iHImE Micne [7] ax g0 BigMOBH. B3arami «pict», MMOYMHAIOYU Bij
3apOJDKEHHS] Ta 3aKIHYYIOUM BiJIMOBOIO, MOKE BiJOYBaTUCS Yy JIEIKOMY OaraToBUMIpHOMY
IPOCTOPi TapaMeTpiB.

Jlns MIKpOENEKTPOHIKH € Jy)Ke BOXKIMBUM HE TUIBKU IEpefn0aduTH CepeiHiil 4ac 10
BIJIMOBH, ajie i JTUCIIEPCit0 YaciB J0 BIJIMOBH, 1 HaBITh (OpMY PO3MOALTY YaciB IO BiIMOBH. Y
OaraTbOX BHMAJKaX NpoOJeMa paHHBOI BIIMOBH MOKe OyTH KpUTH4HOK. Taka mnpobiema
BHACJIIIOK PO3IIMPEHHS PO3MOALTY YaciB J0 BIIMOBH CTa€ BCE OUIBINE BaXITUBOIO 31 3MEHIIICHHSIM
PO3MipiB MIKPOEIEKTPOHHHUX MPUCTPOIB (30KpEMa, pO3MIpIB MassHUX KOHTAKTIB) [8].

Kineruka a3oBux mepexojliB y MajuX 4yacTHHKax Oyna BuBueHa y [9-11]. Ognak B
OCHOBHOMY Oyna pociijkeHa 3MmiHa S-kpuBoi KIMA, mo o3Hadae ycepeIHEHHsS Hal
HECKIHYEHHOI0 KIJBKICTIO YacTHMHOK. K 1 ouiKyBajocs, OyJlO OTpUMaHO 3MEHLICHHS
nokasHuka ABpami 710 1 13 3MEHIIEHHAM po3MipiB (IuB. Hikue). BuBueHHs ¢azoBoro
nepexoay aHcamOJII0 OJTHAKOBUX 33 PO3MipOM YaCTHHOK IMOKa3ye 30UTBIICHHS PO3KHIY Yacy
NEPeTBOPEHHS JJIs1 HAaWMEHIIUX YaCTHHOK. B 3a3HaueHux craTTsax OyB BUBYEHHUH pO3MipHUMN
edexT 11 cepeqHboro yacy neperBopenns [9-11]. Hackinbku HaM BiIoMO, po3MipHUiT e(heKT
JUTSL TUCTiepcii Ta 1HIIUX XapaKTEePUCTUK PO3MOILTY 111e He TOCIITKSHHH.

VY po6oTi MU po3rIfigaEMO BUIIAA0K, KOJIM BiIMOBa Ta (ha30Be NEPETBOPEHHS HE JIUIIE
nofi0Hi, ane 30iraroTbes Hacmpasai. BracHe My po3riisiaeMo BiIMOBY OHOTO KOHTAKTy MiX
MOBEPXHEIO MiJll Ta KyJIbKOI MpuUoro [1]. OCHOBHUM PEXKHMOM BiIMOB TaKMX KOHTAKTIB €
3apOJKOYTBOPEHHS MJIMHILENOMIOHMX TOp Ha TMOBEpXHI pO3AUTYy MiAb/OJIOBO Ta iX
JaTepallbHAM PICT JI0 JOCATHEHHS TIE€BHOI YacTKM ToOBepxHI po3aiury. Ilepma cmpoba
JOCIIJKEHHSI PO3MIpHOTO e(eKTy Ul TaKOro THUIly BiAMOBH Oyna 3iiicHeHa y [8]. OaHak,
OCHOBHHUM KpHTEpieM BiqMOBHU TaMm BBakasiocsi 100% 3amoBHEHHS KOHTAKTy (a30r0 MyCTOTH.
Taxuil kKpuTepiil € HEKOPEKTHUM Yy BUMAIKY JUCKPETHUX CXEM YHCEIHHOro po3B’si3Ky. Kpim
TOT0, CTaTHUCTHUKA B1IMOB y po0oTi [8] Oymna HepocTaTHRO0. Y HaHiil poOOTI MU MOJEIIOEMO
PO3MIPHO-3AJIEKHHUNA PO3MOJLT Yacy J0 BIIMOBU a TaKOX HACTYMHI HOT0 XapaKTEPUCTUKU —
CepeHE 3HAYCHHS, JIeBiallito, Koe(iieHTH acCUMETPii Ta EKCIIEeCy.
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2. 3arajbHi 3aKOHOMipHOCTI
Mu posrnsgaemo aBoBuMipHMii Lx L  xontakr (L € m;iHiiiHUM po3mipom) 3
JIBOBUMIpHMMH ropamu. Ak 1 y kimacuynomy KIMA miaxozai, MU BBOJMMO JiBa IapaMeTpH
1

c-m®

MIBUJKOCTI — 4YacToTa 3apO/UKCHHS Ha OJWHUINO IUION V [ } 1 IMIBHAAKICTH

M . . .\
JaTepanbHOro pocty mopu V {—}, Kl MU TPUAMAEMO MOCTIMHMMU. TakUM YUHOM, MH
c
MaEeMoO 3ajady 3 TpboMa po3MmipHuMHU napamerpamu v, V , L. KombiHamis nepmmx ABOX
V 13
napaMeTpiB v Ta V Jae XapaKTEPUCTUYHY OBKHHY I=(—j Sk y [9], sxa ommcye
1%

CepenHiil po3mip 3epeH HOBOi ¢a3u (IMop y HamIOMy BHIAAKY), IO JOCATAETHCS, MTOKH HE
B1IOyBaeThCs MEpeKpuTTs. OueBHIIHO, 0e3pOo3MipHHI po3Mip cucteMu A Ta Oe3po3MipHa

HIBUJIKICTH JIaTepanbHOTo pocty G,
L (v’ v 1
1%
ﬂ, =—= I} G = 3 =_31 (4)
I \Y vl A4
MOBHHHI BHW3HAYaTH PO3MIPHY 3aJIeKHICTh PO3MOJUTY 4YaciB 10 BigMOBH. J[Ba rpaHuuHi
BUMAJIKU — MakpoBumamok, A>>1 (G <<1), ta mikpoBumagok, A<<1l (G>>1), mawTh
aHamiTHuHi omucu (nuB. Hikde). KomOiHamis TppOX mapaMmeTpiB Ja€e TpW OB s3aHi

XapaKTepI/ICTI/I‘IHi qacu:

=
vL? w? \
Tyt, t, € cepeaHiM 4acoM MK YCHIIIHUMH cIpoOaMM 3apO/KEHHS Ha MOBHIN IUIOMIi

L : L= (ij L= L L= (totz2 )1/3- ()

KOHTaKTy, t, — Il¢ XapaKTepHUU 4Yac 3alOBHCHHA OCHOBHOI'O IPOCTOPY 3apOUKCHHAM Ta
pocToM 1nop, t, — I1e 4ac IOBHOT'O 3alIOBHEHHS CUCTEMH OJIHIEIO IIOPOIO, 10 POCTE y BUNAIKY
OJIMHUYHOTO 3apO/KEHHS Ha BCbOMY KOHTAKTI (YU MEPETBOPEHHS BCI€l CUCTEMHU A0 €IMHOTO
3epHa — €AMHOI MOPU HUIAXOM POCTY OJHOTO 3apOjKy). 3a3HAYMMO, IO BiJHOIICHHS

.t 1 t a3 1 o
XapaKTepUCTHUYHUX YaciB . =G= PER Ta E =G"" = 7 BHUPaXXa€ThCS uepe3 0e3po3MipHUil
2

po3Mip abo Oe3po3MipHY MMIBUAKICTb. MM OyneMo BUKOPUCTOBYBATH Oe3po3MipHHI dYac

t . . . . . . . .
7 =— =tvl® Ta po3mipHuii i 6e3po3MipHMii cepenHi yack 10 BiaMoBH <t >, <7 >, po3MipHY
0

. . 2 2
Ta 0e3po3MipHYy JeBiallii \/< (t—<t >) >, \j< (r—< T >) >. Mu TakoX BHU3HAYMMO THUIH

PO3MOITIB YaciB A0 BIJIMOBH JIJIsl TPAHUYHUX BUTIAKIB!
1. MakpokoHTaKT («BeaUKU» po3Mip L Ta/um «manay mBHIKICT V , Ta/9u «BHCOKa»
gactoTa 3apojpkeHHsT V) G <<l (A>>1) o t, <<t <<t,. V unpoMy BUNAIKY 3apOKCHHS

BiI0yBa€eThCsl HabaraTo MIBUAIIE, HDK PICT, TOMY BiIMOBa BIJOYBA€ThHCS MICHSI YUCIEHHUX
NOJIM 3apOPKEHHS Ta MiCis HE3HAYHOTO Yy MOPIBHSAHHI 3 po3MipaMU KOHTaKTy 301IbIICHHS
po3MipiB 3apoakiB. B pe3ynbTari, MakKpOCKOIIYHI KOHTAaKTH 3alOBHIOIOTHCS BHACIIIOK
OJTHOPIIHUX BMIIAJKOBUX IMOAIN 3apopkeHHs. CepenHiil yac 10 BiIMOBH <t > He 3aJIeXKHUTh

Bl po3mipy KoHTakTy L. BiamoBigHo, Oe3po3MmipHMil cepeaHiii yac 10 BiAMOBU <7 >
2

pOTopIiiiHmMi KBagpaTy po3Mipy kouTakty L: <z>=<t>vL?ocl®?c 12 G 2, TOGTO
gorapudm Oe3po3MipHOro cepeanporo yacy g0 BigmoBun mpu G —>0 (InG—>—o) €
JiHifHOW QyHKIi€e Bix G 13 Haxunom (—2/3).
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Hapmakwu, nesiarist yacy A0 BIIMOBH Y TPAaHHYHOMY BHUITaJIKy MAaKPOKOHTAKTY Ma€ OyTH
PO3MIpHO-3aIeKHOI0. MOXXKHA OIIHUTH M — KUIBKICTh 3apOKEHHX TOp Yy JBOBHMIpPHOMY
BUMAJIKY — SIK:

L 2
M Q[Tj =12=G8, (6)

Yac 10 BiAMOBU Ui BEIMKUX CHCTEM € TIOCTIHHMM, TOMY BiH € IHTCHCHBHUM
napamMeTpoM. BiamoBigHO 10 3aradbHUX 3aKOHOMIpPHOCTEH Teopii duIyKTyarrii, AeBiaiis yacy
JI0 BIIMOBHU (SIK 1 JUISl 1HIIMX IHTEHCHUBHUX BEIUYHH) JUISI BEJIMKMX CHUCTEM MPOMOPIliiiHA 10

1

. 2 1 1/3 1 . . . .
—_ ,f< t—<t>) >oc — o G oc —. Tomy aeBiairist 6€3po3MipHOTO Yacy J0 BiIMOBH:
M ( ) M L

2
\/< (r—<7 >)2 > = \/< ( t<t >) > oc v \/1_ o« G2RG =G5, (7)
0 M

2. MiKpOKOHTaKT («Maymii» po3mip L uwn/Ta «Benwka» MBHIAKICTh V , 4d/Ta «HU3bKa»
94acToTa 3apoAgKOyTBOpeHHA V) G >>1<>t, >>t >>t,. Bumagox G >>1 BimoOpaxkae pinxi
MoJ1ii BHITAIKOBOTO 3apPOJDKCHHS 3 HACTYITHUM IIBHJKHM POCTOM Ta 3allOBHCHHSM KOHTAKTY
ONHI€I0 TOporo. Yac MOKPUTTSA 3aNEKUTh BiA pO3Mipy Ta micisd iHKyOaliifHOro uacy
3apOJDKEHHST TIOpH, picT Oyae WIBUAKUM, TOMY KOHTakT Oyne HaWOuTbIl WMOBIPHO
3alOBHEHUH €IMHOIO0 TIOPOIO, & HE YUCICHHUMH 3apOoKeHUMU nopamu. CTaTUCTUKA BIIMOB y
[IbOMY BHUIIQ/IKY CITIBIIAJA€ i3 CTATUCTHKOIO 3apoKeHHs Ta € [lyaccoHiBcbkoro THiry (TOOTO

IMOBIpHICTb iCHYBaHHSI CHCTeMH 0e3 3apOUKeHHs BIPOJOBXK dacy t € p,(t) =exp(-t/t,),
AIMOBIpHICTh 3apO/DKEHHSI BIPOJOBXK HECKIHYCHHO Majoro MNpoMiKKy dacy dt<<t, €
p,(dt) =dt/t,. Lle o3Hauae, 1m0 cepeaHE 3HAYCHHS Yacy A0 BiJMOBH Y LIbOMY 'DaHUYHOMY
BUIIAJIKy CIIBIIJa€ i3 CepelHiM 3HaYE€HHSAM Yacy OYiKyBaHHs IEPIIOro 3apOKOYTBOPEHH,

1 . .
<t>=t, = ¥ Y PO3MIpHHX OJMHHISAX, Ta <7 >=tvL® =1 11 6e3p03MipHOTO CepesHbOro
1%
yacy Jo BigmoBu. Jlesiamis posmnoainy IlyaccoHa cmiBmajgae 3 cepeHiM 3HAYEHHSM:

dev(t) =t, = ta dev(r) =1. Takum ymHOM, TeopeTHyHe mnepenadadenus a1 G >>1 e:

V2
<r>51, (r—<r>)2 -1 (<t>—>v—|1_2, a/(t—<t>)2 —>V—I1_2).

3. YncenbHa MojieJb

Jlns BUBYEHHS TOBEOIHKM CHUCTEMHM Yy IIPOCTOpl MapaMeTpiB MDK 3a3HAYCHUMH
IPaHUYHUMH BUIAJIKAMU MU BUKOPHUCTAJIU MPOCTY JBOBUMIPHY MOJENb, SIKa BKJIIOYAE B cede
Ge3po3MipHi mapameTpu: Ge3po3MipHuii wac 7 =t/t,=tvl® Ta Ge3po3MipHi KOOpHMHATH
O<y=x/L<l, O<y=y/L<1.

Anropurm:

1. Mu posirpyemMo noaii Ha KBaJpaTHOMY 3pa3Ky OJMHUYHHMX O€3pO3MIpHHUX PO3MIpiB
1x1, mo mictute N® KOMipoK, po30HBaIOUH SK TOPU3OHTANBHI, TAK i BEPTHKAIGHI CTOPOHH
kBajapara Ha N Biapiskie: d y =dy =1/N.

2. Koxxna komipka 06€3po3MipHOi IUIONI MOXe OyTH y JBOX CTaHaX — CTapoMy Ta
HOBOMY. Ha mouartky BCi 3HaXOJAThCS Y CTapOMY CTaHi.

3. Ha xoxHOMY YacoBoMy Kpoui 07 MM a) BHUIIaAKOBUM YHHOM BHOMPAEMO YACTHUHY
KOMIPOK 1 BUIIPOOOBYEMO HMOBIPHICTh 3apOpkeHHs 3a IlyacCOHIBCBKMM pO3MOJUIOM Ta 0)
OJTHOYACHO 3/11HCHIOEMO 3pOCTaHHS BXKe ICHYIOUHMX 3€peH HOBOT (a3H.
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3a. My 3HaX0AMMO HMOBIpHICTh YTBOpPUTHCSA N 3epHaM HOBOI pasu — p(n), 3i Bcix N?
KOMIpOK, MpPOTSIrOM dYacoBoro iHTepBainy 07 QopmanbHO sk OiHOMIAIBHHIA PO3IOLL,

NZ)! 2
p (n, dr) = L(d T)n (1— dT)N " ame Qaktmuno sk ITyacCOHIBCHKHIL pO3IOAL,

(n)!(N*=n)!

n
(dr) ) . )
p(n,dr)= exp(—dz), ockimekm Tineknm Bumamku N << N?, 3a0e3nmedyioTh peanbHO
(n)!
HEHYJIbOB1 WMOBIpHOCTI. [1OTIM MM BUTIAIKOBO OOMpPAaEMO JIHCHE YMCIO TOMIM 3apOKEHHS
(ctBOprotoun BumaakoBe uucio Ha iHTepBanmi (0,1) Ta po3minstoum Iel iHTEpBaJl Ha

nigintepBamu  p(n,dt) ). Toxali Mu BUmagKoBO BHOMpPAEMO N KOMIPOK 3 IOBHOTO 3pa3ka
NxN. Cepen HMX MH 3aJUIIAEMO Ti KOMIPKH, SIKi IIe¢ HE OyiIM TEpPEeTBOPCHHMH Ta
MIEPETBOPIOEMO 1X BiIMIUAIOUH MOJIOKECHHS «IIEHTPY HOBOT'O 3€PHAa» Ta Yac 3apOJKCHHSI.

36. Y BUIajKy BIAJIOTO 3apOJKOYTBOpeHHs Komipka (i, J), B aeskuii yac (i, J), cTae
IIEHTPOM KOJIa IEPETBOPEHHS, M0 PO3MOBCIOKYEThCS 31 MBHAKICTIO G, Tak, MmO B Oyb-
sIKMi MoMeHT 4acy 7> 7(i, j) Oyab-sika komipka Bcepenusi xona paxiycy G-(z—z(i, j)) i3
1eHTpoM y komipii (i, j) € y HOBOMY cTaHi.

4. Mu BuOHpaeMo KpuUTepill BIIMOBH, SIK AEAKY 4acTKy X, IEpETBOPEHOI Iuiomi. Y
JAHOMY JIOC/IIJPKEHHI HaBeneHui kpurepiii X, =0.5 (Takox Oynu BUnpoOyBaHi Ta MOPIBHSHI
X, Bix 0.1 o 0.9).

5. MowmeHnTt qacy, B SIKUM 4YacTKa r[epeTBopeHo'l' HJIOH_Ii Jocsiarae X 3alMUCYETHCA SIK

to
TTF(k,G), ne k — Homep 3amycky. Ilicms 3amycky onxHakoBoi mporpamu M pasiB
(M =100000), Mmu OoTprMajI¥ MacHB YaciB J0 BiIMOBH, KU OOpOOJIABCS IS BH3HAYCHHS
TYCTUHU PO3MOJITYy HMOBIPHOCTi, PO3MOALTY WMOBIPHOCTI, CEpPEIHBOTO Yacy JIO BiJIMOBH,
neBiaii, acuMeTpii.

. 1 :
YacoBuii kpok Mae 3a0e3neuyBaTH BuMory: dt <<?:>dr <<1. 3 ixmoro 06oOKy,
v

0COOJIMBO JIJIsl BUIIAJIKy MaKpPOKOHTAKTY, YaCOBHH KPOK Mae OyTH HabaraTto MeHIIe, HIXK Yac

1\ 23 ' ‘
nepekpurTs:  dt <<t = (7) , dr<< 4 = Gl - I[i BUMOrM BHKOHaHI y HaIIOMY
v 0

MOJIEJTFOBAHHI.

4. Pe3yabTaTH Ta 0OrOBOPEHHS
Bci  orpumani rictorpamMu  4acy [0 BIJMOBH alpOKCHMMOBaHI HOpPMaJIbHUM,
JOTHOPMAaJIBHUM PO3MOJiIaMH, JBOMAPAMETPUYHUM Ta TPUNAPAMETPHYHUM PO3IOITIaMA
BeiiOynna, IlyacconiBchkuM Ta 3MiHeHMM (3MimieHuM) [lyacCOHIBCHKUM pO3MOJiTaMH
(Puc. 1). o Toro >x My 3HAWNLIM BJIIACHUA KYMYJISTHBHUN PO3MOJILI, 10, 3A€ETHCA, T00pe
npaifoe (Kpamie HiXK JOTHOpMaJIbHUI po3nmoain uu posnonin BeitOyma). Ilinibpanuit Hamu
aBTOPCHKHM po3moAalt (ToOTO iHTerpasl BiJ TYCTHHH IMOBIPHOCTI BiJl MiHIMAJIbHOTO 3HAaYEHHS
BUMAJIKOBOI BEJIMYMHHM JO SKOTOCh 3HAUYEHHS MIDK MaKCUMyMOM 1 MIHIMyMOM), IO
3MmiHIo€eThes Bia 0 10 1, HACTYITHUIA:
ea
F(r,a,B)=0p T—2+eﬁ +1,7 |, (8)

Ie:
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T
r(k7) k1 x
p(k,7) = , T(K) = y(K, +0), 7(K,7) = j X e X . 9)
I'(k) 0

Mu oTpuMany el po3noIia HAMIBIHTYITHBHO, TYT MA HE HaMara€eMocsi BUBECTH HOTO,
noku mo ue jume HabmwkeHHs. OkpiM 1i€i HOBOI ampoKcHMallii, BUKOPHCTOBYBAJINCS
HACTYMHI 3aJIGKHOCTI IS alpOKCHUMAIll «3BHYAWHHUX» PO3MOIUIIB (TYT BEpXHIA PpEricTp
CHUMBOJIy O3Ha4Ya€ KyMYJATHBHY (YHKIit0 posmoainy F , HwkHid perictp f — rycruny

imoBipHocrTi, f —d—F)
pHOSH, dt ”

JlorHOpMaNIbHUI PO3IIOIILT:

_ 2
f(r,m, o) =———exp| - IO =M ) (10)
X-o+2n 2-c
Tpunapamerpuunuii po3noais BeiOyia:
1A
1-exp —(T—MJ 7>y
F(z,n,B,7) = il . (11)
0,7< | }/|
JBomapameTtpuuHuii po3nonain Beitbymnna:
18
T
F(z,n, p)=1-exp _[WJ . (12)
MomudikoBanuii poznosin [Tyaccona:
1-exp(—|al-(z— T >
Fr.ct, ) = P(-fal-(z =Bz > 5] 13)
0,7< | ﬂ|
Poszmnonin Ilyaccona:
F(r,a) :l—exp(—|a|~r). (14)

XapakTepUCTUKU HOPMAJIBHOTO  PO3MOJULY, SKHM alpOKCUMOBAHO PpE3yJIbTaTH
KOMIT FOTEPHOTO E€KCIIEpUMEHTY, TpuBeneHo Ha Puc. 2 ta Puc. 3. 3anexnicts In(<z>) Bin

In(G) na Puc. 2 anpokcuMoBana rinep0ooJIoro:

In(<z>)= \/(0.32 In(G) +0.004)* +0.366° —0.32In(G) —0.004 . (15)
Banexuicts In(dev(r)) Bix IN(G) wHa Puc. 3 anpokcumoBaHa rinep0oJ10t0:
In(dev(z)) = \f(0.142 In(G) +0.241)* +0.09° —0.142In(G) —0.241. (16)

[Ipy BenukMX 3HAYEHHSAX O€3pO3MIPHOI MIBUAKOCTI (MIKPOKOHTAKT), KpHUBH3HA
posnoainy makcuManbHa (Puc.4), a mpu Mamux 3HaYeHHSX O€3pO3MIpHOT IIBHIKOCTI
(MaKpOKOHTAKT), BOHA mpsMye 10 0, OCKIIBKM PO3MOJiIN HAOIMKAETHCS 10 HOPMAJILHOTO
posnoainy. Y mpolieci anpokCUMallii pe3ysbTaTiB KOMII FOTEPHOTO €KCIIEPUMEHTY HaMu Oynu
ONnTHMi30BaHl mapameTpu posnogutB  (8-14). Ilpuknaxn 3amexHOCTI  HapaMeTpiB
JIOTHOPMaJIBHOTO PO3MOLUTY Bil 0€3p03MipHOi MIBUAKOCTI HaBeaeHui Ha Puc. 5. Jlns ananizy
pe3yNbTaTiB alpOKCUMAallli MU BUKOPUCTAIN KPUTEPIM cepeaHbOKBAJAPATUUHOTO BIIXUIIECHHS
posnoainiB (8-14) Bim pe3ynbTaTiB KoM toTepHOro ekcnepumeHty (Puc. 6). Buano, 1o
3alpONOHOBAHMI HAMH aBTOPCHKUI po3mozin (kpuBa 2 Ha Puc. 6) Haiikpaiie anmpoKCHMYye
pe3ysbTaTH 13 YCIX PO3MIISHYTUX HaMU PO3MOILIIB.

58



Cepis «Dizuko-MareMaTH4Hi HayKm», 2017

04 -

03

f@

0,1 4

@ PesynbTatu
KOMM'toTEpHOro
MoAeNtoBaHHS

0,38 -

flnoe |

04 -

O A WN

0,2 4

¢ Pesynbratun
KOMN'tOTEPHOTO
MoaenioBaHHs

Puc. 1. Tunosuii po3nozin 6€3po3mMipHUX YaciB A0 BiAMOBH (4acy MEPETBOPEHHS) IS
(a) makposunanky G =0.1 Ta (6) mikpoBunagaky G =10, nmpu moporoBoMy 3Ha4eHHI
X =0.5. B 000x Bunaskax HaBeJCHi IriCTOrpaMu, alpoKCUMOBaHi: 1 — Moau(iKoBaHUM
posnozaiiom [lyaccona, 2 — aBTOPCHKUM PO3MOJIIIIOM, 3 - JTOTHOPMAJIBHUM PO3MOILIIOM, 4 —
TpUIIapaMeTpUIHUM po3nojiioM BeiiGyma, 5 — posnoainom 'ayca, 6 — nBonapaMeTpuuHUM
posnoainoM Beiibymna, 7 — po3noainom Ilyaccona.

= AnpoKkcuMaLlis
rinepbonoio

¢ Pesynbratu
KOMN'IOTEpHOro

In(<z>)2 4 MofentoBaHHS

In(G)

Puc. 2. 3anexHicTh norapugpma
CEpeIHBOr0 3HAYE€HHS 0€3pO3MIPHOro Yacy
710 BIZIMOBH Bij jtorapugma 6e3po3mipHoi
mBuakocti G . JliBa yactuHa MOke OyTH

arnpoKCUMOBaHa MPsAMOI0 3 HaxuioMm (—2/3).

[IpaBa yacTHHA — ACUMITOTHYHO
psIMy€E 10 HYJIS.

1,1 4
= Anpokcumalis
0,9 4 rinepbonoto
0,7 A ¢ PesynbTatu
Thitdew KOMN'lOTEPHOrO
( (T)) 0,5 4 MoAenioBaHHSA
0,3 4
0,1 4
-0,1 T T T T T
-6 -4 -2 0 2 4

In(G)

Puc. 3. 3anexHicTh norapugpma
JieBiarii (cepeTHbOKBaIPATUIHOTO
BIJIXUJIEHHS) 0€3pO3MIPHHX YaciB /10 BIIMOBH
BiJ Jorapupma 6e3po3mipHoi mBHUIKOCTI G .
JliBa yactuHa MOXe OyTH allpOKCMOBaHa
npsimoto 3 HaxuioMm (—1/3) . [IpaBa yactuna

ACUMIITOTUYHO IIPSMYE JI0 HYJIS.
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1 = 4 -
08 - - *
0,6 - o ¢ ® o 0 0 3 * o m
* 4
0,4 . 2 * m In(o)
L 4
0,2 * 0’
In(skew . . i
(skew(?)) Og 5 m, 1 .,
e . In(@) ¢ 14 m BN
04 - ( ) 0 a ! a
. o ® o o
-0,6 - 1 4 ml
0,8 o L b
g 2 [
; ; ; ; ; -
-6 -4 -2 0 2 4 a
G -3 T T T T T
() -6 -4 -2 0 2 4
In(G)
Puc 4. 3anexuicts norapudma Puc. 5. 3anexxHicTs mapameTpis
acuMeTpii (KpUBU3HHU) PO3MOALTY Yacy 10 anpoKcHUMallii pe3yabTaTiB KOMII FOTEPHOTO
BiIMOBH Bi lorapugma 6e3p03MipHOi eKCTIIEPUMEHTY JIOTHOPMaJIbHUM PO3IOJILIIIOM
mBuakocti G . [IpaBa wactuna BiJ Jlorapudma 6e3po3MipHOi mBUIKOCTI G .

acUMNTOTHYHO mpsimMye 110 In(2).

0,04

0,035

0,03

0,025
dev(Af) 0,02
0,015

0,01

0,005

0

In(G)

Puc. 6. 3anexHoCTI cepeTHPOKBAAPATUYHUX BIIXUJICHb ONTUMAJIBHO alPOKCUMOBAHUX
¢GyHKLIH 0 JAHUM KOMIT FOTEpHOT0 €KCIIEpUMEHTY BiJl orapudma 6e3po3mMipHOT LIBUAKOCTI
G . Buau anpokcumaniii: 1 — monudikoBanuii posnosin Ilyaccona, 2 — aBTOpChbKHi
po3noaii, 3 — JIOTHOpMaJIbHUM po3noaii, 4 — TpunapaMeTpuyHuii posnoain Beibyma, 5 —
posmnoxin 'ayca, 6 — nBonapameTpuunuii po3noain Beitdymia, 7 — po3noain [lyaccona. [1pu
[[bOMY BEJIUKI 3a MOTysieM Bijx’eMHi 3HaueHHs IN(G) BiAMOBiIa0Th MAKPOKOHTAKTY, a BEJIHKI

J0JIaTHI — MIKPOKOHTAKTY.

6. BucHOBKH

Mu mnpoaHanizyBald pPO3MIPHY 3aJIEKHICTh PO3MOJUTY Yacy A0 BiAMOBH Ta HOTro
OCHOBHI BJIaCTMBOCTI Ha MpUKJIal HalnpocTimoi kiHeTuku KIMA y oOMexeHiil 1BOBUMIpHIii
obmacti. ['paHnuHi BHUMAagKKW pO3MIPIB CHUCTEMH ONHUCaHI aHAMITHYHO. OCHOBHUMHU
pe3ynbTaTami €:
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1. Tun po3noainy yacy 10 BimMoBH (a00 yacy MepeTBOPEHHS) Y BUITAIKy TOMOT'€HHOTO
3apOJKOYTBOPEHHS IMOP 1 3 MOCTIHHOIO HMIBHJKICTIO iX POCTY KOHTPOIIOETHCA O€3pO3MipHUM

posmipom A=L/I :(vL3 /V)ll3 abo 0e3pO3MIpPHOI0 MIBHJKICTIO JaTEPAIbHOTO POCTY

G=V/vLl=1/2°.

2. Poznonin yaciB g0 BigMoBH (200 4YaciB mepeTBOPEHHs), 31 3MEHIIEHHSIM pO3Mipy
IOCTYIIOBO TIEPETBOPIOETHCS BiJl CHUMETPHUYHOTO HOPMAIBHOTO PO3MOALLY IO CHIBHO
HECUMETPUYHOTrO posnoainy IlyaccoHa depe3 IOTHOPMAaJIbHHMNA PO3MOAUT Ta PO3MOILI
BeiiOyma.

3. Cepenniii 6e3po3MipHUIl Yac A0 BiAMOBH 3aJCKUTh Bil 0€3pO3MIpPHOTO PO3MIpy

cuctemu sk A° npu A >>1 ta npsmye go 1 mpu A <<1.

4. Jlesiamis 6e3p0o3MipHOrO 4Yacy 10 BIMOBH MPOMOPIliiiHa 0e3p0o3MipHOMY pPO3MIpy
cuctemu A npu A >>1 ta npsamye 1o 1 npu A4 <<1.

5. Iapametp acumerpii (skew) po3moainy 6€3po3MipHOTO Yacy 0 BiIMOBU MPSIMYE 0O
HyJs npu A >>1 ta npsmye 1o 2 npu A <<1.

6. Anpokcumarlisi cepelHbOro 3HaueHHS Ta JeBialii 6e3p0o3MipHOro Yacy A0 BIAMOBU
OIUCYIOThCs piBHSHHIMU (15-16).

7. IloporoBe 3Ha4YCHHsI YaCTKU IUIONII KOHTAKTy 3allOBHEHOI MOpaMu Ui BigMOBH (3a
BukitoueHHsM 100%) He CyTTeBe /s BCiX BUIIE3a3HAYCHUX BIIACTHBOCTEH.

3BUUaliHO, IPEACTaBIIEHA MOJIEIb € AYX€E CIPOIICHOI0, BOHA HE BPAaXOBYE TPUBUMIPHUMN
picT Top, 3MiHy T'yCTHHH CTPYMY Ta, BIAMOBIIHO, 3MiHY IIBUAKOCTI POCTY MOp, TOmo. b
3araJlbHUN aHai3 Oyze mpeICTaBIeHH B IHITUX POOOTax.
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Summary. O.A. Bobrov, M.O. Pasichnyy, O.Yu. Liashenko, A.M. Gusak. Size effect
on Distributions of the Times To Failure and Times To Transformation. Failure of finite
size 2D solder contact is equivalent to phase transformation in a finite 2D system. First-order
phase transformations proceed due to multiple nucleation and consequent growth of new
phase grains inside the old phase matrix. The nucleation and growth of the pancake voids due
to the electromigration along the tin/copper interface are considered. This problem is
essential due to the flip-chip technology and the miniaturization of the solder bump size.
Kinetics of this process is usually described by KIMA equations (Kolmogorov-Johnson-Mehl-
Avrami). Size dependencies of Times To Failure (TTF) and Times To Transformation (TTT)
distributions and their main characteristics are modeled. The danger of early failures due to
the broadening of TTF distribution makes the size effect study an important issue in
microelectronics. Broadening of TTT distribution is essential for phase transformations in the
ensembles of micro- and nanoparticles. With decreasing size the TTF and TTT distributions
steadily transform from the normal distribution to Poisson one via lognormal or Weibull
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(with changing optimized parameters). Histograms of the computer experiments were fitted by
various distributions. The best approximations were obtained by our own distribution, by
lognormal distribution and by 3-parametric Weibull distribution. Analytical approximations
for transient regimes are suggested.

Keywords: size effect, times to failure, 2D phase transformation, probability
distribution, Kolmogorov-Avrami kinetics, flip-chip technology.
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BIIJIMB SMAT OBPOBKH HA CTPYKTYPY
EJIEKTPOOCAJ’KEHUX B CTAIIOHAPHOMY, PEBEPCHOMY
TA CTOXACTHYHOMY PEKUMAX ITPOIITAPKIB MIJI

Hocniosiceno 3acmocysants HU3bKOUACMOMHOI NOBEpXHe8Oi MeXauiunoi 00poOKu
mepmsam 3a mexuonozietro SMAT 0o nosepxomb enekmpoocaodceHoi 6 CmayioHapHoMmy,
PEBEPCHOMY  IMNYIbCHOMY MA CMOXACMUYHOMY PpedcumMax Mmioi Ha MIiOHI NiOKIaoKu.
Memooamu penmeeniecokozo ougparyitinoeo ananizy docuioxceno enaue SMAT obpobku Ha
MIKPOCMPYKMYPY NOBEPXHEGUX NPOULAPKI8 MIOi, 8CMAHOBNIEHO 3MIHY MeKCmypu 3pasKis.
Ananiz ywupenus Oupaxyitinux niHil 6Ka3ye He auule Ha NOOpiOHeHHs 3epeH, a I Ha
HaseHicmv MikpoHanpye. Ompumano 30Hu Ouhy3iiHoi 63aEMO0Ii MidC Pi3HO20 MUNY MIOHUMU
nogepxuesumu npowapkamu, 6 momy uucni nicia ix SMAT o06pobku, ma onogom.
Bcmanosneno ocobnaueocmi pazoymeopents 6 yux KOHMaKmHux 30Hax 3acooamu ONMmuyHoi
MIKPOCKONIL.

Ku1i04oBi cj10Ba: HAaHOCTPYKTYpOBaHI MaTepiayiv, IHTEHCUBHA IIACTHYHA Jedopmartis,
NOBEepXHeBa MexaHidyHa oOpoOka teprsaM (SMAT), eneKkTposliTHYHO OCa/KeHI NpOIIapKu
Mifi, TBepAo(da3Hi peakiii MiJil 1 0JI0Ba, pEHTTEHOCTPYKTYPHHM aHai3.

1. Beryn

HoBi TexHONOTiYHI BJIACTMBOCTI HAHOCTPYKTYPOBaHMX  MaTepialiB JETaJbHO
JOCHIDKYIOTBCSL  MPOTSTOM  OCTaHHIX jecATupid. [IOpiBHSHO 3 MOJIKPUCTATIYHUMU
MarepiajlaMid HaHOCTPYKTYpPOBaHI MaTepialyd XapaKTepU3YIOTbCS OCOOJIMBUM CTPYKTYpPHO-
(ha30BUM CKIJIaJIOM, TEPMOJIMHAMIYHUMH Ta MEXaHIYHUMH BiacTHBOCTAMHU [1]. Sk mpasuio,
HaHOCTPYKTYPOBaHI MaTepiald OTPUMYIOTh BIUIMBOM IHTEHCUBHUX IUIACTUYHMX Jedopmaiiiit
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Ha 00’eMHI 3pa3ku abo ix moBepxHeBi mpomapku [2, 3]. OgHEM 13 croco0iB OTpUMAaHHS
HAaHOCTPYKTYPOBAaHHMX IOBEPXHEBUX NPOIIAPKIB € 3aCTOCYBAaHHS IMOBEPXHEBOI MEXaHIUHOI
06po6ku Teprsam (texuosorii SMAT — Surface Mechanical Attrition Treatment) [4-7]. SMAT
TEXHOJIOTiSi OOpOOKHM IOBEpXHI MaTepialiB IMoJiArae y MIBUAKICHOMY OomOapayBaHHI
MOBEPXHI METaJliB a00 CIUIaBIB METAIIYHUMH KyJbKaMH OUIBII TBEPAUMH 32 Marepiaj, 10
o0pobnsieTbesa. Taka 00poOka HPU3BOAWTH 0 MOAPIOHEHHS MPHUIIOBEPXHEBUX 3€pPEH [0
HAHOPO3MIPIB, 110 ICTOTHO BIJIMBAE HA BJIACTHUBOCTI IMOBEPXHEBOTO MPOILAPKY MaTepialy Ta
CHPUYMHIOE 3MIHH HOTO CTPYKTYPHOTO Ta (ha30BOTO CKIATY.

BractuBOCTI TTOBEPXHEBUX MPOIIAPKIB MiJl CYTTEBHM YHWHOM BIUIMBAIOTh Ha SKICTh
3’€IHaHHS ENEKTPOHHUX KOMITOHEHTIB IIISIXOM CHAOBAaHHS KOHTAKTiB. TyT BaXJIHBUM €
CTPYKTYpHUH CTaH caMe€ MIJHHX KOHTAaKTIB, 1[0 BU3HAYAETHCS SK PO3MIpaMHU Ta B3a€MHOIO
OpIEHTAITIEI0 3€PEH, TEXHOJIOTI€I iX OTPUMAHHS, TaK 1 0COOIUBOCTSIMH NEPEKTHOTO CTaHY
noKpUCTaMiuyHOi Mimi. JlepekTHICTh MIJHUX KOHTAKTIB BH3HAYAEThCS, B OCHOBHOMY,
TYCTUHOIO Ta PO3MOJUIOM TOYKOBHX Je(eKTiB (BakaHCi) Ta MPOTSHKHUX JCPEKTIB
(mucnokamii Ta X KOHCONIJAIil, MeX 3€epeH Ta iX CTPYKTypHu). Pi3sHOMaHITHUN BIUIUB
onucaHux (aKTOpiB MPU3BOAMTH JIO BIAMIHHOCTEH B Iporeci (pa3oyTBOPEHHS! B KOHTAKTHIN
30H1 MK OJIOB’SIHUM MPHUIIOEM Ta MIJJII0, III0 TOTPeOye OLIbII JETATBHOTO TOCIIKSHHS.

SIk mpaBWSIO, MiTHI KOHTaKTH OTPHUMYIOTh IIISXOM EJIEKTPOJIITHUYHOTO OCAHKECHHSI.
ToMy, BaXJIMBOIO € po3poOKa TEXHOJOTIl OTPUMAHHSA MPOLIAPKIB MiAi 3 OJHOPIAHOIO Ta
0e31ePeKTHOI  CTPYKTyporo. Teopis Ta  TEXHOJOTIS  CTalliOHAPHOTO  PEKUMY
€JIEKTPOOCAHDKEHHS 3 3aCTOCYBAHHSAM MOCTIHHOT HAIIPYTH, 110 MPHUKJIAAAETHCS 10 IEKTPOIIB
€JIEKTPOXIMIUYHOI KOMIpKH, PO3pOOJIEHO B HAyKOBill jiTeparypi HaibOimpm neramsHO [8].
[IpoTe cramioHapHUN PEKUM EJIEKTPOOCAIKEHHS Ma€ psAl HEIOJIKIB, 5K, HalpUKIa,
HEPIBHOMIPHICTh TOBIIMHH €JIEKTPOOCA/DKEHUX IUIiBOK. Lle mMoB’s3aHO 3 HECTIHKICTIO
CTAI[IOHAPHOTO PEXKUMY €JNEeKTPOOCAKEHHS, KOIU cbnyKTyamHHo yTBopeH1 BUCTYNIU Ha
€JIEKTPOJaxX MPU3BOIATH O 3MEHIICHHS BIJCTaHI MIX HHMH 1, BIJMOBITHO, JO 3pPOCTaHHS
MOTOKY €JIGKTPOOCA/PKeHHS Ha [MX JUISHKaX Ta MPUCKOPEHOro pocTy chOpMOBaHUX
BucTymniB. OcCOOMMBO aKTyaJIbHOIO € BKa3zaHa TMpoOsieMa B Tpollecax BUTOTOBJICHHS
€JIEKTPOHHUX IUIaT 3 BIAKPUTUMH Ta TIyXUMHU OTBOPAMH, sKI HOTpPeOYIOTh MiAHOT
MeTainizamii. J{ias 60poThOM 3 TaKUM SIBHILEM 3aCTOCOBYIOTHCS PI3HOTO THUIy HEOJHOPIJHI B
qaci peKUMH eleKTpooca/keHHs [9-13], Taki gK iMOYyJIbCHUMN, KONMBaIbHUN, PEeBEPCUBHUN
(IHBEepCHUHN) pPEXUMHU €IEeKTpoocayKeHHs. HalOuibil TOCKOHANl IMOBEPXHEBI IMOKPHUTTS
OTPUMYIOTBCS B PEKHMI peBepCHOro enektpoocamkerts [10], komu kaTox i aHOA epioAnuHO
MIHSIOTh MICISIMH LUIIXOM 3MIHHM TOJSIpHOCT1 cTpymy. Ilpm 1pbomMy eHepreTuyHa
e(EeKTUBHICTb MPOILECY ENEKTPOOCAKEHHS 3HMKYEThCS, TaK SK IMEBHUI NPOMIXKOK yacy
HaHECEHUH MPOIIapoK Mijli HallO1JIbIIIEe CTPABIIOETHCS B MICLAX C(HOPMOBAHUX BUCTYIIIB.

B poGori [14] onucano po3poOieHy TEXHOJOTII0 CTOXAaCTHYHOTO PEXUMY
€JIEKTPOOCAPKEHHS MiJll Ha MiJHI MiJIKIaIK1 0€3 3aCTOCYBaHHs IHBEPCHUX cTpyMiB. OnucaHo
3aCTOCYBAaHHS MOJEJl FeHepaTopa HENiHIMHUX KoyirBaHb Uya aiis moOymoBU 4acOBOTO Psiy
CTOXAaCTUYHUX KOJMBAHb HAIIPYTH B OKOJII JABOX CTAI[lOHAPHUX 3HAYEHb, III0 PO3PAXOBYIOTHCS
3 TOJISIPHU3AIiHHOI KPUBOi, IO OTpUMaHa BiJIMOBITHO JO 3aCTOCOBAHUX YMOB EIIEKTPOII3Yy.
[TpoBeneHo aHaii3 BIUIMBY CTAallilOHAPHOTO Ta CTOXAaCTHMYHOI'O PEKUMIB €IEKTPOJIITHYHOIO
OCQ/DKEHHSI Ha CTPYKTYpPy OTPHMAaHHMX NPOIIAPKIB MiJll Ha MIZHUX MiAkiIagkax. B xomi
BUKOHAHHS POOOTH CTBOPEHO amapaTHO-TPOTPAMHUN KOMIUIEKC Ul KOHTPOJIIO IPOLECY
€JICKTPOJIITUYHOTO OCAPKCHHS, MPOBEJCHO EJIIEKTPOOCAKEHHS MiJli Ha TMOBEPXHIO MiTHUX
IUIACTUHOK 3a TMPHUKJIAZACHHS TOCTIHHOI ab0 CTOXaCTMYHOI Halpyrd 0 eJIEeKTPOJIiB
€JIEKTPOXIMIYHOI KOMIPKH, JOCHII)KEHO OCOOIMBOCTI KPHUCTAIIYHOI OYJOBH OTpHUMAaHUX
IPOIIAPKIB  €JIEKTPOOCAHKEHOT Mill  METOJaMH  PEHTreHOIU(paKLUifHOrO aHamizy Ta
€JICKTPOHHOI PaCcTPOBOI MiKPOCKOITI1.
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B poGoti [15] ommcaHO TEXHOJNOTII0O HU3BKOYACTOTHOI IMOBEPXHEBOI MEXaHIUYHOT
00pobku TeptsaM (SMAT — TexHomorii) Ta KOHCTPYKTHBHI OCOOJIMBOCTI CTBOPEHOTO
NPUCTPOIO JUIs i 3IIMCHEHHS Ha EKCIIEPUMEHTAIBHHUX 3pa3kax. B poOoTi mpoBeneHO
eKCIIePUMEHTANIbHE JIOCHI/DKCHHS 3ac00aMM PEHTICHIBCHKOTO IU(PaKIiHHOTO aHai3y
JESAKUX THUIIB EJICKTPOJITHYHO OCADKEHUX IPOIIAPKIB MiJi HAa MIJHHMX MAKIaAKaX 13
aHATI30M CTPYKTYPHOTO CTaHy, Imo oOpoOsieHi 3a texHonoriero SMAT. Ilposeneno
BUMIPIOBaHHS MIKPOTBEPAOCTI OBEPXHEBUX MPOIIAPKIB, 10 XapaKTepU3yTh BILIUB SMAT
O0OpoOKM Ha CTaH MIAHUX TIOJIKPUCTATIYHUX MPOKATaHUX MIJHUX IUTACTHH Ta
€JIEKTPOOCAPKEHUX MPOIIAPKIB.

Mertoro ganoi poboTH € cCTeMaTH30BaHe 3aCTOCYBAaHHS HU3bKOYACTOTHOI MOBEPXHEBOI
MeXaHI4HOT 00poOKH TepTsaM 3a TexHonorielo SMAT 10 MOBEpXOHb EIEKTPOOCAKEHOI B
CTaI[lOHAPHOMY, PEBEPCHOMY IMITYJIbCHOMY Ta CTOXAaCTHYHOMY peKHMax Mimi. JlocmimkeHo
BIUTMB HU3bKO4YacTOTHOT SMAT 00po0OKkM Ha MIKpOCTPYKTYPY IIMX MOBEPXHEBUX IPOIIAPKIB
MiJi MeToJaMH PEHTTeHIBCHKOro audpakuiiiHoro aHamizy. OnHiero i3 3amad poOOTH €
BIJIIPALIIOBAaHHS TEXHOJIOTIYHUX MPUHOMIB OTPUMAaHHA 30HU AUQy3iiiHOI B3aEMOMIIT Mixk
PI3HOTO TUIY MiTHUMHU TIOBEPXHEBUMH IpOIIapKamMu, B ToMy yncii micist ix SMAT o6po6xkw,
Ta 0JIOBOM, BCTAHOBJICHHSI 0COOJIMBOCTEH (Da30yTBOPEHHS B IIMX KOHTAKTHHX 30HAX 3aCO0aMHU
ONITUYHOT MIKPOCKOITI1.

2. EkcnepuMeHTAJIbHI MeTOAN OTPUMAHHSI NMPOMIAPKIB €JIEKTPOOCATKEHOI Mili Ta
iX mimactuuHoi xedpopmaiii 3a SMAT TexHoJi0Ti€EI0

2.1 Onuc obnaonanus

[TinroToBKa Ta ITOCIHIKCHHSI 3pa3KiB, a came: NuTiyBaHHS Ta MOJIPYBaHHS IUIACTHHOK
MOIKPUCTAIIYHOI Mifli, €IEKTPOTITUYHE OCAIPKCHHS Mii, TEPMIYHUHN Biaman 3pa3KiB, aHaJI3
3pa3KiB TPOBOAWIOCH Ha IITATHOMY OOJNaJHaHHI, B TOMY 4YHCII 3aCTOCOBYBAJIHCH:
MoupikoBanuii peHTreHiBebkuil nuppakromerp JPOH, ontuunuit mikpockorn [lomam P-312.
B po6oTi BOOCKOHAI€HO Ta BUKOPUCTAHO MPUCTPIM Uil KEPOBAHOIO €JIEKTPOJIITUYHOIO
OCaJPKEHHsS MiJll Ha MiJHI MiAKJIAIKH, MPUHLUIOBA cXeMa SKoro 3o00paxkeHa Ha Puc.l. ta
eKCIIEpUMEHTAJIbHY YCTAaHOBKY JJIsl MeXaH14HO1 00poOku 3pa3kiB (SMAT — TexHoJori1).

- [ A A
Hoytbyk, Migcunooumia PeneiHMi
> USB-UART |#» T = — i
MK KowTponep uan KacKag Bnok N Buxia
| I —

!

MoHUHYIUMA Gnok

T

brok
crabinizauii

T

QineTp N:epeno
HMHBAEHHA HHBAEHHA

2208 ™

Puc. 1. [IpuHnMnoBa 6J10K-cXeMa yCTAaHOBKH IS KEPOBAHOTO EIEKTPOTITUHIHOTO
OCaKEHHS.
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Jns ympaBiiHHS TPOIECOM  EIEKTPOIITUYHOTO OCaDKEHHS PO3pOOJICHO arapaTHO-
nporpaMHuii Komruiekc. IlpumagoM MokHa KepyBaTh O€3MOCEPEIHBO 3  KOMIT OTEpa,
3a[jal0YM MOTPIOHUN PEKUM EIEKTPOOCaHKEHHS B pO3pOOJICHOMY ITPOrPaMHOMY CEpPEI0BHUIILI.
CriouaTKy po3paxoBY€ETHCS YacoBa 3aJI€KHICTh Hapyru. OTpUMaHi 3HAYEHHS HAIPYTH Yepe3
3a/laHl MPOMDKKK 4Yacy HaACHIAIOThCsA depe3 meperBopioBad USB-UART B po3poOneHuit
koHTposiep [14]. lanmi curHam mepeTBOPIOEThCS B aHAIOTOBUHN TuIl 3a qomomororo I[AIT Ta
Wae Ha migcwmorounit kackazn. [licns 1mporo oTrpumaHa Hampyra MNPUKIAAAETHCS 10
€JIEKTPOIB ENEKTPONITUYHOT KOMIpKU. B mpucTpoi peanizoBaHO HpoIenypy BUMipIOBaHHS
HAIPYTU Ta CHWJIM CTPYMY B €JIEKTPOJIITUYHIN KOMIpIIl 3 BUKOPHUCTAHHAM 3BOPOTHOTO 3B’SI3KY
koHTposepa 3 [1K. 3aBmsaxu uiit pyHkuii BinOyBaeThes (ikcallis peabHUX 3HAYEeHb HANPYTH
Ta CWJIK cTpymy [ 14].

B HmspkowacrotHomy SMAT mpuctpoi ponb reHepaTopa KOJIHMBaHb BHUKOHYE
€JICKTPOMEXaHIYHUNA KOJMBAIBHUN MeXaH13M MOTyXHicTio 10 BT, sikuii Oyso migkiIr049eHo 10
reHeparopa 3ByKOBHX KOJIIMBAaHb Yepe3 IMiICHIIIOBAY MOTYKHOCTI 3 HU3BKUM BXITHUM OTIOPOM.
Yacrora konuBaHb craHoBuiaa 2501, B nienTpi miadparmMu 3akpirmieHO MOPIICHb JTiaMETpOM
24 mm. Kamepa, B sKiii BinOyBa€Thcs KOJHMBAHHS MOPIIHSA Ta PyX KyJbOK, BUKOHAaHA 3
TOHKOCTIHHOT TpyOoku. B mpuctpoi mns SMAT o00poOku B pomi pobodoro Tina
BUKOPUCTOBYIOThCS KYJIBKH 3 HEP)KaBilOYOi, HEMArHiTHOI CTaji, 3 TaaaKkor0 nmoBepxueto AlSI
304L piametrpom 3.175 mm. Kamepa, 3pa3ok, MarHiT mif yac OOpoOOKM HEpyXoMi, JIMIIE
KOTYIIIKA pa3oM 3 3aKpIIJICHOIO Ha Hil IJIOMIAIKOI0 KOJHMBAIOTHCS B3/I0BX BEPTHKAIBHOI OCI.
[Tpuctpiit nnss SMAT 00poOKku Mae HEBENUKI PO3MIpH, IO T03BOJISIE PO3MIIIYBATH HOTO Mif
KOBITAKOM BaKyyMHOTO MIOCTY JUISl IPOBEJICHHS 00pOOKH y BakyyMmi, aprosi tomo [15].

2.2 Iliocomoska ma 6uecomosieHts 3pa3Kie

[Tepen eneKTPONITHYHUM OCAPKCHHSAM Mifl MiAHI IuiacTUHKH, po3MipamMu 10*10 mwM,
npoiinumm  mponec nuripyBaHHS Ta moJdipyBaHHA. [loBepxHIO 3pa3kiB  HEOOXiTHO
HiITOTOBJIIOBATH JIJIsl aKTUBAIlil MPOIECY €IeKTPONITHYHOrO ocakeHHs [16] - mis 1mporo
OyJI0 MPUTOTOBJICHO XIMIYHUH PO3YHH, CKJIAJ IKOTO onucaHo B [15].

Jis mpoBeNeHHs eNeKTPOJIITUYHOTO OCa/PKEHHS MiJl Ha MiJHI IUIACTUHKH Oyio
HiATOTOBJIEHO €JEKTPOT HactymHoro ckiaaay 0,36MCuSO4*H,O +1,22MH,SO,4 [17]. B
SKOCT1 KaTo/ly BUKOPUCTOBYBaJIaCh MiJiHA TUIACTHHA, HA aHOJII OyB 3aKpiIuIeHUI HEeoOX1THUHA
3pa3ok. Bincranp MK KarogoM 1 aHozxoMm Oyna ¢ikcoBana — 5 cm. Enextpomir
BUKOpUCTOBYBaBcs 3a Temmeparypu 20°C [18], wac ocamkenns — 60 xB. Ilig uac
€JIEKTPOIITUYHOTO OCA/PKEHHS! BUKOPHUCTOBYBAIIMCH TaKi MapaMeTPH EIEKTPUIHOTO JDKepena:
niana3oH enekrpuyHoi Hanpyru: 0,5-0,85 B, miamazon cunu crpymy: 0,055-0,095 Alem? (mmB.
Tab. 1).

Jlns mpoBeneHHs eKCIIepUMEHTY OYyJI0 BUTOTOBJIEHO JIECSATh THIMIB 3pa3kiB (IuB. Tabi.
1). EnexTponiTuuHe oca/yKeHHS MiJli Ha MiHI MJIACTUHKHU MPOBOAMIOCS B 2 CTalliOHAPHUX
pexuMax, 1o BIAMOBIJAIOTH TOUukaM | 1 2 Ha puC. 2, B PEBEPCHOMY IMIYJIbCHOMY Ta
croxactTuuHomy pexkumax (Puc.3). ToBumHa HaHeceHoro npomapky craHoBmiaa 40 — 50 MKkM.

Tabmurs 1
XapaKTepuCTHKa BUTOTOBJICHUX 3pa3KiB
Ha3sa Pexxum enexkTposiTHYHOro [Tapamerpu | IlapameTpu e1eKTPOITITHYHOTO
OcaJl>KeHHsI Ta 00pOOKH SMAT OCaJI’KEHHS
00poOKH
3pazok 1 bes eJIEKTPOTITUIHOTO
0CaJKEHHS
3pazok 2 | be3 eNleKTpomiTHYHoro | 60 xB

ocamkeHus, SMAT
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ITponosxenus Tadmui 1

3pazok 3 | CramioHapHuii pexuM (TOUKa U=0,5B; j=0,07A/cm”
1, Puc. 2)
3pazok 4 | Cramionapuuii pexum (Touka | 60 XB U=0,5B; j=0,07A/cm”
1, Puc. 2), SMAT
3pazok 5 | CramioHapHu# pexuM (TOYKa U=0,85B; j=0,08A/cm”
2, Puc. 2)
3pazok 6 | CramioHapuuii pexum (Touka | 60 XB U=0,85B; j=0,08A/cm”
2, Puc. 2), SMAT
3pazok 7 | PeBepcHuii IMITYJTbCHUH U=-0,5-0,35B;
PEKIM j= 0,065-0,095 A/cm?
CxBaxHicts 0,4
Ilepiox iMmnynbciB: 3¢
3pa3ok 8 | PeBepcHuii iMImynbcHUH | 60 XB U=-0,5-0,35B;
PEKIM, j= 0,065-0,095 A/cm?;
SMAT CxkBaxunicts 0,4
Ilepiox iMmmynbCiB: 3¢
3pa3ok 9 CToXacTUUYHUI PEXUM U= 0,25-0,65B;
j= 0,055-0,085A/cM?
3pazok 10 | Croxactuunuit pexum, SMAT | 60 xB U= 0,25-0,65B;
j= 0,055-0,085A/cM?

BinmosigHa 10 3aaHUX YMOB €JIEKTpOIIi3y, po3MipiB 3paskiB (10¥10 mm) Ta BixcTaHi
MiXK KaToZoM Ta aHo0M (5 cM) mosspu3aliiiiHa KpuBa 300paxeHa Ha Puc. 2.

0,09,
0,081
< 0,07
.0,061
£.0,05
5 0,041
& 0,03- /
5 0,02
0,01
0,00

0,0 02 04 06 08 1,0
Harmpyra, B

Puc. 2. [Tonspu3ariitia KpuBa eIeKTPOIITHIHOTO OCAIKEHHS Mii.

Ha Puc. 3 300paxxeH0 4acoBi 3aJ€KHOCTI 3MIHUM HAIPYTy B €JNEKTPONITUYHIA KOMIpIIi B
BUIAJIKy HECTAL[IOHAPHUX PEXKHUMIB €JIEKTPOOCATKEHHS.
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Hamnpyra, B

1 Yac, ¢

a 0
Puc. 3. 3anekHiCTh HAIIPYTH Ha €JIEKTPOJax Bif yacy: a) peBepcHuil immynbcHuit peskum [10];
0) croxactuuHmii pexum [14].

B sxocti mpkepena Hampyrd ISl €NEKTPONITUYHOTO OCAKEHHS BUKOPHUCTOBYBABCS
amapaTHO-NMPOTrPAMHUI KOMIUIEKC, Oy/I0OBY Ta IPUHIIUI POOOTH SKOTO OmMHucaHo B poOoTi [14].

B pexumi croxacThyHHMX KoJuBaHb (reHepatop Uya) MiHIMajabHE 3HAYEHHS HANPYTH
ctanoBuiio 0,25 B, makcumanbshe 0,65B. 3HaueHHs HanpyTy B yaci 3MiHIOBaJIacsi BUMIAAKOBUM
YUHOM MIX JIBOMa craiioHapHUMHU Todkamu. binsg mmwkabo1 (0,33 B) Ta Bepxunoi (0,56 B)
CTaI[lOHapHUX TOYOK BiAXWJIeHHs Hanpyru craHoBuia 0,075 B.

[Ticnst BUrOTOBJIEHHS 3pa3KiB iX Oys0 3aHypeHo B pinke onoBo (250°C), moBepxHi
3pa3KiB 1 OJOB’SIHOTO pPO3IUIaBy OymnM 3a3faneriib oOpoOJieHI KOMEpPIIHHUM KaHi()OoIbHUM
M siko-aktuBoBaHuM (KMA) ¢durocom (Weld Team Decapant Liquid, Lincoln Electric Group)
[17]. Tlotim 3pa3ku Oynu MOMIlIEHI B KBapIioBy TPyOKy 3 arMocheporo Ar i TepMidHO
BigmaneHni B MydenpHid mewi 3a Ttemneparypu 210°C mporsrom 96 romuH. 3pasku
OXOJIOKYBAJIMCS HA TIOBITP1 JO KIMHATHOT TEeMIIEpPaTypH.

3. locaiaskeHHs] BUTOTOBJIEHUX 3pa3KiB

Otpumani 3pa3ku Oyad JOCHIKEHI METOJOM PEHTTEHOCTPYKTYPHOTO aHaji3y Ha
pentrenoaudpaxromerpi  JIPOH y  mMoHoxpomatnuHoMmy  FeKy-BUmpoMiHIOBaHHI.
AHali3ylouM YIIMpPEeHHs IMiKIB Ha JudpakrorpaMax MOKHAa BH3HAUUTH HAsBHICTb
MIKpOHANpyr Ta JIpiOHOAMCcIepcHicTh 3paskiB [muB. domatok 1]. [ns anamizy 3paskiB B
sKocTi etasioHa Cu Opanacst JudpakrorpaMa BiANaIeHoro nopomky Mifi (1us. Puc. 4a).

111 200 I - Cu eranon - 111 2 - 3pazox |
. -
= 100+ 2-3 1 = ) 200
5 ‘ 220 PasoK .§100 ‘ 3 - 3pazok 2
m 80- ==} 220
§ 311 § e
o 60 5}
| 1
o -
g 40 2 40 i
=} 222 g
E( 20-7 . ' E 204 ‘ | 222
A ‘|, - 2 =t . |.\ “_ )
od AV . a1 g ——
I | ‘ , , o+ A 2
60 80 100 120 140 60 80 100 120 140
Kyt nudpakmii 26 Kyt audpaxii 20
a 0

Puc. 4. [ludpakrorpamu 3pas3kiB Mijii: a) BiAMaIEHUI mopomok Miai (miHisg 1) ta
3pazok 1 (minis 2); 6) 3paszok 1 (minHis 2) Ta 3pa3ok 2 (miHis 3).
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Cnouatky Oyno mpoaHamizoBaHo audpakrtorpamu 3paskiB 1 1 2 (muB. Puc. 40) Ha
HasBHICTb MIKpPOHANpPYr Ta BCTAHOBJIGHHS pIBHSA MikpoaucnepcHocti. [l kpamoro
CIIpUUHATTSA JIiHIT qudpakTorpaM 3pasKiB Ha PUCYHKax Oyiau BigHOpMoOBaHiI B Mexax 100
OJIMHUIIH Ta pO3HECEH] BiAMOBIIHO HA 10 OIMHUIL BITHOCHUX IHTEHCUBHOCTEH.

B pesynbrati ananizy orpuManux audpakrorpam O0yJio BCTaHOBJIEHO, IO Y BIATAJIEHOTO
nopomky Mmiai (minis 1) mepeBaxae opienrtauis miomuH (111). B 3pasky 1 nepeBaxarorh
3epHa 3 opieHTamiero miomuH (200) ta (220), Tpo MmO CBIMYUTH BUCOTA BIIMOBITHUX IIKIiB.
Amnani3 mudpakrorpam 3pa3ka 1 Ta BiANAaIeHOro MOPOIIKY MiJi MOKa3aB, M0 B MpOKaTaHii
MijIi IPUCYTHS XapakTepHa akciaabHa Tekcrypa (220), Ha BiaMiHY Bif eTajgoHHOro 3paska Cu
(muB. Puc. 4a). [opiBusiaHs qudpaxrorpam 3paskiB 1 i 2 (quB. Puc. 40) moka3zaio, mo micis
SMAT oO0OpoOKM TiKM VYIIMUPIOIOTHCA, 10 CIPUYMHEHO HASBHICTIO MIKpOHANpPyr Ta
3MCHILIEHHSM PO3MipiB 3epeH.

111 111

2] A
5 bk 1 - 3pasok 3 § 1001 3 - 3pasok 5
Z 801 2 - 3pasok 4 B 80 4 - 3pazok 6
= S
Q Q
o e 200
60 -
g 200 = 60
= | =
5 40+ 270 311 = 40 220 311
Q Q
i 222

o |, Ew |z
.E I‘|, R ,‘I. S J“ = I\‘ .5 4
m Oy e m 04 3

60 80 100 120 140 60 80 100 120 140

Kyt nudpaxuii 20 KyT nudpaxmii 20
a 0

Puc. 5. [ludpakrorpamu 3pa3kiB miai: a) 3pa3zok 3 (minis 1) ta 3paszok 4 (JiHis 2);
0) 3pazok 5 (minis 3) Ta 3pazok 6 (J1iHig 4).

[Ticnst eAeKTPONITUYHOTO OCAPKEHHS MiJAl Ha MIAHI MIAKIAAKA B CTalllOHAPHUX
pexxumax 1 Ta 2 Takox Oysl0 IMPOBEIEHO PEHTTeHOCTPYKTYpPHMH aHami3 3paskiB (auB. Puc.
5a). AHani3 audpakTorpaM BKa3ye Ha Te, M0 B 3pa3Ky 3 po3Mip 3€peH MEHIIUH, TOPIBHSIHO 3
BUX1JTHUM 3pa3zkoM Mmiai [auB. Ta6n. 2]. B 3pasky 4, mo orpumanuii nicist SMAT o6poOku
3paska 3 (quB. Puc. 5a), MKy ymupuincs 3a paxyHOK 3MEHIIEHHs PO3MIpIB 3€peH Ta MOSBU
mikpoHanpyr. Ha Puc. 56 mpuBeneHo nopiBHAHHS nudpakrorpam 3paska 5 (iiHis 3) Ta
3pa3zka 6 (miHig 4). Bugno, mo micngs SMAT o6pobku 3paska 5 miku ymuprooTbes. Lle
YIIUPEHHS CIPUYMHEHE 3MEHIICHHAM pO3MIpy 3€peH Ta BUHUKHEHHSM MIKPOHANpyr B
3pa3ky. Ilicast eneKkTposiTHYHOrO OCAJKEHHsSI B CTallloHapHOMY pexumi (touka 1, Puc. 2)
YTBOPIOETHCS TEKCTYpPOBaHA MOBEPXHS MiJll 3 TepeBaXKHOIO opieHTariero momuH (200), (220)
ta (311). ¥ BUMajgKy eNeKTpONITUYHOTO OCAPKEHHS B CTalllOHapHOMY pexumi (Touka 2, Puc.
2) crnocTepiraeTbes nepeBaxHa opieHTauis mwiomuH (111). Mexaniuna o6po6ka 3paska 3 3a
SMAT TexHOJIOTIEI0 MPU3BOAWTH J0 3MEHIIEHHS KUIBKICTI 3€pPEH 3 OpIEHTAII€I0 TUIONIUH
(200) Ta (220). Tob6To, micns MexaHiuHOI 00poOKM 3pa3ka 3 BIIHOBIIOETHCS CTPYKTypa 3
nepeBaKHOO0 opieHTami€ero mionuH (111).

[ami tumm  3paskiB  (Puc. 6) Oynu BHUrOTOBJIEHI 3 3acTOCYBaHHSIM IPOLECY
€JICKTPOJIITUYHOTO OCAPKEHHS MiJll B HECTAI[IOHAPHUX PEKUMAX.
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Puc. 6. ludpaxrorpamu 3paskiB Mijii eIEKTPOOCAIHKEHUX B PEBEPCHOMY IMITYILCHOMY
pexxumi: a) 3pazok 7 (minis 1) ta 3paszok 8§ (nminig 2); 6) 3pasok 7 (inist 1), 3pasok § (miHis 2)
ta etasiony Cu (ntinis 3) 3a kyTiB nudpaxiii 52°-58°.

Ha Puc. 6 mnpusegeno nudpakrorpamu 3paskiB, 1o OylId eneKTpoOCaJKeHi B
pEBEpCHOMY IMIYJIbCHOMY pekuMi. B pesynbraTi anamizy orpuMaHux audpakrorpam OyIo
BCTAaHOBIICHO, 10 B 3pa3ky 7 mepeBaxae opieHtamis ruiomuH (220). Ilicns MexaniuHol
00poOKHM KUTBKICTh 3epeH 3 opieHTariero (220) 3MEHIIyeThCS, a KUIBKICTh 3€peH 3
opienTartieto miomuH (111) 36inbmryerscs (Puc 6a).

Taxox BcTanoBieHo, 1o miciat SMAT 006po0ku B 3pa3ky 7 3HUKAE TyOIEeTHICTH B JTiHI{
BiJ miomuH (222) (minia 2, Puc. 60). Lle BinOyBaeThcsi BHACHIIOK YUIMPEHHS MiKiB, IIO
CIPUYMHEHO BUHIUKHEHHSM MIKpPOHANPYT Ta 3MEHIICHHSIM PO3MipiB 3€peH.

[IpoBenenuii anamiz nudpakrorpam 3pazka 9 Ta 3paska 10 mokazaB, Mo Micis
EJIEKTPOITUYHOTO OCA/DKCHHSI B CTOXAaCTHYHOMY PEXHMIi B 3pa3Kax IEpeBa)Kae Opi€HTALlis
wronwH (111), (200) Ta (220). ITicnss SMAT 00poOKH MEPEeBaKHOIO OPIEHTAIIEIO TUIONIMH
crana (111) (nuB. Puc. 7a, ninig 2), mo € moxiOHUM 10 AU(PAKTOrpaMH BUXITHOTO 3pa3ka.
Jns 3paska 10 Tako mpUTaMaHHE YIIUPEHHS MIKIB, 10 CIPUYMHEHE 3MEHILIEHHSIM PO3MipiB
3epeH Ta HasBHICTIO MikpoHanpyr (Puc. 76).
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Puc. 7. ludpakrorpamu 3pa3kiB Mijii €1EKTPOOCATKEHUX B CTOXaCTUHUHOMY PEXUMI:
a) 3pazok 9 (minis 1) ta 3pa3ok 10 (iminig 2); 6) 3pazok 9 (minis 1), 3pazok 10 (minig 2) Ta
eranony Cu (iinis 3) 3a kytiB audpakiii 52°-58°.

B Tabn. 2 momaHo iHdopMaIio Mpo pPo3paxoOBaHI MIKPOCTPYKTYpPHI XapaKTEPUCTUKH

3pasKiB.
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Tabmus 2
MIiKpOCTPYKTYpPHI XapaKTEepUCTUKU 3pa3KiB
Hazsa Kyrtn Hamiemmpun | ®izuune | Posmi | BigHocHa
T pakiiHIX aB yumpenHs | p OKP | nedopmarris
iKiB 26, rpa. S Dl}iKL’ Ad/d, %
Etanon Cu 55,2; 136,15 | 0,160; 0,311
3pazoxk 1 55,179; 0,162; 0,360 0,01, 205,3 0,9
136,097 0,0909
3pazok 2: 3pa3ok 1+ 55,242; 0,205; 0,657 0,0705; 109,2 4,3
SMAT 136,151 0,4114
3pa3ok 3 55,357, 0,221; 0,581 0,0886; 45,36 1,5
136,223 0,3330
3pa3ok 4: 3pa3ok 3+ 55,262; 0,265; 0,801 0,1359; 19,23 2,5
SMAT 136,172 0,5582
3pa3ok 5 55,241, 0,194, 0,425 0,0340; 87,57 0,7
136,135 0,114
3pazok 6: 3pa3ok 5+ 55,316; 0,290; 0,770 0,1621, 17,35 3,0
SMAT 136,136 0,5267
3pazok 7 55,275; 0,180; 0,411 0,0400; 102,6 1,2
136,209 0,1514
3pazok 8: 3pa3ok 7+ 55,392, 0,264; 0,709 0,1348; 15,94 4
SMAT 136,123 0,3980
3pazok 9 55,261, 0,181; 0,370 0,0413; 89,69 0,6
136,169 0,0590
3pazok 10: 3pazok 9+ 55,334, 0,269; 0,778 0,1401, 30,0 4,1
SMAT 136,131 0,5349

Ha Puc. 8 npuBeneHo ricrorpaMu MiKpOCTPYKTYpHHUX XapakTepucTuk 3paskis 1-10, a
came oOnacreil korepeHTHOro poscitoBanHsa (OKP) Ta BinHOCHOT nedopmartii.
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Puc. 8. I'icrorpamu MikKpoCTpyKTYpHHX XapakTtepucTuk 3pa3kiB 1-10: a) posmip OKP;
0)BiHOCHA Jedopmallis.

3 ricrorpam BuaHoO, 110 SMAT 00pobka 3pa3kiB MPU3BOIUTH IO 3MEHILIEHHS pO3MipiB
3epeH (Puc. 8a) ta 30utbmenHs BimHocHO1 nedopmariii (Puc. 86). Takoxx Oyi0 BCTaHOBIIEHO,
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IO TICHS EIEKTPOJITUYHOTO OCA/DKEHHSI MIIlI pO3MIp 3€peH 3MEHIIYETHCS, MOPIBHSIHO 3
po3MipaMu 3epeH B MOJIKPUCTATIYHIN MITHIN TT1IKITaIII.

[Ticns tepmiunoro Biamanmy 3paskiB 1-10, momepeqHbO0 3aHypeHUX B OJOBO, B
mydenbHiii meui 3a temmeparypu 210°C mpotsirom 96 roamn B atmocdepi Ar, ix Oymo
JOCTIDKEHO Ha onTtuyHoMy Mikpockoni Ilomam P-312. Bugno, mo Ha iHTepdeiici
dopmyroTecs nBi inTepmeraniuni ¢paszu CusSn ta CugSns (Puc. 9).

Puc. 9. Ontuunmii 3HIMOK TIOBEpXHI 3pa3kiB: a) 3pa3ok 1; 0) 3pa3ok 2.

B pesynbrari aHamizy onTHYHHX 300pa)keHb 3aco0amu rpadidHOro pemakTopa, Oyio
po3paxoBaHO cepeAHio ToBUIMHY ¢a3zu CusSn B gociimkyBaHux 3paskax. [[ns uporo
3acobamu rpadigHoro pemakropa Oymno BumiieHo oOmacte ¢dasu CuzSn (Puc. 10), mortim
BH3HAuanach IJoma BUaIeHoi obnacti B mikcensax. Lnsxom aineHHs oTpuMaHoi o ga3u
Ha i1 JOBXKUHY OyJI0 pO3paxoBaHO Cepe/IHIO TOBIIMHY Mpoiapky ¢aszu CuzSn.

/£,

L s 7k s

100 v HHHEHEEEEEN| 00w HENNENEREEN

a 0
Puc. 10. Onrrrunumii 3HIMOK MOBEpXHI 3pa3kiB: a) 3pa3ok 9; 6) 3pazoxk 10.

AHai3 300pakeHHs] OTPUMAaHKUX 3pa3KiB MOKa3aB, 10 MAKCUMAaJIbHI PO3MIPU CEPETHbOI
TOBIIMHU TIpotnapky daszu CuzSn - 13,6 Mkm, a miHiManbHi — 3,1 MM (nuB. Puc. 11).
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Puc. 11. 3anexnicts cepeannoi ToBmmaA (azu CuzSn Big po3mipy OKP:
3pazok 1(H), 3pazok 2([1), 3pa3zok 3(A), 3pazok 4(A), 3pazok 5(@®), 3pazok 6(O),
3pazok 7(#), 3pazok 8(<>), 3pasok 9(%), 3pazok 10(%).

3rimHo 3 Puc. 11 B 3paskax, mo o0pooiieni 3a SMAT TexHoI0ri€0, CepeIHs TOBIIUHA
da3zu CusSn, mo Bupocna micis Audy3iiHOro BiAMany € NpUOIU3HO OJHAKOBOIO (~4MKM).
HaiiGinbpie 3HaueHHs cepelHbo1 TOBIMHU Mpomapky ¢a3u CuszSn criocrepiraeThes y 3pasky
1 (momipoBana BuximHa tuactmHka CU). Bymo TakoX BCTaHOBIEHO, IO EJIEKTPOJIITHYHE
0CaJPKEHHS MiJll TPU3BOAUTS /10 3MEHIIEHHS CepeHbO1 TOBIIMHU (a3u CuzSn.

4. BucHoBKH

B poGoti BiampanboBaHO TEXHOJIOTII0 OTPUMAHHS MPOILAPKIB €JIEKTPOOCAIKEHOI B
CTalllOHAPHOMY, PEBEPCHOMY IMITYJIbCHOMY Ta CTOXaCTMYHOMY pEXHMax MiJl Ha MiJHI
miaknaaky. Jls  KOHTPOJIO TpOLecy €JIeKTPOOCaPKEHHSI BHUKOPHUCTAaHO pO3poOIeHU
ABTOMATH30BaHWUH TPOTPAaMHO-AIAPaTHUN KOMIUIEKC. 3a JIOTIOMOTOI0  PO3pPOOIIEHOTO
NPUCTPOIO ISl HU3bKOYACTOTHOI TIOBEPXHEBOI MexaHiuyHOi 00poOku Teptsim (SMAT
00po0OKH) 3aificHEHO MOIU(DIKAII0 MOBEPXHEBHX MPOIIAPKIB 3pa3KiB Mifi, M0 OTPUMaHi
MICJIST €MEKTPOOCAKEHHS Ha MiTHI T AKIaIKH.

MeTogaMu pEHTIeHIBCHKOTO IH(pakiifHOro aHamizy gocmimkeHo BmumB SMAT
00poOKM Ha MIKPOCTPYKTYpy IOBEpXHEBUX IMpomapkiB wiai. IIpoBeneHi po3paxyHkKu
noKa3ajly, M0 YIIUPeHHS AudpakmifHuX JiHIA Big 3paskiB, OO OTPUMAaHI IMICHA
€JIEKTPOITUYHOTO OCA/DKEHHS MiJli Ha MiJHI TUIACTHHKH, 3B’S3aHO 31 3MEHIIEHHSIM pO3MipiB
3epeH. Ilicns oOpoOku 3pa3kiB 32 SMAT TEXHOJOTIEI0 TAaKOX CIIOCTEPIraeThbCs YIIMPEHHS
nudpakiiitnux mikiB. OJHAaK, Ha BIAMIHY BiJ 3pa3KiB 3 EIEKTPOJITHYHO OCAKEHUMHU
npoIuapkaMy Mifli, B IIMX 3pa3Kax YIIMPEHHS IIKIB BKa3ye HE JIMIIE Ha MOAPIOHEHHS 3epeH, a
I Ha HasgBHICTH MiKpoHamnpyr. byno BcTaHoBieHo, 1o micis oOpoOku 3paskiB 3a SMAT
texHoJjoriero pa3mip OKP 3meHmyThest mpubInM3HO BABIYI B YCIX PO3IIIIHYTHX 3pa3Kax.

OtpumaHi pe3yJbTaTH PEHTTCHOCTPYKTYPHOTO aHal3y J03BOJISIOTH 3POOMTH Taki
BUCHOBKH: MICJISI €TIEKTPOJIITUYHOTO OCAJKEHHSI YTBOPIOETHCS TEKCTYpOBaHA MOBEPXHS MiJli 3
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opienTariero mromuH (200) Ta (220). ITicas mexaniuyHoi 00poOku 3a SMAT TexHoNOTiE0
BIJTHOBJIIOETHCSL CTPYKTYpa 3 TIEPEBaYKHOIO opieHTawi€ero turomuH (111).

EnextpomiTiyHe OCa/pKEHHS Milli TPHUBOAWUTH, TAKOX, 1O 3MEHIICHHS CEepeIHbOI
toBuMHU azu CusSn, mo audys3iiHO BUPOCTa€E B KOHTAKTHIH 30HI MICIS TEPMIYHOTO
Bignany. BctanoBneHo, mo B 00poosieHnx 32 SMAT TeXHOJIOTI€r0 3pa3kax cepeaHs TOBIIUHA
dasu CuzSn meHmIa, HOK B HEOOPOOJNEHUX 3a IIIEI0 TEXHOJOTIEK 3pa3Kax, M0 MoTpedye
[MOJAJIBIIOTO 1 OLIBII IETAIIBHOI'O TOCIIKEHH.

IMopsxkn

ABTOpH BUCJIOBIIOIOTH TOJAKY 101l Kopomto f.J[. 3a 3MiCTOBHI JUCKYCIii Ta TOTIOMOTY
y BHKOHAHHI JociimkeHHs. Po6oTa BUKOHaHA B paMKaxX MPHUKIAIHOT AEPKOIOIKETHOT TeMU
MOH VYkpaiuu (Homep aepskaBHoi peectpartii 0117U000577).
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Honarok 1. [Ipoueaypa po3paxyHky (paKkTopiB yIUMpPeHHs MiKiB qudpakrorpam.
AHaizyoun ik AudpakTorpaMm MOKHA BCTAHOBUTH HACTYITHE:

1. Icrunne ¢iznune ymmpeHHs B iHTepdepeHiiitHoi iHii Moxke OyTH 3HalIeHa METO0M
arpokcuManii rimagkumu GyHKIisMH (po3nonin [Maycca, Komri ta mpoMibKHOTO po3MOALTY)
[19]:

S, = B—Db (po3noxin Komri)

S, =@1/2)(B—-b+.B(B—Db))(npomixuuii poznozin)
B, =+/B® —b? (posnoxin I'aycca).

2. ExcnepumeHTanpHa 3arajibHa IIUPUHA JIIHIA JOCIIIPKYBAaHOTO 3pa3ka B, BumpasieHa
Ha JyOJEeTHICTh, € TMOB’s3aHa 3 ICTUHHUM (I3MYHUM YIIUPEHHSAM Iiie€l JiHii B Ta
EKCIICPUMEHTAIBHOIO 3arajbHOI0 IIMPHHOKO JIiHIT eTajoHa, BUIIPABICHOI Ha yOJIETHICTB.
Bomna ob6umcaroerbes 3a Bupazom [20]:

=20 ®
[9(6-6,)-f(6-6,)
3. AmnanoriyHo, B — ictuHHe i3MYHE YIIMPEHHS JiHII JOCTIAKYBaHOTO 3pa3Ka,

MOB’s13aHE 3 YIIUPEHHSAM JIiHIT IOCTI/PKYBaHOTO 3pa3ka, 10 BUKIUKAHO MiKpOHAIpyramu
PEIIITKY M Ta YIIUPEHHSIMH JIiHii 13-3a IUCIEPCHICTI OJIOKIB N, BUPA30M:
ﬂ m-n
[N@©-6)-M(©-6,)

)

SIKII0 3 YMOB €KCIIEPUMEHTY MOKHA BCTAHOBUTH, IO iICTUHHE (Di3HUHE YIIMPEHHS JiHii
BUKJIMKaHE BUWHSATKOBO MiKpOHAaNpyramu abo 3MEHIICHHSM PO3Mipy KPUCTAJIB 10 BEIIMYMHU
meHnmoi 0,1 MikpoHa, TO BelMYMHA BiIHOCHOI Mikpoaedopmanii pemritku (4d/d) ta po3mip
kpuctaiiB (DukL) MOXyTh OyTH 00paxoBaHi 3a BUpa3aMu:

ad = _ B (3)
d 4196,
0944
e B -C08 By, . 4)

B mpomy Bumanky, mepei TUM SK OOpaxoBYyBaTH PIBEHb MIKPOHANpYrd Ta PO3MIp
obnacreii korepeHTHOrO po3citoBanHs (OKP), HeoOXigHO BCTAaHOBUTH, KA A0S y4acTi 000X
¢dakTopiB B (i3MYHOMY YIIMPEHHI KOXHOiI JiHil. ToO0TO, HEOOXITHO OKpPEeMO po3paxyBaTu
napamMeTpu m (BeJIMYMHA MIKPOHAIIPYTH) Ta N (IMCHEPCHICTH OJIOKIB) 3 CIIBBIIHOIIECHD:

M__m ©
d 4190,
0,944
Dike =————— (6)
N-COS Oy,

B npomy Bumanky, mepen THM, SIK 0OpaxoBYBAaTH MIKPOHAIIPYTH Ta po3Mip oOiactei
korepeHTHoro poscitoBanHsi (OKP) B 3pa3ky, He0OX1JHO BCTAHOBUTH, KA J0JIsI y4acTi 000X
¢dakTopiB B (PI3MUHOMY YIIUPEHHI KOXHOI JIiHIi, TOOTO MOTPIOHO OKpEeMO 3HAWTH MapaMeTpu
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m (BeIMYMHA MIKpOHAIIPYTH) Ta n (AUCTIEPCHICTH OJIOKIB). Benumumam M Ta N MOXXHA 3HANTH 3
HACTYITHUX CITIBBIIHOIIICHB:
m, 96,

i , 7
ml tgel ( )
lzl 1—4ﬂ+ 8ﬂ+1 : (8)
B 2 ] B
2
1 cos6, 1-4My g +2ﬂ-%
B, |2 cosb, B B B 196, ©)

P 1 cosBfy M jgM ], ™ 196,
B b b 96

2 cosé,
OTxe, TOPIBHIOIYM TU(PPAKTOTPaMu AOCHIHKYBAHHX 3pasKiB 3 AU(PaKTOrpamoro
eTaioHy 1 BukopucroBytoun ¢Gopmymu (3) - (6), MOXKHA BH3HAYUTH MIKPOCTPYKTYpHI
XapaKTEPUCTUKH UX 3pa3KiB: m (BETMYMHY MIKPOHANPYTH) Ta N (JUCIIEPCHICTH OJIOKIB).

Summary. Tiutenko V. M., Morozovych V. V., Diduk V. A., Kolinko S. O., Lyashenko
Yu. O. The influence of SMAT processing on microstructure of copper films electroplated
in steady-state, reversed impulse and stochastic regimes.

In the paper we investigate the application of low-frequency mechanical processing by
friction (SMAT technology) of copper films to polished polycrystalline copper in steady-state,
reversed impulse and stochastic regimes. X-ray diffraction methods were used in order to
reveal the influence SMAT processing on microstructure of surface layers of electroplated
copper. We found broadening of diffraction peaks measured for electroplated copper, which
indicates the grain refinement. The same effect is observed after SMAT processing of
surfaces. But in later case this broadening is also due to appearing of microstresses inside the
processed surface layers. Obtained results of x-ray analysis allow us to make following
conclusions: the textured surface of copper with preferential (220) orientation appears after
electroplating. The grains become misoriented again after SMAT processing of the
electroplated layer.The binary Cu/Sn diffusion couples were prepared on the basis of various
(electroplated and/or SMAT processed) copper substrates. It was found that the average
thickness of CusSn reaction layer formed at the reaction interface is much lower for the case
of SMAT processing of the involved copper substrate.

Keywords: Nanocrystalline materials, intensive plastic deformation, Surface mechnical
attrition treatment (SMAT), electroplated copper, copper/tin solid state reactions, X-ray
diffraction analysis.

Opneprxano penaxiiero 27.11.2017 [MpuiiasTo mo npyky 20.12.2017
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V]IK 621.3 PACS 02.60.Cb, 02.60.Lj, 02.70.Dh, 41.20.Gz, 44.10.+i
M.G. Pantelyat

APPLICATION OF THE FINITE ELEMENT NETHOD TO COMPUTER
SIMULATION OF ELECTROMAGNETIC AND THERMAL PROCESSES
IN INDUCTION COOKERS AND HEATED DISHES

In-house computer code EleFANT2D developed at the Institute for Fundamentals and
Theory in Electrical Engineering (IGTE) of the Graz University of Technology, Austria is
used to compute by the Finite Element Method distributions of electromagnetic and thermal
fields of household induction cookers. The code EleFANT2D and developed numerical models
are used during the Bachelor and Master students training at the Department for Electrical
Apparatus, National Technical University “Kharkiv Polytechnic Institute”, Kharkiv, Ukraine.
In the paper there are presented the developed mathematical and computer models, solved
equations, initial and boundary conditions. Obtained numerical results are described and
analyzed in detail. Numerical analysis carried out by students helped them to propose designs
of various inductors of induction cookers as well as to develop in their Bachelor and Master
Theses conceptual designs of induction cookers in whole. Illustrative examples are presented.

Key words: computer simulation, electromagnetic field, Finite Element Method, heated
dishes, induction cooker, thermal field.

1. Introduction

The Department for Electrical Apparatus, National Technical University “Kharkiv
Polytechnic Institute”, Kharkiv, Ukraine [1] is the only Department in Ukraine and, probably,
in Europe which trains Bachelor and Master students in the field of study “Electrical
Household Appliance”. Graduates of the Department are Electrical Engineers working in the
area of investigation, analysis, design and operation of various household devices for heating,
conditioning, cooking, etc.

To increase professional skill of its graduates the Department intensifies teaching in the
field of Computational Electromagnetics. In cooperation with the Institute for Fundamentals
and Theory in Electrical Engineering (IGTE) of the Graz University of Technology (TU
Graz), Austria, the Department uses widely the EleFANT2D computer code [2] developed at
the IGTE to build relatively simple finite element models and simulate electromagnetic and
thermal field distributions of induction cookers as examples of modern electrical household
appliances. This helps students to understand principles of computational electromagnetics
and make initial steps in practical numerical analysis.

2. Problem definition

Induction cookers represent a relatively new class of modern electrical household
appliances — electrical kitchen stoves which heat metal dishes by eddy currents generated by
electromagnetic field with frequency of 20-100 kHz. The main structural part of the induction
cooker is inductor — a one-turn or multi-turn coil, the alternating current flow in which
generates an electromagnetic field which in its turn induces eddy currents in heated dishes
with meal.

The typical designs of one-ring and two-ring induction cookers as well as their inductor
are presented in Fig. 1, 2, respectively. To investigate operation modes of household devices
under consideration (power, frequency and their temporal variation, duration of heating, etc.)
it is necessary to consider multiphysics phenomena taking place during their operation.
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Fig. 2. Inductor of the induction

Generally, the computer simulation represents a nonlinear multiply coupled problem
including electromagnetic and thermal fields. In our cases the electromagnetic field can be
solved independently of the temperature distribution without respecting the dependence of
electrical conductivity and magnetic permeability on temperature. This simplification is
acceptable practically without any negative influence on the results because of rather lower
temperature rise — till 240-280 °C (higher temperatures are unacceptable due to the possible
mechanical deformations of dishes as well as loss of nutritional quality of meal).

There are publications [3-6] devoted to induction cookers’ electromagnetic and thermal
fields computations using various formulations and approaches. The goal of the paper is to
present international collaborative academic activities of the Department for Electrical
Apparatus, National Technical University “Kharkiv Polytechnic Institute”, Kharkiv, Ukraine
and the Institute for Fundamentals and Theory in Electrical Engineering (IGTE) TU Graz,
Austria to intensify Ukrainian students training in the field of Computational
Electromagnetics using induction cookers as examples of devices under consideration. The
paper describes examples of computational models developed by Ukrainian students using in-
house computer code EleFANT2D [2] during their stay at the IGTE under the guidance of
their Austrian tutors as well as obtained numerical results and their utilization to develop
students’ conceptual designs of induction cookers.

3. Computational models of induction cookers

To facilitate students’ understanding of the basic principles of Computational
Electromagnetics, the finite element analysis of induction cookers’ electromagnetic and
thermal fields is carried out in 2D formulation. Figures 3, 4 show examples of
axisymmetrical computational models built using in-house computer code EleFANT2D [2]
developed at the IGTE. The first (the simplest) model includes (see Fig. 3) a copper two-turn
inductor, a pan made from soft ferromagnetic steel, a ferrite core, and dielectric subdomains.
In Fig. 4 the improved model of the induction cooker is presented. We consider a modern pan
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designed specifically for induction cookers: an aluminum pan with a thin bottom
ferromagnetic layer which is needed to obtain proper distributions of the electromagnetic field
and eddy currents in the bottom of the pan. In addition, a ferrite magnetic core of the
induction cooker is designed in such a way that can significantly improve its shielding
capacity, thus reducing the scattering of electromagnetic field of the inductor in the
surrounding area in order to increase the efficiency of the induction cooker.

1 2 3 4 5
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6
5 &3 wl-num frs of the coils{wires) 5
/, \ Zmm
mm——____________________________ = 4
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3 diwr 54 3
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Fig. 3. The first computational model of induction cooker.
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Fig. 4. The second computational model of induction cooker.

So, the second (more complicated) model includes (see Fig. 4) a copper three-turn inductor,
heated dishes (an aluminum pan with a ferromagnetic layer), an improved ferrite core, and
dielectric subdomains. The goal of students’ investigations is to understand the influence of
power, frequency, geometrical parameters of the models (see Fig. 3, 4), duration of heating,
etc. on the electromagnetic and thermal field distributions.
The time dependent distribution of electromagnetic field is described by [7]:
curl(lcurl A)+y%=\]m, Q)
7] ot

where A denotes the magnetic vector potential, p the magnetic permeability, y the electric
conductivity and Jex the harmonic current density applied to the inductor. Parameter vy is
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generally a function of the temperature T whereas p is a function of the temperature T and
magnetic flux density B. As said above, however, in case of a relatively small temperature
rise, the temperature dependencies are disregarded.

The eddy currents produced in electrically conductive bodies given by the second term
on the left-hand side in equation (1) give rise to the specific Joule losses w;:

oA Y
W, :y(aj @)
whose magnitude decreases roughly exponentially with the distance from the surface of the
heated bodly.

In fact, the complete solution of the parabolic equation (1) is unfeasible due to
relatively long time of the heating process. That is why we simplified the model by
considering harmonic magnetic field. Now equation (1) can be rewritten in terms of the
phasor A of the magnetic vector potential A [7]:

curlicurIAJr joyA=3,,. 3)
)7

The computations are carried out iteratively, and at each step the permeability p in
each element containing ferromagnetic material is adjusted to the real value of the magnetic
flux density. The specific Joule losses are then expressed as:

W, =y’ |A|2. 4
The temperature field is described by [8]:
div(AgradT) = ,oc%—wJ , 5)

where A is the thermal conductivity, p the mass density and c the specific heat. All these
parameters are generally temperature—dependent functions. The boundary conditions are
respected by convection while the thermal radiation is neglected because of the relatively low
temperatures.

Equations (3), (5) are solved in the axisymmetrical formulation by the Finite Element
Method [9, 10] using in-house computer code EleFANT2D [2].

4. Obtained numerical results

The distributions of electromagnetic and thermal fields are modelled by students using
EleFANT2D computer code. Examples of obtained distributions are presented in Fig. 5.
Figure 5,a shows flux density distribution in the model with geometrical parameters (see Fig.
4) diyn= 10 mm, b;= 16 mm, 3= 10 mm, 8, = 2 mm and frequency of current in the inductor
of 20 kHz. In its turn, Fig. 6,b shows steady-state temperature field distribution of the heated
aluminum pan with thin ferromagnetic layer.
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Fig. 5. Examples of obtained numerical results: a — electromagnetic field
distribution; b — temperature field of the heated pan.

b

Numerical analysis carried out by students helps them to propose designs of various
inductors of induction cookers as well as to develop in their Bachelor and Master Theses
conceptual designs of induction cookers in whole. Illustrative examples are presented in Fig. 6, 7.

Fig. 6. Designs of induction cookers’ inductors: a — 2-turn inductor;
b — 12-turn inductor.

Fig. 7. Conceptual design of induction cooker with 2-turn inductor.
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5. Conclusions

The Department of Electrical Apparatus, National Technical University “Kharkiv
Polytechnic Institute”, Kharkiv, Ukraine uses widely the EleFAnT2D computer code
developed at the IGTE to intensify teaching in the field of Computational Electromagnetics.
The finite element analysis of electromagnetic and thermal fields distributions of modern
electrical household appliances — induction cookers is carried out. Training computational
models of induction cookers are developed and investigated by Ukrainian students under the
guidance of their Austrian tutors. Obtained numerical results and their analysis are used
during preparation of Bachelor and Master Theses.
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Anotaui. Ilanmenam M. I. 3acmocyeanns memoody CKiHUeHUX eleMeHmie 0.4
KOMHN ‘10mepHOo20 M0OO0en08aAHHA e1eKMPOMACHIMHUX | MEN108UX NPouecie y iHOYKYIHUX
KYXOHHUX RAUmMAax i nocyoi, w0 Hazpieacmuocs. [HoyKyitini naumu s61s10ms co60io 8i0HOCHO
HOBULL KIAC CY4ACHOI eneKkmponoOymosoi mexHiKu — KYXOHHI eleKMpUyHi Naumu, sKi
posicpisaioms  mMemanesuti  NOcyo  GUXPOBUMU  CMPYMAMU,  SKI — CMEOPIOIOMbCA
enekmpomazuimuum noaem dacmomoro 20-100 kly. Ocmawunim yacom maxi naumu
ompumyloms  6ce  Oinbwl  wupoke  euxkopucmauns.  Kowmn ‘tomepue  moodeniosanns
eIeKMPOMACHIMHUX | Menjiosux npoyecie y IHOVKYIUHUX KYXOHHUX NAumax i nocyoi, ujo
HA2PIBAEMbCs, NPEOCMABIAE 3HAYHUL [HmMepec 5K 3 HAYKOBOI MOYKU 30py, MakK i 3 Memoro
niOB8UWEeHH s PIBHs Ni020MOBKU CMYOeHmi8 8i0N0sioHuUX cneyianvHocmetl. Memoo ckinueHux
elemMenmie € Haubinbul NOWUPEHUM YUCETbHUM MEeMOOOM PO38 A3aHHA 3a0ai 3a3HAYEHO020
kaacy. Ak npukiao uozo peanizayii, 01 pO3PAXYHKY MemoOOOM CKIHUEHUX eleMeHmis
PO3N00iNYy eNeKmpoOMAsHIMHO20 Ma MeNnio8020 NOAi8 NOOYMOBUX [HOVKYIUHUX NAuUm y
080BUMIPHIL NOCMAHOBYI BUKOPUCIOBYEMbCA 6lAcHe npocpamiue 3abesneuenns EIeFANT2D,
pospobnene 8 lncmumymi ocnos i meopii enekmpomextixu (IGTE) Texuiunozo ynisepcumemy
m.  Ipay, Ascmpis. Ilpocpama EIeFANT2D i pospobaeni pospaxynkosi mooeiui
BUKOPUCMOBYIOMbCAL NIO YAC NI020MOBKU Dakanaspie ma mazicmpie Ha kageopi « Enekmpuuni
anapamuy Hayionanvnoco mexniuno2o yuisepcumemy «XapKi6CoKuti noOJIIMExXHIYHUL
incmumymy, Xapkie, Yxpaina. Y cmammi Hagedeno po3pobOieHi mamemamuuHi ma
KOMRn'tomepHi MoOeli, PIGHAHHA, WO pPO38 A3VI0MbCs, NOYAMKOSI Ma 2SPAHUYHI YMOBU.
Onucylomvcsa ma 0emanbHO AHANI3YIOMbCSA  OMPUMAHI yucenvui pesyrbmamu. HucenvHull
aHanis, nposedeHull CmyoeHmamu, OOnoMie im 3anponoHy8amu KOHCMpPYKYii pi3HOMAHIMHUX
IHOYKMOpi6 [HOYKYIUHUX KYXOHHUX NAUM, a MaKkoxc pospoobumu y 0axKaiaspcoKux i
Mazicmepcokux pobomax npoexmu IHOYKYiuHux naum y yinomy. Haeedeno intocmpamugi
NPUKIAOU.

KiarouoBi cjioBa: KOMII'IOTEpHE MOJICIIOBAHHS, €JIEKTPOMArHiTHE TOJie, METO]
CKIHYEHHUX €JIEMEHTIB, HarpiTUi MOCY 1, IHAYKIIIMHAa KyXOHHA IJINTA, TEMJIOBE IMOJIE.

Opneprxano penaxiiero 13.08.2017 [MpuiinsTo 1o npyky 25.09.2017
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YAK 517.51 + 511.7 PACS 02.30.-f
I. B. 3ampiii

CIIOCIB 3AJTAHHS ®YHKIIIA, BUSHAYEHUX Y TEPMIHAX Q, -
30BPAKEHHS JIINCHUX YACEJ TA IHBAPIAHTAMM V iX 306PAKEHHI

YV pobomi poszensioaemvcs epexkmusHuii cnocio o3HauenHs HenepepsHux @Qyukyin f
susHayenux y mepminax Q,-300padicenns Opoboseoi wacmumu OIlicHO20 uYucia (siKe
susHauaemocs umosipuichum eekmopom  (Q,,d;,0,) 3 Ododamuumu Koopounamamu i €
V3A2aNbHeHHAM KIACUYHO20 MPIUKOB020 300pAdiCeHHs, OCKIIbKU CRiBnaoac 3 HUM npu

O e % ). A came: @pynxyii 6udy

Q. —_ AQ
f(AS )=AS ,0ea,,y, €4,

qay...op ... N2

© k-1
% _
Aty =Py + 2| Bacon ] 18,00
k=2 =

i npu yvomy ¥, = ¥, (0 (X), &, (X), ..., (X)), are y, =1 mooi i minvku mooi, xonu «, =1.
s nempusianvroeo npuxkiady gyukyii f sunaiioeno exsieanenmue oznauenms.
3uaiioeno cnocio osnauumu oosinvhy Gyuxyito f, ecmanoeneno kpumepiu icnysanms

HecKinuenHux pienie ymkyii. [osedeno, wjo npu 0, # 0, 6ci nHenepepeni yHKyii 3 ybo2o

KACY € KYCKOBO-CUHSYISAPHUMU.

KmouoBi cioBa: HemepepBHa (yHKIiS, KyCKOBO-CHUHTYIsipHa (yHkuisg, Q-

300pakeHHs NIMCHUX YHWCeN, MHOXKMHA DPiBHSA (YHKIIi, €KBiBaJIeHTHE O3HA4eHHs (crmoci0
3aJjaHHs), CHCTEMH PiBHSHb.

1. Beryn

B ocranHiii yac y KOHCTPYKTHBHIM Teopii HemepepBHUX (YHKLIH 31 CKIQIHUMH
JIOKQJIbHAMH BJIACTUBOCTSIMH IIMPOKO BUKOPUCTOBYTHCS PI3HI CUCTEMH 300pakKeHHS A1IMCHUX
qrcen sK 31 ckiHueHHuM [1, 2], Tak i 3 HeckiHueHHUM andasiTom [3]. a1 X TeopeTHIHOTO
aHaII3y 3aCTOCOBYIOTHCS SIK KJIAcH4H1 (TpajuiliiiHi) 3aco0M Tak 1 3acO0M METpPUYHOI Ta
HMOBIpHICHOI Teopii 4yucelsl, eproJu4Hoi Teopii, a TakoX Teopil (pakraniB (PppakTambHOI
reomerpii Ta (pakTanpHOro anamsy) [4, 5]. Ilpu npoMy IUIIIHUMHU € 171€1 caMOIOoIiOHOCTI,
camoadiHHOCTI, aBTOMOIeTbHOCTI [1, 6, 7, 8] To110.

VYV naHiii poOOTI MM pO3IIIAAEMO HemepepBHI (PyHKII, BU3HA4YEH1 3a JONOMOIOIO
camononioHoro Q,-300pakeHHs (koayBaHHs) uucen Biapizka [0;1] i «30epiratots mudpy 1»

[9], iHTEpec O AKUX BHHUK HA OCHOBI 3arajibHOTO 1HTEpecy A0 (YHKIIN 31 «CKIATHOIOY
JIOKAJIbHOIO CTPYKTYPOIO Ta HEOJHOPIAHOIO MOBEIIHKOI, 30KpeMa CUHTYJISPHUX QYHKLIN [4,
10] (nenepepBHUX (QYHKIIIH, MOXiHA SKUX Maibke CKpi3b y po3yMiHHI Mipu Jlebera nopiBHIOE
HYITIO).

Icnye ynmano po6iT NoB’sI3aHUX 3 CUHTYISIpHUMU pyHKUisMH [1-4, 6, 8, 10] 1 He icHYe
3arajibHOro crnoco0y ix 3aganHHsA. g KOXHOT (YHKIIT Ta CHCTEMHM KOJYBAaHHS Iie
iauBigyanpHo. Ak y XX cr. [4, 10] Tak 1 y XXI ct1. [3, 6, 8, 11] mocmigHuku npartyin
3HAUTH MaKCUMaIIbHO e(heKTUBHE O3HAUYEHHS, BAKOPHCTOBYIOUH MTPH [IOMY OTIICOBHI METO,
(GyHKILIOHATBHI PIBHAHHS, CHCTEMH piBHAHb Ta iHIIe. [lpu nociimkeHHI HemepepBHUX
¢GyHKIIH, SKi BU3HAYCHI 3a gomoMororo iHBapianta (mudpu 1) y Q,-300pakeHHi dncen, Mu

TaKOK CTUKHYJIHUCS 3 MPOOJIEMOIO: K JOCTATHBO MPOCTO O3HAUUTH (YHKIIT 3 111€1 MHOXKUHH,
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HE ONMUCYI0YM KOXHY UG py 3HaueHHs QyHKIii? ToMy gana poGoTa mpuCBsSIYeHA BUPIMIECHHIO
1i€ei mpobaemMu.

2. OCHOBHI NOHATTSA

Hexait A, ={0,1,2} — andasir, L=AxAxAx... — mpocTip NOCIiTOBHOCTEH
enemenTiB andasiry, Q, ={q,,0,,0,} — ¢dikcoBaHa MHOXHHa MOJATHUX MIHCHHUX YHCEl,
npudomy 0, +0, +0, =1.

Binomo [1], mo ms nosineHoro X €[0,1] icHye mocninoBHicTs (¢, ) € L, Taka, mo

0 k-1
= =A%
X ﬂal +é ﬂak gqaj _Aal"‘Z“'“n“" (l)
e =0, =0y, f,=0y+G.

0 k-1

Psn ,8(11 +Z ﬁak an_ Ha3uBaeTbesa Q, -IIpeCTaBIEHHAM 4HCIa X, a CKOPOYCHUIT
. i
k=2 j=1

Q3

samue X=A,., ,  — Horo Q, -300pakenHsamM. Ilepiog y Q,-300paxkeHH1 uncna (SKIO BiH

ICHy€) NO3HAYal0Th y KPYIVIMX AYKKaxX. ICHYIOTh uncina, siki MatoTh aBa Q,-300paxenHs. Lle

_ A%

g @ =Dl @) Bonu nasuBaroThcs

- Q
gyucia 3 nepiogom (0) abo (2), nmpudomy Acﬁ
Q,-payionanenumu, X MHOXKHMHA € 3JiYeHHOK. PemrTy 4ncen HasuBaioTh Q,-

IppayioHaIbHUMU.

1 .\
3a3HauuMo, O NpH , =0, =(, = 3 Q, -300pakeHHs € KIITACUYHUM TPIHKOBHM.

Osznauenns 1. Hexau (C,C,,...,C,) — ¢ikcosanuii énopaoxkosanuil Habip uucen 3

{0,1,2}. Luninopom pamncy K 3 ocnoeoio CC,...C, HA3UBAEMbCA MHOICUHA Agféz--ck 6cix

yucen X €[0;1], axi marome nacmynune Q,-306padsxcenns
Q%

€1 S 1 Prm
besnocepenubo 3 1aHOTO O3HAYEHHS BUILJIMBAIOTH HACTYITHI BJIACTUBOCTI IIMJIIH/IPIB:

Q — Q .
1) Acl?éz.‘.cm - UAcls&’:z..‘cmi '
ieA3

2) [0;1]=A= U U UA;ZJ“ 7151 IOBIBHOTO N ;
hehglpehy  Ihehy

m k-1 m

Q — _ AQ — — AQ — .

3) Acl?:Z...cm - [av b] , e a= Acl?:z...cm(o) - ﬂcl +;(ﬂ°k Hch ) ) b= Acl?(i,z...cm(Z) - a+1__1[qci !
= j= i=

X=A L, €A

4 1AS . |5 [Ia..

. . . Q
BHyTpinHiCTh HUIIHAPA TO3HAYAIOTh Vcliz__‘ck .

Posrnsnaroteest HenepepBHi Ha Biapisky [0;1] ¢ynkiii f , Bu3HaveHi piBHiCTIO
y = f (X) = f (ASfIZZ'--an~“) = AQB

Ny
ne mudpa y, Q,-300paskeHHs yucia Y 3a0BOJbHAE YMOBU:

1) y,=lea, =1
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2) axkmo nudpa y, BiOMIHHA BiA 1, TO BOHa 3alexuTh BiAg nepmmx N mupp Q,-
300pakeHHS aprymMeHTa X, ToOTo
Vo =V, (X) =@ (e, (X),...,2,(X)), neN.

Osznavenns 2. fxwo y Q,-306padicenni apeymenma X = AS

alaz...an...

i Q,-300padicenni
3HAueHHs PYHKYIT
— — Q3 —
y=f()= @2, , )=a% 2)

yugppa 1 3Hax00UMbCs HA MUX CAMUX MICYSX, m06m0 7, =1 mooi i minbku moodi, xoau
a, =1, mo kazsamumemo, wo gyuxyia f 36epicac yugpy 1y Q,-306paxcenni yucen 8iopizka
[0;1].

[Toznaunmo uyepe3 P, — MHOXHMHY Bcix HemepepBHHX ¢(yHKIiH f, mo 30epiraroth
mudpy 1y Q,-300paxenHi uncen Bigpizka [0;1].

Cnouatky po3risiHeMo HeTpuBianbHUEA npukian ¢yHkuii f eP, Ta sx s HbOTO
MOYKHA BUPIIIUTH MPOOJIEMYy KOMITAKTHOTO 33/1aHHSI.

3. ExBiBaJIeHTHE 03HAUYCHHS HETPUBIAJILHOI (l)yHKui'l' f 3 OHMM HECKIHUEHHUM PiBHEM

PosrisHemMo QyHKIO Y = fl(ASfa )=

}’172 e
%(1-0,)

1- Qo2
Y1ouHnMO oBU3HaYeHHS pet tudp 7, = @ (a4, ..., a,) gucna y = f(X).

Ioxnagemo y, =0 mpu o #1 1 f (A(O)) =f (A(Z)) A(OZ)

1. Skmo 300pakeHHS 4YHUCIIa TOYMHAEThCS IUdporo 1, To mmg Bcix N>m, ne

a, ,Aakuo a,,.,, =0,
o=a,=...=a, =1,ane a,, #1, y, =
2—-a. ,aKkuwo o, ,=2,neN
n 1 m+1 1 '
2. Slxmo 300pakeHHs uymcia mouuHaeThes mupporo 0 1 o =a, =...= ¢, =0, ane
a,,#0, Tonpu a,,, =2 1aBcix jJeN
| , KOJlu m— HenapHe, W=V ==Yy =0,
Vmej = 2_ _ Ta = = — =2
Q. » Komu m—napue, Vo= Va = = Vg, =2,

ne 2k—-1<m<2k+1.

Agxmo x «,,, =1=¢,,,=...=q,,,, ale ¢, #1, T0

m+r > m+r+l

m+r+1 = O I m= 2k
(04 .
e =2im=2k,

m+r+1

Vierej =
: C{ g =01 m=2k4,
e
m-+r+ j

m+r+1 = 2 I m= 2k

3. Sxmo 300pa’keHHs 4YWCIa MOYMHAETHCA mupporo 2 1 o =a, =...=a, =2, ane

A, , KOu m — napme,

. - — J
Ay #2,10TPH @ =0 TaBCix jeN maemo y,, ;=
2—a,,; Ko m—HenapHe.
j

Axmo x «,, =1=¢a,,,,=...=,,,, 1€ ., #1, T0
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a m+r+l = OI m= 2k
e Qppq = 2i M=2k +1,

Tmers = , a,.... =0im= 2k,
-
e Qg = 20 m=2Kk.

OueBuaHo, o ymoBa 7, =1<> «, =1 Bukonyerscs, Tomy f, € dyHkuiero, sika 36epirae
uudpy 1y Q,-300paxeHH] yncen.

Teopema 1. Qynkyionanvhe pieHsaHHs

f(x) = f(1(x)), x[0;:1],
— Q — AQ . . .

de 1(x)= |(Aa13a2...an...) = A[Zs—al][Z—aZ]...[2—an]... — ingepcop yudp [8], y kaaci gynxyii B,
mae 6e3niu po3e s3Kis.

Josedenns. Hexait K — noBijbHE HaTypaibHE YUCIIO, TOMI PYHKIIIS

o,(X), axwo xe[O;A%_om]

k

Q
X, AKwo xe{Ao 0(1)’A(13}
k

f(x)=
I(x), axwo {Aa)’AS 2(1)}

k

o,(X), akwo |:A§?.’.2(1);1:|’

k

Q3 — AQ — A%
ne Gl(Aalaz..Aakak l) - AalaZ‘“ak R2-oy g1 [~ 41 2( ‘710‘2 X1 ) - A[Zfal][Zfaz]...[Zfak]ak+l...ak+t... '

Hexail X HanexuTh nepuomMy nNpoMixKy, TOAl X = AO Oty gt
k

— Q3 - Q3 =A%
f(l (Ao Oak Pt )) =f (AZ...2[2—ak+l]...[2—ak+t]...) =0, (A2.4.2[2—ak+1]...[2—ak+t]...)) = AO...O[Z—ak_*_l].A.[Z—ak_‘_t].4.
k k k

A9
f(Ao Oak R )= 0'1( o Oak g )_AO.I;.O[Z—ak gl 2 1

a

Sxmio Xe[AO_?.O(l), (1)] TO X = AO Oay g 1 | <k abo x= Al 10aty it

k | p—l
fo=x.a fA()=F(A e g1 1) (a2 g1, ) = A ST

f(1(x) = f(A:L 12R-ay ) A2-ap e )= I(Al 1202 1 - - )= 1 10ap+l...ap+t... =X
p-1 p-1 p-1
-~ Q3 Q3 1
Hexait XE[A(l),A2 ow], TOM X = A2 2ay,y a0 A I <k abo x=AF ety ity |

k

f(x) = 1(X) . 3 iHmoro 60Ky

p

— Q _AQ —
f(l (Az 2a| 1 g )=f (Ao.?o[zfam]...[zfam]...)‘Ao.?.opfam]...[zfam]...—I (x),
fl (Al L2, )) f(Al -y, 102y, )_ 1. 10[2ﬂp pl2ay, _I(X)
p p p

Jns Xe[A2 2(l),l] OYEBHUIHO, III0 X = AL
k

1 BIINOBIJHO
2k2“k+1 LIS A A
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f( 2 20‘k+1 At )_ 2( 2 2ak+1 gt )_ 0 00’k+1 gt

f(l(Az 2641 ))— f(Ao 0[2 g} 120 g )- )= 0'1(Ao 0[2 g} 120y ) )=A o 06

OTxe, f € PO3B’SI3KOM (byHKmOHaJILHoro PIBHSHHS f (x)=f((x)).
Ockinbku K — mOBiNBHE HAaTypallbHE YUCIIO, TO OYEBHIHO, IO JaHE (QYHKIIOHAIbHE
PIBHSIHHS Mae 6€3114 po3B’s3KiB. O

k

. ) . o [X
3ayBaxkennsi 1. Qyukyia o, mac ananimuunuii upaz o;(X) =, 1| — |.
0

3ayBaxeHHs 2. Qynxyisa o, € ainitinoro na yuninopax K -eo paney, npuuomy

o,(X) :DR(X_B)+A’

0

k k k-1
de D:l_,!:q[Z—aj]’ DO:]:l[qaj’ B:ﬂal+ﬂa2qal+"'+ﬂak]:][qaj’
1= )= j=

k-1
A= P gy Tt ﬁ[z,ak]Hq[z,a e
i=1

Teopema 2. V knaci P, ¢ynxyionanvhe pisnsanms
f(x) = f(1(x)), x[0:1], ®)
npu ymosi
f(A(O)) A(02) 4
Mae eOunutl poss 5130k — ¢yuxyiio f .
Hoseoenns. I'padix xoxHOI QyHKII, fAka 30epirac uuppy 1 y Q,-300pakeHHi uucen,

POXOJIUTH Yepe3 Touky M (A(l), (1)) Sxmo f €P, i BukoHyeThCs yMOBa (4), TO

Q
A(ﬁg(l) npu k =2m,

_ k
Fedo) =] o
02...20(1)
k

B cuny piBHocTi (3) moctaTHRO mokaszartu, mo (yHkuis f, ska 3aJ0BOJIbHIE YMOBH

npu k=2m+1.

TEOpEeMH, OJIHO3HAYHO BHU3HAueHa Ha Bimpisky [O; A(l)] JU1s bOTO MOKa)keMo, 10 (YHKIIs

f onHO3HaYHO BU3HAUAETHCS HA KOKHOMY 3 BiIPi3KiB BUIY [A%.oa) ; AOQ.?'O(D] , ke N. binbme
k k-1

k k-2
- X
TOTO, BOHA € JIiHilHOW0, kKomu K — Hemapre, 1 f(X) =02q,2 | +A02 02..090)» KO k —
0 2
TapHe.

Hexait k =1. Ockinbku (4), To ¢(0) =0. Toxi f(AO(l)) Aoa)
[3-3a HemepepBHOCcTi ¢yHKmii ¢,(0,2)=2 i ¢,(1,0)=0. Tomy oueBHaHO, IO

f(AOZ(l)) A02(1) i f(Alo(l)) A10(1)
BpaxoByroun HenepepBHicTh (yHkuii, maemo ¢;(0,2,0)=0, 4,(0,2,2)=2 i Tomy

f (A020(1)) A020(1) , (Aozz(n) A022(1) Kpim Ttoro ¢,(1,0,00=0, ¢(1,0,2)=2 i
f(Aloo(l)) A100(1)’ f(Aloz(l)) A102(1) i1
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I3-3a HenmepepBHOCTI (QyHKLIi 1 Toro, mo BoHa 30epirae nudpy 1 y Q,-300paxeHHi

Q3 Q Q3 Q3 ; :
4KCENl, KOJKHA 3 TOYOK A10c3...cn(1)v A02c3...cn(l)’ AOl...lZcHB‘...cHn(l)’ Al...mcm...cm ) € IHBapIaHTHHUMHU
t t

npu posBimbHUX N,te N, je{l1,2}, ¢ € A,. Ockigbku X MHOKHHA TaKMX TOYOK € BCIOJH

uineHoI0, To f (X) = X 1IpH Xe[Ao(l); (1)]

Hexaii k=2. 3 ymoBu (4) BHUILUIMBAaE, IO f(AOO(l)) Aoz(l) i moppn ¢,(0,0,2) =0,
#,(0,1,0)=2  onxHO3HAaYHO  BH3HAYAIOTHCS, 3@  PAXyHOK  HENEPEpPBHOCTI,  TOJi:
f(Aoozu)) A020(1) f(AOlO(l)) A012(1)

Ockinbku f € P,, T0o Mae micne

X
f(A002a4 oy ) A020[2 a4] [2—¢, ] f(AOIOa -ap ) A012[2ﬂ4]...[2ﬂn]...’
Q — Q3 — A%
f(A001...12ak+4...an )= A021 10020 , 41 [2-1, )0 f(AOl...lOak+3...an...) = A01...12[270%3]...[27%]...
k k k k
st Beix o; € Ay, K,neN.

ToOTo, mus X E[Aooa); 0(1)]

Q3
f(AOaza - ) A0[2 az][Z ag] [2-« ] - ﬂO +qOA[Z—az][Z—aS]..A[Z—an]...'
3i 6 A% = A% oro A% =X Tox
IHIIOTO OKy X= Oa2a3 an ﬂO +q0 a2a3...an...7 TOOTO Aplg...a ... - q_ 01
0
X
I qo (Aa2a3 o ) A[2 az][Z a3] [2-a ]

X
Takum ynaom f(X) =gyl | — |+ A%ﬁ
do

[Mpunyctumo, mo Hami MipKyBaHHs crpaBeanuBi mpu K =2m.ToOro, mns Beix

Xe[AG o A%’..o o] Gyukuis f — miniiina, omke ii MOKHA NogaTH y BUTIALI
2m-1 2m-2

f(A% )=aa® +D,

0.0 apm 1 @myn- 0.0 apm 4--@min-
2m-2 2m-2

ne a>0, a,b — nificHi uncna. A Ha Bifpi3Ky [AS?.OG) ; A(S?_‘O @] Mae micue piBHiCTE

2m 2m-1
Q3
. é)...OlaZm...aZern... o
— = m-. 3
f (Ao Oatyp.. a2m+n...) - QO Q2 I 2m-1 +A02...02(0)-
2m-1 [0] 2m-2

[epeBiprMo, 4 BUKOHY€EThCS BUILE ckazaHe mpu K =2m+1 ta kK =2m+2.

Hexait k =2m+1, Toxi f(A0 Oty 1ty g )=6,+ 50, + 9,0, f (A% ).

0.0 @y g---Gomyn-

2m 2m-2
3aCTocyBaBI_HI/I HpI/IHyIHeHH}I, OTpUMaAEMO
- Qg
f(A ( 0 OaZm+l Aymingo ) - quZaAZO 02(12 % man + (b + qO (qO +q1))'
m
He MOopYyImyroIun 3aFaHBHOCTi, BUKOHA€EMO IICPECTBOPCHHA
f (A =% (8,40, 4020 Yo+, (G+0))=
O O‘7’2m+1 Dom+n+2- d 0 /700 "o 20 02a2m —1+%2m+n* 0\™0 "™
m—
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aq 2 Q3

=—=A +(b+ +0,)).
q 0"'0a2m+1'“a2m+n+2"' ( qO (qO ql))
0 2m
To6To f(AZ )=aA +h, ae a. = % i
’ 0...0a9m 1 @omins2- O Oaym i1+ %omyns2 ’ q
2m 2m 0
b, =(b+0q,(q, +9,)) — miiicHi uncna, 60 ¢, — IOAATHI JiHCHI.
Hexaii k =2m+2.Toni
Q
f(A =S + + f(A3 .3acToCyeMO MIPHUITYIIEHHS s
( o 0y 0 Fpmensn-- ) B + B0 + 90, ( O...OaZm...a2m+n...) Y puITyIn pat
2m+1 2m-1
k =2m, orpumaemo
Q3
o 20...010:2m...a2m+n..4 o
m-: 3
f (Ao Oty ooty oo ) :Bo +ﬂzqo + qoqzqo a, I 2m-1 + A02...02(0)'
2m+1 qO 2m-2
+8,0,H
. l m ﬂO ﬂOqO qO 20 Olazm Dlszrn... o
+ m 3
Tomi f(A% 020ty gttyy g )00 T Agz..0200)
2m+1 qO 2m
Q3
N 1 m 2()...01a2m...a2m+n... o
+. m+. 3
f (Ao Oy, Gy inin- )=0, Pmal +Aoz...oz(0)-
2m+1 0 2m

OTxe, piBHOCTI cripaBeuBi pu K = 2m+1 ta K =2m+2.
TakuM YMHOM, BUKOPUCTABIIU METO MATEMATUIHOT IHAYKIIi1, MU TOBENH, 0 (YHKILIS,
sKa 3aJ0BOJIbHSAE YMOBH TEOPEMH OJHO3HAYHO BHM3HAYAETHCA HA KOXKHOMY 3 BiIpi3KiB

Q% A . .
[Ac? 0y Ac’ o]y k€N Ta BKasanu mpomiKu 3poCTanHs i criaganHs GyHKIii.
k k-1
B cuiny onHO3HauYHOCTI BU3HAYEHHS OYEBUIHO, 10 (YHKILIOHAJIbHE PIBHAHHA (3) mus
Bcix X €[0;1] mpu mouatkoBiii ymoBi (4) B kiaci P, Mae enuHuUil po3B’sA30K, MPHUOMY 1€ —

C
byskuis f,.0
Hacainox 1. Ymosa f(A(O)) = A%?’Z) O0O0HO3HAUHO 6u3Hayae, wjo Qyukyis f mae ooun

HeCKIHYeHHULl Pi6eHb (MHoofcuHa f(y,) ={x: f(X) = y,} nasusaemvcs mmoxncunoro piens

Yo @yuxyii t), a came, y, = (02)

4. Crnoci6 o3HaueHHs HemepepBHUX ¢yHkuiii f, mo 30epiratots muppy 1 y Q-
300paKeHH1 Yncen

OueBnaHo, mo He Bei QyHkuii f , mo 36epirarote mudpy 1y Q,-300paxenHi yucen, €
po3B’si3kaMH (QYHKIIOHAJIBHUX PIBHSAHB YU iX rpadiky MaroTh SKICh CUMETPii, TOMY BUHHKAE
npobemMa KOMITAKTHOTO Ta €(EeKTUBHOTO 03HAUYEHHS TOBUIBHOL (byHKui‘l' 3 P.

Teopema 3. Koowcna nenepepsna ¢hynxyis f(Aala2 - )=A 7172 o WO 3bepicae yugpy
1 (6e3 npumnooicenns) y Q,-300pasicenni uucen siopizka [0;1], susnavaemocs cucmemoro

a - (1)+bk npu  xeA®
Cy...C, !
f (X) — a’' GCo---C

C-X+d, mpu xeAY

c’2...cl’<’
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oe

Kk

0 Q k k k t-1 F1[q71
3 3 [ J— —_ — — =
vclcz...ck # V“ic'z-~-°[<’ ak - li;[qai’ ak - ];l[qyjl bk - ﬁyl +;(ﬁyt lj:!qyj ), Ck K )

[ o,

i=1

Kk

k t-1 Hqu K t-1
d. =B, +2.8, 1, )-—— B, +2(B,]]a.) keN.

=1
ani
i=1
Ipuuomy, axwo Gyukyia mae 00un abo 08a HeCKiHueHHi pigHi, Mo 01 Hei mac micye
PpisHicmb

f(A%’) =A% npu i,y € {0,2}.

1797 (i[2-])

Kpim moeo, axwjo 0, #0,, mo @yuxyia f e cuneynapuoro na eiopizkax, oe eoma
X
susnauacmoca f(x)=a, -1(=)+b,.
a
k

Hoseoenns. llepma uudppa p, ¢yHkuii y= f(X) oxHO3HAYHOrO BH3HAUAETHCA
piBHOCTSIMU:

n=

{O npu o, =0, {2 npu o, =0, {0 npu o, =0,
= =

2 npu o =2 n= 0 nmpu o =2 0 npu o =2

2 npu a, =0,
=
2 npu o, =2.

BusnaunBmm ongHO3HauHO 1MQPY y, ICHYye JMIIe YOTHPH MOKJIMBOCTI IS
OJTHO3HAYHOTO JOBU3HA4YeHHs IHUpU y,. A 1e 3HaueHHs [yt 1Box map (¢, a,)=(0,0) i
(e, 0,)=(2,2), ockinbku A pEUITH Tap OJHO3HAYHMN BUOIp IMGOPU , IUKTYETHCS
HENEePEPBHICTIO.

31ACHUBILIY OJHO3HAYHUI BUOIp M(pH ¥, , 11 OJHO3HAYHOTO BU3HAYEHHS LIU(pHU 7,
ICHye 4YOTHpU BapiaHTH. BOHM [03BOJSAIOTH BUIBHO BHOpaTH 3HAueHHS s HaOopiB
(o, ,,05) =(0,0,0) i (g, x,,3) =(2,2,2), a U1 pEIITH BOHU JUKTYIOTHCS HETIEPEPBHICTIO
1T.0.

To6to, 3A1iiCHUBIIM OAHO3HAYHUI BUOIp U(PH Y, ; HEOJHO3HAYHUMU 3ATHIIAKOTHCS
Habopu (o, ,,....a,)=(0,0,...,0) i (o, ;... ) =(2,2,...,2), a e 03Hauae, MO QYHKIIA
OJTHO3HAYHO BH3HAYAETHCS HA BCIX LWIIHAPHYHUX MHOXXKHMHAX K -ro paHTy, OKpiM HWTiHAPIB

Q Q . .
A3, Ta A,3,. B cuy nenepepBHocTi ¢yHknii Yy = f(X) odeBHAHO, MO Ha DMITIHAPHYHHUX
k k

Q s ey
MHOXHWHax Aci:zzmck k -ro paHry, A¢ BOHAa OJHO3HAYHO BHU3HAYAETLHCA, € a0o IiHiliHOI a00

iHBepcHOIO (moAibHO0 10 iHBepcopa mudp Q, -300pakeHHs uucen). Toxi icHYIOTh Taki 4ucia

a,,a.,b,c.,d, eR, mo Ha koxHOMY 3 mnWIiHApiB (yHKIiS Oyne BH3HAYaTtucs abo

X)+b d i k

a -l (;)+ . a0o C, -X+d,, e 3Bakaroun Ha BHINE CKa3aHe Ta repiri K mudp aprymeHry
k

X=A% i 3HayenHs Qykmii f(X)=A

alaz...ak...

Q3

et OUCBHITHO, IO
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k

Hq}/j
% _an’ak qu'b = 71+Z( Hq ) 6= T—,

T

. i
i=1

k

[1a,
=B+ Z( quj)

i=1
ani
i=1
[Tpuuomy, sikio Bei piBHI GyHKIIT Y = f(X) ckiHueHHI, TO 3HaiAeThes Take K, 1o BCi

(8, + 38, T o)

mbpu  GYHKLIT OJHO3HAYHO BHM3HA4aThes 1 1 HabopiB (¢, a,,...,)=(0,0,..,0),
(.05, 00)=(2,2,...,2) .

ko x QyHKIS Mae xoda O OJMH HECKIHYCHHHWH PiBEHb, TO IS OJHOTO 3 HabOpiB
(sixm1o (pyHKIS Mae OMH HECKIHYCHHUH piBeHB) a00 OHOYACHO JJIs ABOX (SAKIIO (YHKITiS
Mae IBa HECKIHUEHH] piBHi) (v, 0,,...,...) =(0,0,...,0,...) Ta
(. 0y, 0 ,..) = (2,2,...,2,...) nounHaroun 3 geskoro K muadpu 7., %eir o Viins o
OJTHO3HAYHO BU3HAYATHCS 1 B CHITY HENIEPEPBHOCTI Ta O3HAYEHHs (YyHKIIIi, 110 30epirae uudpy
1 y Q,-300pakeHHi yncen, JOPiBHIOBATUMYTb 1, 2—1, i, 2—1, .., 1, 2—1, ..., ne 1 €{0,2}.
ToOro,

_ A% .
f(A(,)) Hgery (il2-i) TPU - L1 Y €1{0,2}.
JloBeeMo OCTaHHIO YaCTHHY TEOPEMH.

SAxmo Ha JeAKMX OWIHAPUYHAX —MHOXHHAX Acfcz < (GYHKIiST BU3HAYAETHCS
X . ..

a. - 1(=)+b, ne 1(x) — imBepcop mupp Q,-300paxenns uucen Bigpizka [0;1],
ak

. . . . X .
BIIACTHBOCTi AKOTO JOCHIIXkKEHO y poboTi [8], To oueBuano, mo i a,-l1(—)+b, Bomoxie
a
k

aHayoriyHUMHU BracTUBOCTAMU. Ockinbku ¢yHKuia 1(X) cuHrymapHa mpu (, #0,,

X
a -l (;) +b, Takox cHHrYJISApHa IpH O, # 0, .
k

5. BucuoBku
BukopucroByroun reopeMy 3, KoxkHY (QyHKIIIIO 3 Ki1acy P, MOKHa 03HaYMTU CUCTEMOIO

pIBHSIHB, SIKa 3Ha4YHO CIPOIIYE iX JOCHIKEHHs. Y poOOTI TaKoXk JOBEAEHO, o mpu (|, # J,
¢Gyskuii f € P, € KyckoBO-CHHTYISIpHIMH Ta BKa3yeThCsl KpUTEPiH iCHYBaHHS HECKIHUCHHHX
piBHIB.
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Summary. Zamrii I. V. A method for specifying functions defined in terms of the Q, -

representation of real numbers and invariants in their representation. There are a number
of problems associated with functions, one of which is the problem of effective ways of their
assignment and research. Recently, for this purpose, different systems of representations of
real numbers are used with both finite and infinite alphabets, one of which is Q-
representation numbers, first introduced in 1986 by M. V. Pratsiovytyi. It was used to study
singular, non-differentiable, non-monotonic distribution functions. We use Q -representation
of numbers for the specification and study of non-monotonic piecewise singular functions
defined by invariants in their representation.

In this paper, we consider continuous functions f that store the number 1 (without

multiplication) in Q,-representation the real numbers of the segment [0;1]. The latter is
determined by the probabilistic vector (q,,0,,0,) Wwith positive coordinates and is a

generalization of the classical triple representation: x= iB‘kak(x) EAZl“Z""Zn“" where
a,(x) e A, ={0,1,2}. In other words, we consider the functior;1 of the form
FAR, o V=AY |, . where a7, €A,
0 k-1
Agfaz...an.“ = Py 0 +;|:ﬁak(x)]gqaj(x)j|

and thus y, =y, (2 (X),a(X),...,a,(x)), but y, =1 if and only if «,=1. And another
problem is solved — an effective definition of such functions, both for the compactness of their
task and for the convenience of the study.

For a non trivial example of continuous functions that stores a digit 1 in Q,-
representation, and has one infinite level, an equivalent definition is found, namely, for the
function f , which is solution to the system of equations in the class of continuous functions

f(x) = f(1(x)),
f(AQ)= A

It is proposed a method for identifying an arbitrary continuous function f , which
stores a digit 1 (without multiplication) in Q, -representation.

It is proved that for ¢, = g, all continuous functions f are piecewise singular, that is,

they are distinct from constant continuous functions of bounded variation, the derivative of
which is almost zero (in the sense of Lebesgue measure).

Keywords: Q,-representation of real numbers, continuous function, lump-singular
function, equivalent to the definition (method of assignment), set of function level, system of
equations.

(02)*

Opneprxano penaxiiero 20.10.2017 [MpuiinsTo mo npyky 05.12.2017
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YJIK 622.278-6 PACS 02.70.Pt, 05.10.-a, 07.05.Tp, 62.20.Qp, 68.55.-a, 81.05.Mh

K. T'. JleBuyk

MPOILIEC PYHHYBAHHS HETOJIOHOMHMX B’SI3EM TPUXOILJIEHOI
BYPWJIBHOI KOJIOHU METOIOM INONEPEYHUX BIBPAIIIIA

3anpononosano OucKkpemHuo-KOHMUHYAlbHY MAMEMAMUIHY MOOelb NPoyecy 36i1bHeHHs
NPUXonienoi OYpuibHOi KOJIOHU, WO 8PAXO8YE OUHAMIUHe 30VpPeHHs, NPYICHY Oepopmayiro
BIILHOT YACMUHU KOMNOHOBKU OYPUTbHUX MPYO, (hOPMYBAHHA HABAHMANCEHHS HA NPUXONIEHY
30HY MA OUHAMIKY NPUXONIEHOT KOMNOHOBKU OYypuibHux mpyo. Moodenb ckiadeno y unaoxy
PO3MiWeHHs 8IOpayitino20 MexaHizmy noOau3y 30HU NPUXONIEHHA OYpOoB8oi KONOHU Oif
30ypenHss nonepeyHux eiopayin. 3adayy 6usiibHeHHS OYPUIbHOI KOJIOHU PO36 S3AHO 3
VPaxy8aHHAM 308HIUHBOI CUNU, 32eHEePOBAHOI 8IOPAMOpPOM, I CUL ONOPY NPUXONJIEHOI mpyou,
BUKTIUKAHUX MUCKOM HA Hel 2IpcbKoi nopoou. B ocHo8y 3anponoHo8ano2o memooy noKido0eHo
PIBHAHHA NO3008ICHIX 1 32UHATLHUX KOJIUBAHL NPYICHO2O CMPUIICHA — Oughepenyianvhi
PIBHAHHA 2inepOoniuH020 MUNY 8 YACMUHHUX NOXIOHUX 3 080MA HE3ANEeHCHUMU 3MIHHUMU, a
MAKoNHC MONEKYIAPHO-MeXaHiuHy meopilo mepmsa. Y npoyeci po3e’sazamns cucmemy
oughepenyianvrux pisHaHb 36e0eHo 00 3adaui LLImypma-Jliysinns 3 kpatiogumu ymosamu I ma
11 poody 3 nacmynuum 3acmocysannsim memoody @yp’e. Qoepoicano hopmyau 05t GU3HAYUEHHS]
MUCKY NOPpOOU HA OYpUbHY mpyoy 0/ pi3HOMAHIMHUX 8udie npuxoniens. Chopmynrbosano
pekomeHoayii w000 3MeHWeHHs Koepiyienma mepmsa 3a PAXYHOK  BUKOPUCTIAHHSL
gibponpucmpois. Y niocymKy ompumaro 3aiedxicHocmi, AKi 00380J810Mb, CKOPUCTIABUIUCD
pe3yiomamamu  2e0Qi3UYHUX  OOCAIOHNCEHb Y  C8EepPONIOGUHI, OYIHUMU  eqheKmuUBHicb
3acmocy8ants 8ibpayitinux npucmpois onsa nikeioayii asapiti npu OypiuHI, He NOPYUUBUIU
miynocmi mpy6. Ilposedeno ananiz 6naugy HU3LKOUACMOMHUX KOIUBAHL HA Koeghiyienm
mepmsi 6ypuibHux mpyo 006 CmiHKy c8epono8uHu npu 30ypenni nonepeunux siopayii. Haoano
pexomenoayii woodo niobopy uwacmomu U aMniimyou 30YpPr6aIbHOI CUIU, WO O00380UNDb
BUBLILHUMU NPUXONTEH) KOAOHY mpy0 i 3anobiemu ix pyuHy8auHIo.

KiouoBi cjioBa: XBUITbOBE PIBHSHHA, JIKBiJallisl TMPUXOIUIEHb, BIOpaTOp, CHUIU
MPUXOTUICHHS, 3TMHATIbHI KOJIMBAHHS, CBEPATIOBUHHUIA OCIIHIISATOP.

1. Beryn

He 3Baxkaroum Ha Te, mro BiOparliiiHi METOAM JIKBiAAIllli MPUXOIUIEHb OYpPUIBLHOTO
IHCTPYMEHTY BiHOCSTH JO NPIOPUTETHUX HAINPSIMIB, BOHU 3aJIMIIAIOTHCS MalOBHBUEHHMHU.
[ITupoke BUKOPUCTAHHS BIOPOIIPUCTPOIB 3yMOBJIEHO MPOCTOTOK KOHCTPYKIIT Ta MOKIMBICTIO
0aratopa3zoBOro 1 JIOBrOTPUBAIOrO BUKOpHCTaHHA. OJHAK MPOIECH, IO BUHHUKAIOTH ¥
OypunbHii kosnoHi (BK) Ta 30HI MpHUXOIJIEHHS, HAATO CKIJIAAHI, TOMY OUIBIIICTE HAYKOBHX
JOCTIIP)KEHb 0OMEKYIOThCSI €KCIIEPUMEHTaIbHIMH poOOTaMH 1 HATYpPHUMH BUIIPOOYBaHHSMHU.
YucneHnHi BUNpoOyBaHHS, MPOBEAEHI Ha OypoBHX CBepAsioBHHAaX [1] 1 cBasX, 3aHypeHUX Y
IpyHT [2, 3], 3 METOI BHMBUYCHHS BIUIMBY BiOpalliii Ha BETMYWHY CHJI OTIOPY € BAXKJIUBUM
HIATPYHTSIM 711 CTBOPEHHS TeOpii BHUKOPHCTAHHS BiOpalifHUX METOMAIB JAJsl BUBLIbHEHHS
npuxomieHoi BK. Opuum 13 MeTOaiB TeopeTUYHOro OOIPYHTYBAHHS PEKOMEHJAIiH,
CHPsSIMOBAHUX Ha JIIKBialito npuxomieHs bK, 3anumaeTscs MaTeMaTHUHE MOAETIOBAHHS.

3 PO3BUTKOM CY4YacHOi KOMII'FOTEpHOI TEXHIKM CTa€ MOKJIMBUM CTBOPEHI CKJIaJHI
MaTeMaTHYHI MOJENI MiJHATH Ha SKICHO BUIIMUA pIBEHb, L0 JIO3BOJISIE JOCTATHHO TOYHO
OINMCYBATH TUHAMIYHI MPOIIECH, SIKi BiJOyBalOThCS B HAQTOBHX 1 ra30BUX CBEpIOBHHAX [4].
[TpyxHi cuiM, M0 BUHUKAIOTh BHACHiOK aedopmarii Tpyd BK, Thck mopoau Ha OypuibHi
TpyOM Ta BenMuMHA KOe(ili€HTY OMOPY € OCHOBHUMHU IapaMeTpaMH, 110 BU3HAYAIOTh CUIIH,
K1 HEOOX1THO MOA0JATH 32 JJOTIOMOTO0 BiOpompuiany.
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3amavuaMu JUHAMIKK OypHIJIBHOI KOJIOHM 3aiiMannch HacTynHi BueHi: B. I1. banmunpkuid,
I1. B. baimunekuii, B. 1. Bekepuk, I'. Byac, C. B. I'omoscekuid, 1. JI. I'ypees, [1. B. Jlelipinr,
@. Jlewni, A. I'. Kaninin, 3. I'. Kepimos, B. €. Konunos, M. A. Mucmok, B. M. MoiicumiuH,
I1. I. Oropoanikos, P. X. Cannikos, b. 3. Cynranos, €. K. IOnin, B. I'. SIcoB Ta inmi [5].

Bibpartiiiai nmpucTpoi HEPIIKO BUKOPUCTOBYIOTH JUIsl 1HTEHCHQIKAIl TEXHOJOTIYHUX
OpOIECiB Y PI3HUX IHKEHEPHUX KOHCTPYKULisAX. EkcrepumeHTanbHi BUIpOOyBaHHS
pesoHancHux sBuil, mnposeneHi P. III. AGieBum, b.I'. HoBinpkum, P. A. TaTeBocsiHOM,
S. E. Vkpaincekum 1 B. H. Uenomeem, mokazanu, 1[0 HH3BKOYACTOTHI KOJIMBAHHS
JIO3BOJISIFOTH IIBUIKO IEPETBOPUTH CyXe TepTs y B s3ke [6]. PoboTy BiOpaTopiB y OypuibHii
KOJIOHI BHCBiTIeHO y poOotax JI. b. Xysinoi, A. ®. [llaiixyraunosa [7]. IIpoGiemamu
BUHHMKHEHHS 1 JOCIIDKEHHS CHJI TEPTS MK TpyOamMH Ta CTIHKaMU CBEPIJIOBUHH 3aiiMaBCs
M. M. AnekcaHipoB, SKAWA BBaXaB, IO B3AEMOJisA Y BEPTHKAIBHUX CBEPAJOBHHAX
BIIOYBAETHCS 10 3aMKaM, a y TOPU3OHTAIBHUX — MO TuTy TpyOu. JlocmimpkeHHs, momaHi y
po6otax 3. C. Jlynpkoro mokasaiu, oo KOe(ilieHT TepTs UIid Pi3HUX BUAIB MOPIJ 1 THUIY
MPOMHMBAIBHOI  piIMHKM  3HaXoAsAThess B Mexkax  0,121-0,315. 1. JI. bapkan i
H. A. IlpeoOpaxxeHCcbKa MOKa3aid, 10 BUKOPUCTAHHS BiOpO30ypIOBayiB MpU MPAaBUIHLHOMY
BUOOpl YacTOTH ¥ aMIuIiTyau BiOpaTtopa CHIM TEpTS 1 OMOpYy, IIO AiI0Th Ha 30BHIIIHIO
MOBEPXHIO OypHIIbHOT TpYOH, BraeTbes 3MeHIUTH B 10—15 pasis [8]. BuBueHHsM MexaHi3My
BUHUKHEHHS CHJI TEPTS, IO OMHUCYIOThCS CUCTEMAaMHU HENIHIHHUX JU(epeHIiaTbHIX PiBHSIHD,
3aiimanuce M. A. I'anaxos i I1. IT. Ycos.

He 3Bakaroum Ha Te, 110 BEIHMKY yBary AOCHITHHUKIB OyJIO CIIPSIMOBAHO Ha 3’SCyBaHHS
MeXaHi3My, MPUYNH BUHUKHEHHSA, MONEpeKeHHs Ta JikBizauii mpuxoruienb BK, moci He
po3po0eHo IiTicHOI JUHAMIYHOI Monem. Y TofaHiii poOOoTi 3amporoOHOBAaHO TaKy
MaTeMaTHUYHy MOJEIb, 10 OXOILTIOE MPOIEC BiA IWHAMIYHOTO 30ypeHHs OYypHIIbHOT KOJIOHU
JI0 BUBUTBHCHHSI PUXOIUICHOT 30HU. MeXaHI4Ha CHCTeMa MICTHTh TaJleBy CHCTEMY, BUIbHY Ta
MPUXOIIEHY KOMIIOHOBKY OYpHJIBHUX TPYO AUISHKHN OypuiIbHOI KOJOHH, BiOpaTop.

VY naniii cTaTTi MPOMOHYETHCS AHATITHYHO TOAATH 1 OOTPYHTYBATH MPOLIEC BUBLILHEHHS
OypUIIBHOTO 1HCTPYMEHTY 3a JIOTIOMOIO0 BIOpaIlifHOrO METO/AY, BUKOPHUCTAaBIIN XBHJIbOBY
TEOpII0 MO30BXKHIX 1 3TMHAJIbHUX KoJuBaHb BK Ta Teopito TepTs.

2. MaTtemaTH4HAa MoO/eJIb PUXOIJIEHOI OYPUJILHOI KOJIOHM 3 OCHHJISITOPOM

11030062icHi KONMUBAHHA OYPUNLHUX MPYO

Po3paxyHkoBy cxemy OypHIJIBHOI KOJIOHH 3 BIOpaTOpoOM JIJIsi CKJIaJaHHS MAaT€MaTHYHOl
MOJIeJ IPEACTaBISIEMO K TUCKPETHO-KOHTHHYaJIbHY Ha puc. 1, a. YMOBHO po3aiiumo ii Ha
TPU CEKIil: TepIly 3arajbHOK JOBXHHOK |, M; Opyry — BUIbHY YacTHHY OOBa)KHEHHX
OypunbHux Tpyo (OBT), KiHenp sIKOi € TOJOBOI MPUXOIJIEHOI YaCTUHU OOBAaKHEHHX
OypwibHUX TPYO AoBXkHHOW |z, M; TpeTio — mpuxomieny 4dactuany OBT moexkunOoMO I3, M.
ITozHayaeMo IyCTMHY MPOMHUBAIBHOI PITUHU Ppix, kr/M%; a Matepiany, 3 SIKOTO BHTOTOBJICHO
TpYyOH, p, Kr/M>; 30BHITHIN Ta BHYTPILIHIN J1aMeTpu OypWJIbHUX TpYO Mepiioi cexmii i
oOBakHeHUX OypwibHHX Tpyo Dj, M i dj, m (i =1-3) BIAMOBIZHO; MOIYJb MPYKHOCTI
marepiany Tpyo E, H/M2

[MTo3momsxHi KomuBaHHs Uj(Xj,t) mepIoi Ta Apyroi cexiiii OypuabHOi KOJOHU SIK YaCTHH
iABIIIEHOTO CTPHXKHS OMUCYEMO XBUIILOBUMH PIBHSHHSAMH JPYroro MOpsAKY:

b; (%, t) + 2hu; (x;, t) _a'izui”(xi t)=9, =12 1)
Ac G; (%, 1) = azui (% ’t)/at2 , U (%, t) = ou; (%, t)/at; U (%, 1) = 82ui (% at)/axi2 )
h=a; 12l (pF +p,,Fi) — 3Benenuii xoediienT B’s3koro omopy (o — KoedilieHT
B3a€MOJI1 MPOMHUBAIBHOI PIAUHU 3 OypuUIBHUMH TpyOamu, c'l; Fi, Fausi — mmoma

. . . . . 2
MOTEPEYHOro mepepizy TpyOH 1 BHYTPIIIHBOTO KaHalTy TPYOM BIAMOBITHO, M*, 30KpeMa s
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muninapuanoi Tpyon F =x(D?-d?)/4, F_,=zd?/4); a = \jEE/(pFI + Py Feai)  —

MIBUJIKICTh PO3MOBCIOPKEHHS TI03/I0BXKHBOI XBIIII, M/C; § — MIPUCKOPEHHS BUIBHOTO TaJIiHHS,
2 .
M/c”, t — moTo4HHui yac, c.

. - TajieBa
O'J cucrema

OypuiIbHI
% 0 Tpyou
[ 2CeKIis
OBT OET
= 3cekuis
OZL OBT
% 5 =
O Lo i r—— CHJIA THCKY
“\_TIPUXOIUICHHS opoau
X
3 J0JIOTO .
a 0

Puc. 1. bypunbsHa KolloHa: a — pPO3paxyHKOBa cXxema; 0 — MPUXOILJIEHA CEKIIisl.
Fig. 1. Drill string: a— schematic diagram, 6 — sticking part.

[Mo3noBxHi KoiuBaHHS Us(X3,t) mpuxormienoi mistiku OBT omucyeMo XBHIbOBHUM
PIBHSIHHSM 3 YpaXyBaHHSM CHJI TepTsi Ha O0koBiii moBepxHi (puc. 1, 6), mo 3Mo/eNbOBaHI 3a
doiirom 3 enementiB Cen-Benana 1 Herorona — mogens 11IBegoBa—binrama:

05 (X3, 1) + 20,0, (%3, 1) — 85U5 (%, 1) = g — f 12, X] sign[u; (x,, V)], )
ne f — xoediuient teprs; 4, = 4, [ (PF, + p,;,Fon)ls — 3Benenuii koediuieHt Tepts TpyOH

06 cTiHKy cBepaIoBHHH, 1 = plLtg?(45° — A/2)g/2 (L — mepuMeTp NpPHXOMICHOT TPYOH, M,
30KkpeMa s HuiHApuuHOl L =7tDy; f— KyT BHYTPIIIHBOTO TE€PTS MOPOIH).

Jo nunamiuHux piBHSHB pyXy (1), (2) OypuibHOI KOJIOHM B HampsiMi CBEpPJIOBUHHU
HpUETHYEMO KpaiioBi yMoBH [9]:
EFu;(0,t) + myg = cou, (0,8) + myti, (0,t); u, (1,,t) =u,(0,t);  u,(l,,t) =u,(0,);

! [ ! 1 (3)
EFU(,t) = ERU 0.0 +a(F,~F) gl uj(l,) =w0,8), Uy(l,,t)=—-aFg (I, +1,+1,),

e Mg 1 Cp — Maca, KT 1 mo%)CTKiCTL, H/m pyxoMux yacTuH TajeBoi cucTeMHU; ( — T'yCTHHA
IPOMHBAJILHOI P1TUHH, KI/M".

Tlonepeuni konusanHns 6YpuIbHOI KOJIOHU
JluHamiky monepeuHux kosiuBaHb Wi(X;,t) cexiii BK MomemoemMo Takox 3rigHo Teopil
CTHCHYTO-CKPYYEHHMX CTPH)KHIB, III0 OMMCYIOThCS XBHJIBOBUMH PiBHSHHIMHU TilepOOTIyHOTO
TUITYy YETBEPTOTO MOPSAKY:
2,0V 2 - . .
bi Wi (Xi lt)_ai a(ui'(xi’t)vvi'(xi’t))/axi +\Ni(Xi1t) =0, 1=12

: , ; (4)
by, (Xg,t) —a; B(us (X, t)Wa (X5, 1)) /0%, + Wi (Xg, 1) = =44, Xs3,

ne b = \/ EJ, / ( P+ 0 Fai ) , MY/c (Jj — OcboBMI MOMEHT iHepIii Tepepizis GypHIBHOI
TpyOu, M, 30KpemMa ISt UM HIPUYHOT Tpyou J=7x(D; —d;)/64;
WiIV (Xi,t)=84wi(xi,t)/6xi4 : ui’(xi’t)zéui(xi’t)/axi : Vvi,(xi1t):avvi(xi’t)/axi :
Vi (%,,t) = 0°W, (X, t) /ot . BaxuBo 3a3HA4mMTH, MO MpyXkHi ockosi nedopmarii OBT uji(xi,t)
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0e3MmocepeTHhO BIUITMBAIOTh HA 3STHHAIBHI PyXH 0OBOXKHEHHUX OypUIIBLHUX TPYO.

Jaii ckimamaeMo KpaiioBi yMOBH IS TIOTIEPEYHUX KOJMMBaHb (4) BCIX CEKIii OypHIbHOT
kojoHW. BepxHiii kiHenp BK y momepeyHoMy HampsiMi HEpyXOMHH, TOMY IOIEPEUHI
nepeminieHHs 1 Kyt nmoBopoty [10] mopiBHIOIOTH HYIIIO: Wl(O,t) = Wl’(O,t) =0. Pa3om 3 Tum,

Ha cTUKY cekuiil BK nepemimenHs, KyTy MoBOpPOTY, CHIIM 1 MOMEHTH OJHAKOBI:
w(l,t) =w, (0,t), w,(l,,t) =w,(0,t), wi(l,,t) =w;(0,t), w;(l,,t) =w;(0,t), (5)
I (1, 1) = 3wy (0,1), w;(l,,t) =wz(0,1),  Jwill,t) = J,w;(0,1).

OcCkibKM HA BepXHbOMY KiHIII TpuxoruieHoi yacTuan OBT 3HaxoauThest ocumisiTop, a

HWKHIN KiHEIb BUIBHUM, TO:
wy(1,,t) =w(l,,t) =0, EJ, [Wg”(O, t) —w(1,, t)] =P(t), (6)
ne P(t) — 30yproBanbHa cuia, H.

Y mosoXeHHI CTaTUYHOI PIBHOBArW IIBHUIKOCTI Y TMOTOYHHMX Iepepizax OypuiIbHOT
KOJIOHH JOpiBHIOIOTH Hymio: U (x,0)=W(x,0)=0, | = 1-3, a mouyarkoBi nepeMilieHHs]
3HAXOJIMMO 31 CTATUYHHX PIBHSIHB PIBHOBArv OypUIHHOI KOJIOHHU.

Ockinbku muHaMivHi piBHsSHHS pyxy (1), (2) 1 (4) Ta xpaiioBa ymoBa (6) HEOAHOPIIHI,
TO 3aKOHU pyXY mepepiziB BK MicTaTh Tpu ckinagoBi — cTaTU4HY (CTal[lOHApHUI PO3B’A30K),
JOJJATKOBY CKJIAJIOBY BUMYIICHUX KOJMBAaHb 1 AWHAMIuHY (BUIbHI ¥ BHMYILIEHI KOJWBAaHHS).
Jis  3HAXO/KEHHS HETPUBIAIBHOTO PO3B’S3KYy CHCTEMH OIHODPITHUX PIiBHSHB, IO
BIJIMIOBIJAIOTh OTPUMaHi cUCTeMi Iu(epeHIiaTbHUX PIBHSAHB, CKOPHCTAEMOCH METOJOM
®yp’e. BignosiaHo 3akonu pyxy nepepiziB bK nogaemo y Burmisiai:

ul, (Xi 1) = X (Xi)Tl(t)’ V\ﬂ'i(xi 1) =Y, (Xi)Tz(t)1 i=1-3. (7
ne Xi(Xi), Yi(xj) — BmacHi ¢popMH MO3I0BKHIX Ta MONEPEUYHUX KOJIMBAHb MOTOYHUX TEPEpi3iB
oypwibHuX TpyO, T1(t), T2(t) — dyHkIii yacy. 3a gomomorow piBHocTel (7) i OXHOPITHKX
KpaioBUX YMOB, SIKi BIAMOBIAai0Th HeoaHOpinHUM ymMoBaM (3), (5) 1 (6), otpumyemo 3amauqi
[Mrypma-JliyBimuia. YacToTHI piBHAHHA OypuiIbHOI KOJIOHM BU3HAYalOTh MOBHUN CIEKTP Pik
BJIACHHX TI03/I0BXKHIX KOJMBAHb 1 P2k BIACHHUX TOMEPEUYHUX KOJTUBaHb bK.

Tlonepeuni konuganusa npuxonienux OYpUiIbHUX mpyo

3aKOH TMONEPEeYHUX PYXIB MPUXOIUIEHUX OypUIbHUX TPYO BIAMOBIIHO A0 3allMCaHUX
kpaifoBux ymoB (5) i (6), cramioHapHHX PO3B’SI3KiB, MOYATKOBUX YMOB 1 BIIACHHX YacTOT
HaOyBae BUTIIANY:

W3(X3,t) =y taX; t ‘5‘23)(32 + a33)(33 + a43X§ +
+(, + IZ)[Z(Il2 =51, + I22) +3(1, +1,)%,]P (t)/6EJ1 + (8)
+ZY31< (x)[BL; sin pfkt +B2,, cos p22kt +Cy (t)/(pgk - %],

k=1

ne &g, = — )2 /72027l (1, (81, +121, +91,) + 61, (21, + 41, +31,)) +12(8l, +91,)],
By =~ 4ol /12705 (A1, + 21, +315) | @y = 4l /85, 8y =~ 43 /1805, @5 = —14/36005
Y (Xs) =sh @, X, +CL, chw, X, +C2,, sinwy X, +C3;, COS @, X, @y = pzk/\/g-

Koedimientn ags, ais, @3, 33 | 843 BIAMOBIIAIOTH PIBHAHHIM CTATHYHOI PIBHOBArd, a
Ca(t) BusHawaemo 3a Teopemoro CrexioBa [11] muisxoM po3KIaJaHHS 3a BIACHUMHU

byHKIIIMU:
Iy Iy
Cy (D= f 03 (X5, 1) Yz, (X5)AX / IY;((Xa)anv 9)
0 0
1€ Gy (Xg,t) = —[l, (17 + 211, + 712 + (I, +70,) %, + X2 ) + 1% /3]P (1) /2E), .
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AHaroriuHo ctam iHTerpyBaHHs Blsy, B23¢ BU3HAYar0OTh 3 MOYaTKOBUX YMOB:

T, (0) = W (%, 00, (i), / Y2000k, Ty (0) = [0, 00y, (), / [Y2 (), =0,

(10)

3 orpumanoro po3B’si3ky (10) BUmMBae, M0 Ha BiJIbHI TOMEPEYHI KOJMBAHHS TIepepi3iB
OypuiIbHUX TpyO HAKIQMAIOThCA JOJATKOBI BHMYIICHI Ta BHCOKOYACTOTHI BUMYIICHI
KOJIMBaHHS, BHACNIJIOK 4oro 30yproBalibHA CHJIA, NMPHUKIAJEHA 10 MPUXOIJICHOI YaCTUHU
TpyOu, Oyme BiOpyBaTH 1 30ypeHI HABaHTAKCHHS OYyIyTh IJIABHO 3POCTAaTH 3 POCTOM
CepeHbOT BUAKOCTI 1eopMOBaHOI TPyOu.

TakuM YWUHOM, TIO3JIOBXKHI Ta TMOMNEpPEYHi KOJHMBAHHSA OYpWJIbHOI  KOJIOHH
CYMPOBOIKYIOThCS 30UTBIIICHHSIM MIOTEHIIAbHOI eHeprii vacTuHu BK, 1m0 3HaxoauThes BHIIE
30HM TPUXOIUICHHS. [3 30UIBIICHHSM BHUMYIICHUX KOJIMBaHb IIOTCHIIAJIbHA CHEpris
MIEPETBOPIOETHCSI Y KIHETWYHY, IO BUTPAYAEThCS Ha BUBLIbHEHHS mpuxoruieHoi BK.
YepryBaHHs XBIJIbOBUX MPOIIECIB Y pajianbHii mnomuHi BK 3yMoBiItoe 3MiHy noTeHIiabHOT
eHeprii BimpbHOT yacTrHH BK, 110 3011BIITyE THCK HA TIPCHKY TIOPOITY.

Ilpoyec 36inbHeHHs NpuxonieHux OYPUILHUX MPYO 6i0 HE20JOHOMHUX 8’A3el, WO
0OMedHCYIomb iX nepemiujenHs

HasBui wmeromm BuBimeHeHHs BK, 30kpema, i3 3acTtocyBaHHSM J1e0ajJaHCHUX
BiOpo30yproBauiB, 10 0a3ylOThCS Ha paJialbHUX NEpeMIilIeHHSIX OypuibHHX TpyO 3a
paxyHOK oOepTaHHs aebaiaHCca y CBEPUIOBHHI Ta HUKIIYHOT 3MiHU 30yPIOBAJILHOTO 3yCHILIISL.
[Toniepeuna BiOpariisi OypHIbHOT KOJIOHH BU3HAYa€ CTBOPEHHS TUCKY Ha TPChbKUN MacuB (puc.
2). Sk HachimoK, BinOyBa€ThCs YIIUIBHEHHS IUTACTHYHUX 1 HE3B’SI3HUX TMOPIJ, a TaKOXK
KOHTaKTHE PYyWHYBaHHS MIIHUX 1 MOHONITHUX mopin. Lle mpu3BoauTh 10 yTBOpPEHHS i
301IBIICHHS MIUTMHA MK TpyOamu ¥ TipChKMMH MOpPOJaMH, IO BH3HAYAE€ 3MEHIICHHS CHII
oropy.

Puc. 2. PozpaxyHkoBa cxema fie0anaHcHOIro BibpaTopa: a — KyTOBa HIBHJKICTb @ 1
SKCIIEHTPUCHUTET &, 0 — PO3IMO/IiJIeHa chila TUCKY nopoau P(X3) i 30ypro BasibHa cuina P(t).

Fig. 2. Schematic diagram of the unbalanced vibrator: a— angular velocity @ and
eccentricity & 6 — the distributed pressure force of the p(xs) and the perturbing force P(t).

TexHiuHI XapaKTePUCTHKH €NEKTPUYHHX 3ariu0IIOBaHuX J1e0aJaHCHUX BiOpaTOpiB, 110
3IACHIOIOTH KOJIMBaHHS 3 yacToToro 200 I, 3 BMOHTOBAHUM €JIEKTPOABUTYHOM Ta MaTUMHU
niamerpaMu HaBeieHO y TaOn. 1. ExcnepuMmenTtanbHi poOOTH 3 BHUBYEHHS €(EKTHBHOCTI
nebalaHCHOTO BIOpaTopa MOMEepeyHoi Jii Mo BUBLILHEHHIO OypribHUX TpyO [12] mokasanu,
0 y BHUMNAAKy HOro BHMKOPHCTaHHS 3YyCHIUIS, sK€ HEOoOXiaHe s BuBLUIbHEHHS bK,
3MEHIIYEThCA 0 9,9 pasiB [y CyriMHOK, A0 7,5 pasiB miusa mebeHto Tta 10 6,4 pasu ais
CYIIICKiB.
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Tabmns 1
[TapameTpu nebanancHux BiOpaTopiB
. MomeHT
Bi6parop Hiamerp, | [loxuna, | Excuentpucurer, |Maca,| 30yproBaiib neGananca,
MM MM MM Kr |Ha cmia, KH ot
IB-78 50 412 0,19 10 2,92 18,14
IB-102A 75 440 0,33 15 7,9 49,08
IB-95A 75 440 0,40 12,5 7,9 49,08
Jns  BUBUIBHEHHS OypwIBHHX TpyO0 HEOOXITHO 3PIBHOBAXHUTH  PO3MOIIICHE
HaBaHTAKEHHS P(X3) Ha BCifl AUISHII HPUXOIUICHHS, MO0 310JaTH CHJIM, ITOPOJKEHI

tuckoM mopoau Ha BK. 3rigHo emeMmeHTapHOi Teopii omopy MaTepiamiB IS JIHIAHO-
nehopMOBaHOI KOJIOHU TPYO 3YCHIUIS IOBUHHO JOCSATTH PiBHS HABaHTAXCHHSI, BUKIMKAHOTO
PO3IMOAUICHMM THCKOM TIOPOJIA Ha CTIHKHU TPYO:
EJ,W"(X,,t) > 14, X (11)
3a3Ha4uMMO, 1110 MiJ Ti€r0 BIOpALiHUX MPOIECIiB 3MIHIOEThCS TAKOXK KoedimieHT Tepts f
M1k TIOPOJIOIO 1 CTIHKOIO METaleBOi TPyOM BHACIHIIOK BUHUKHEHHS (i3MKO-MEXaHIYHUX abo
Gi3UKO-XIMIYHHX MPOIIeciB. 31 30UIBIICHHSAM aMILTITyu A = mﬂeﬁa)zg BiOpartii (Mg — Maca
nebamanca) kpuBa f(A) crae 6inbin momaororw. ToOTO, TP HEBETHUKUX CEPEIHIX MIBUIAKOCTIX
Cepe/IHs CHJIa OTOpY MOBOAUTH cede SIK B’SI3KE TEPTsI, MPOIOPIIiiiHE IBUIKOCTI, a Y BUIAJIKY
3pOCTaHHS aMILTITYIU JOCATHYTA «B’S3KICTh» crajae. Takuil edekT Ha3UBaIOTh BiOpaIitHuM
3TJIQ/DKYBAHHIM 200 3p1HKEHHSIM CyXOTO TEPTS IiJ €0 BUCOKOYACTOTHHUX BiOpariii. [TosBa
BHACIIII0K BiOparlii eexTy THKCOTPOMil 3HUKYE THCK MOPOIU HA IPUXOILIEHY TPYOy:

0,54,x2 %Kik t> 15 %2 /6

nie k — xoedimieHT MPOHUKHOCTI TOpoH, M, 1 — JHHAMIYHEH KoedirienTa B’ s3KocTi, [a-c;
B— KoedilienT, M0 XapaKTepru3ye po3cTpyKTypyBarts mopoy, (ITa) .

OOuparoun mnapameTpu BIOpalii: amIUITYyQy 1 4YacToTy, BapTO Mam’ ATaTH, IO
pyiinyBanHs BK moB’d3aHO 13 [i€}0 TEOJIOTIYHUX 1 TEXHIYHMX YUHHHUKIB TaKuX, SK
HanpykeHHs W nedopmarii. KO HanpyXeHHs NEPeBUILUTHh JOMYCTUMY BEIMYUHY B
OJIHOMY 13 Iepepi3iB TpyOU, TO BOHA 37A€POPMYETHCS 1 1€ MOXKE MPU3BECTH JI0 aBapii.

p(X3) =

3. PesyabTaTn
3a J0MOMOToK KOMIT'IOTEPHOTO MOJIENIOBAHHSA OYyJI0 pPO3paxoBaHO CIEKTP YacToOT
NOTMEPEYHNX KOJMBaHb (TaOJ. 2) s KOMIIOHOBKM OypwibHOT KojoHH: Mo = 9855 kr;
Co = 53 MH/m; E = 210 I'TIa; Dy, = 127 mm, D, = 177,8 MM, d; = 107 MM, dy = 71,4 mwm;
p = 7800 Kr/M>,; l, =1400m, 1,=130m, |, =40m; o = 48,4 xr/c, v = 380,4 «xr/c;
q = 1200 xr/m*; f=0,3.
Tabmums 2
BracHi yacToTH monepeyHux KOJIMBaHb OYPUIIbHOI KOJIOHH

Yacro-
Ta P21 P22 P23 P24 P2s P2s P27 Pa2s P29 P210

I'n 0,0015 | 0,005 | 0,010 | 0,017 | 0,026 | 0,036 | 0,048 | 0,063 | 0,078 | 0,096

YucenbHi pO3paxyHKH 3TiTHO OTPUMAHOMY 3aKOHY pyxy (8) mokazanu, 110 BUIbHI
nornepeyHi komuBaHHs BK ckimamaroTecs 13 CyKyNMHOCTI HEKpaTHMX TapMOHIK (Tabm. 2).
HocmimkeHHsaMu 0ys10 TiATBEPIKEHO, M0 TaKi KOJWBAHHS MAlOTh Mally aMILTITYy 1 JO TOTO
K IIBUAKO 3racaroTh (puc.3,a) i3 30UIBIICHHAM TIMOMHM TpUXOIUIeHHsS. HaTomicTh
BHUMYILIEHI KOJIMBAaHHS TapMOHINHI, a IXHS aMIUTITYJa 3pOCTa€ MO BCii IMUONHI TPUXOTIIEHHS
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(puc. 3, 0).

W, M
0,034

Puc. 3. [lonepeuHi koauBaHHA B niepepizax OypuiIbHUX TPYO: a — BIIAcHi 31
CIIEKTPOM YacCTOT Pazk; O — BUMYIIIEHI (JI01aTKOBA CKIIAI0BA).
Fig. 3. Transverse oscillations in the sections of drill pipes: a — own with spectrum
of frequencies pa; 6 — forced (an additional component).

3Moenbp0BaHi 3akoHU pyxy (8) Bubpanoi komnonoBku bK nokasanu, 1mo 30yproBajibHa
cuna P(t) 30ymkye HHU3bKOYACTOTHI TapMOHINMHI KOJMBAaHHS IO BCi 30HI MPHXOIICHHS
OypuiibHUX TPYO (puc. 4), sIKi MiACUITIOITHCS T0IaTKOBOIO CKJIa/10BOIO (puc. 3, 0).

Y0
Puc. 4. BiOpauiiini cuinu B nepepizax OypuiabHUX MeTaJleBUX TPYO.
Fig. 4. Vibration forces in the sections of drill metal pipes.

4. BUCHOBKH

B ocHOBy 3ampornoHOBaHOTO0 METOJy IMOKJIAJeHO XBWJIBOBI PIBHAHHS TinepOosiYHOrO
TUIY JAPYTroro 1 4eTBepToro mopsakiB. CkiaieHi CHUCTeMH JAU(EPEHIIaTbHUX PIBHIHBb
pO3B’s3aHO 3a Jonomorol MeroliB Dyp’e 1 ['anpopkiHa. BpaxoBaHO BIUIMB IMONEpPEYHUX
konuBaHb BK Ha cuiam THCKY TipChKOi MOpPOAM HA CTIHKK TPyO. Y MIJICYMKY OTPUMaHO
JUHAMIYHI  yYMOBHM JJIsi BHMBUIBHEHHS TNPUXOIUICHUX OypuibHMX TpyO. OOuucieHHs
3allPOTIOHOBAaHO BHWKOHYBaTH YHCEIbHHUMH METOJAMH 13 3aCTOCYBAaHHSIM KOMIT IOTEPHOI
TEXHIKH.

[TpakTruHi JOCTIKEHHS TIOKA3aJH, SIKIO 3aCTOCYBAHHSI OCITUJISITOPIB MO3/TOBXKHBOT il
3aJIMINAETHCS JOCUTh €(EeKTUBHUM MpU He3HauHid nowxuH1 BK, TO npu rmubokomy OypiHHI
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PEKOMEHTYEThCSI BUKOPUCTOBYBATH OCIIJIATOPH MOIMEPEYHOT i1, K1 TOTPIOHO BMOHTOBYBATH
B CIYEHHAX OypHIIbHOI KOJIOHU MOOJIM3Y 30HU MPUXOIUICHHS OYpUIbHUX TPYO, 3a0e3rmeunBIIn
IHTEHCHUBHY BiOpartiro.
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Summary. K. Levchuk. Destruction of Nonholonomic Constraints a Sticking Drill
String by the Method of Transverse Vibrations. The proposed discrete-continuum
mathematical model for releasing the trapped drill string takes into account the dynamic
excitation, the elastic deformation of the free part drilling pipe assembly, and the formation of
loads on the grabbed zone, as well as the dynamics of the adhered arrangement drill pipes.
The model is designed for the case of the location of the vibration mechanism near the drill
rig's grappling area for transverse vibration excitation. The task of releasing the drill string
is solved with account of the external force generated by the vibrator and the resistance
forces of the captured pipe caused by the pressure on them of the rock. The basis of the
proposed method is the equations of longitudinal and bending oscillations of an elastic rod —
the differential equations of hyperbolic type in partial derivatives with two independent
variables, as well as the molecular-mechanical theory of friction. In the process of solving the
system of differential equations was reduced to the Sturm-Lowville problem with boundary
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conditions of the first and second kind with the subsequent application of the Fourier method.
In the paper, formulas were obtained for determining the rock pressure per drill pipe for
various types of stuck. Recommendations are formulated to reduce friction due to the use of
vibration devices. As a result, dependencies were obtained, which allowed using the results of
geophysical research in the well, to evaluate the effectiveness of the use of vibration devices
for the elimination of accidents during drilling, without breaking the strength of the pipes.
The author conducted an analysis of the influence of low frequency oscillations on the
coefficient of friction of drill pipes on the wall of the well when disturbing transverse
vibrations. The recommendations on the selection of frequency and amplitude of disturbing
force that will free stuck pipe column and prevent their destruction.

Keywords: wave equation, elimination of stuck, vibrator, sticking forces, transverse
oscillations, well oscillator.
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YJIK 539.219.3 PACS 66.30.-h6, 81.20.Ev

.. Kopoas, Csaba Cserhati, Gergo Vecsei, B.M. Tiorenko

EKCHHEPUMEHTAJIbHE BUBYEHHSA PO3IIAZLY CIIVIABIB AL-ZN HIJ
BIVIMBOM TEMIIEPATYPHUX PEXHUMIB I JTE®@OPMAIII

Memoodamu penmeeHOCMpPYKMYPHO2O AHANI3Y MA eIeKMPOHHOI CKAHYI0YOI MIKpOCKONi
8UBYEHO esonoYilo (azo6020 ckrady ma mopghonoecii cnaasie Al-Zn nio Odicro naacmuunoi
degopmayii, mpusanoi eumpumKky npu KIMHAMHIL memnepamypi ma npu 0XO0JN00NHCEeHHI 3
piznoro weuokicmio. Iloxazano, wo Ha nesHux cmaodisix NpUpoOOHbLO20 CMAPIHHA Ma npu
NeBHUX WBUOKOCAX 0XO0JI00HCeHHs hopmyembces 0soghasnuti cman IT'IIK-meepoux pozuunis
HA OCHOBI ANOMIHIIO, 3 PIBHUM 8MICMOM YUHKY. Busueno ounamixy po3nady ma pe3yibmyouy
moponocito cnnasie Al-60(50)%Zn. 3aghikcosano asuwe Ooeghopmayiiinoco po3nady yux
cnnasie npu memnepamypi 100C.

KaouoBi caoBa: cmmaB  Al-Zn, tBepmmit  posumH, naedopmamis, posmap,
TudpaKkTOMETpis, CKaHylouYa eIEKTPOHHA MIKPOCKOITISI.

1. Beryn

[TocranoBka 3amad B JdaHid poOOTI BHU3HAYAETHCS SIK TMPUKIAAHUMH, TaK i
byHIaMEHTATFHUMH YHHHAKAMHU.

3 onxHoro OOKy, CIUIaBM AaJIOMiHIIO 3 LMHKOM, B TOMY WYHCIi JIETOBaHI TPETIM
KOMITOHEHTOM, IHPOKO BUKOPHUCTOBYIOTHCS y TIPOMHCIIOBOCTI 3aBISKH PSIY TEXHOJIOTIYHO
[[IKaBUX OCOONMBOCTEH, a MpPH BHUCOKUX BMICTaxX IMHKY IMpPOSBISIOTH 3[aTHICTH [0
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HaamiacTuaHocTi. [TapamMeTpu TBep0ro po34rHY Ha OCHOBI aTIOMIHIIO BU3HAYalOTh (Di3UyHI,
XiMI4HI Ta TEXHOJOTIYHI BJIACTUBOCTI I[MX CIUIaBIB Ta IPUCYTHICTh T'€TEPOrCHHUX
CTPYKTYpHUX ckiianoBuXx [1,2]. [Ipore, He AUBISIYMCH HA OaraTopidyHe BUBYCHHS cucTeMu Al-
Zn, 3aJMIIAIOTHCS 10 KIHIS HE 3’SICOBAaHMMH MOPAIOK 1 MeXaHi3MH (a30yTBOPEHHS B 00JacTi
koHneHTpanid muHKy 40 70 Bar%. OCKiIbKM CIUIaBH JAaHOI CUCTEMH € OCHOBOIO JUIS PSIY
TUTTEBUX 1 aeopMamiifHUX CIUIaBiB, CTAHOBUTH IHTEPEC BUBUYCHHS 3aJICKHOCTI MPOIECY
po3manay BiJg IIBHUAKOCTI OXOJO/KEHHS Ta BIUIMB MEXaHI4HOI aedopmarii Ha po3mai
OJIHOPIJTHOTO TBEPIOTO PO3UUHY
3 iHIIoro  OOKYy, Zniwt.%

HAsBHICTb  @X  TPbOX
[IOCJIIJOBHUX (o

TEeMIepaTypi)  KyIOJiB 600

posmany (muB. Puc.l) \\\ Liq.
Py 2o

10203040 50 60 70 80 90 100

pobuts crmiaB Al-Zn 3 _
MacOBUMH & 400 s a5 -
KOHIICHTPAIISIMA  ITUHKY ~ ¢ ) B+n '?‘
B 1HTepBai 50-70 p
BaroBux mpoueHTiB (i 200 /

a+7n

0c0o0IIMBO nooau3y
BaroBoi  KOHIEHTpaii
60% [UHKY) I[iKaBUM 0 20 40 60 80 100
MOJIEJILHAM 00’exTOM Zn/at.% |

ALt BHBYCHHA  KOHKY- Puc.1. liarpama ctany cUCTEMU alFOMiHIH-1IUHK.

peHiii ¢bazoBux

HEPEeTBOPEHD 1 BIUIUBY Ha

II0 KOHKYPEHIIII0 30BHIIIHIX YHHHUKIB, 30KpeMa IIBUAKOCTI OXOJIOJUKCHHS, BEIWYHHHU 1
MIBUIKOCTI Aedopmartii.

Sk BiIOMO 3 eMHipHyYHOro npaBuia KpokiB OcTBaipia, MPU MOXIJIMBOCTI JIAHIIOXKKA
(a30BHX MEPETBOPEHb BiJl BUCOKOTEMIIEPATYpHOiI (a3u 0 HU3bKOTEMIEpaTypHOI, cucTeMa
3a3BUYail 1/16 OKPOKOBO, BUOMPAIOUN KOXKEH pa3 He MepexiJl y OCTaTO4YHY, HaWBHUIITHIILY
¢a3y, 13 HalOUIBIIMM BHUBUIBHEHHSM €HEprii, a JaHLIOXKOK MepexoiiB y ¢a3u 3 MEHIIO
TEPMOJMHAMIYHOIO PYIIIIHOIO CUJIO0, aje 3aTe 1 3 HaWHWKYMM HYyKJIealiHuM Oap’epoMm.
[TepeBipuTH 11e MOKHA, OXOJIOIXKYIOUH, HAIPUKIIaA, 60-IPOIIEHTHUH CIJIaB AIIOMIHIIO-LIUHKY
3 PI3HUMHU MBUAKOCTSIMHU. ToJll MM MaeEMO IIAHC, B 3AJIKHOCTI BiJl IIBUAKOCT1 OXOJIOJKEHHS,
OTPUMATH CHCTEMY 3 OJIHUM, JIBOMa 200 HaBiTh TPbOMa TBEPAUMH PO3UMHAMH. AHAJIOTIYHY
JiI0 MOXe YMHMUTHU AedopMallis crijaBy — aJpke BOHA MPU3BOJUTH IO TeHepalii J0AaTKOBUX
nedeKTiB 1 BIAMOBIIHO, 10 MPUCKOPEHHS IEPEPO3IO0ILTy KOHIEHTpaLlli Ha aTOMHOMY PiBHI.

Psn mxepen (nanp.,[3,4]) BKa3yroTh Ha iCHyBaHHS JABOX TUIIIB TBEPAUX PO3UYUHIB Zn B
Al y By3bKili TemmepatypHiii obmactsax 350°C 270°C ta eBTekTHYHOI cymimn (a3 mpu
HU3BKUX TEMIIepaTypax, 0 GOpPMYEThCs 3aBSKU pO3Maay BUXIHOTO TBEPJIOTO PO3UUHY.

B namiit poO0oTi MU 3MIHIOEMO IIBHJKICTh OXOJIOJKEHHSI Ta BU3HAYAEMO YMOBH, IIPH
SKHUX peaizyeTbest JedopMaliifHuil po3na.

2. IlinroToBKa 3pa3KiB Ta METOIH J0CTi:KEHHS

CmutaBu Al-Zn 3 xonrnenTpaiero nuakKy 30 60 macoBux % Oysu BHIUIABIICHI 3 XIMIYHO
YUCTUX KOMIIOHEHTIB B IHJYKLIWHIA IMe4yli Ta rOMOreHi30BaHi HpOTSIroM 12 ToauH mnpu
temriepatypi 410°C. 3pa3ku y BUTTISAII AUCKIB AlaMeTpoM 15 1 TOBIIMHOIO 2-3 MM rapTyBaliu
Big Temmneparypu 400°C 1 mimmaBanu MmexaHiuHid gedopmanii 3 pi3HOIO MIBUAKICTIO Ha
YCTaHOBIII 3 MMaJIAl0YUM BaHTAXKEM.
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[[IBuaKiCTh 3MIHM TEMIIEpaTypy BapilOBaIHM 3a JOIMOMOTOI0 OXOJIOKCHHS 3pa3Ka y
pi3HUX cepepoBUINax (BOJa, Maclo, MOBITPS).

MiKpoCTpyKTypy 3pa3KiB BHBY&JIM Ha eJlekTpoHHOMY Mikpockoni Hitachi S-4300,
KpPHUCTaIIuHy CTPYKTYpy Ta (ha30BHUil CKJax - HA peHTreHiBcbkomy nudpakromerpi DRON y
Fe K, —BumnpomiHioBaHHi.

3aMIIKOBY KOHIICHTPALIiI0 IMHKY Y TBEPAOMY PO3UMHI BU3HAYAIH, ITOAIOHO 10 POOOTH
[5], 3a 3akoHOM Berapmaa. J[ist yTOUHEHHSI KOHIICHTPAIIIHOT 3aJIS)KHOCTI MapaMeTpy rpaTku
['IK-TBepaoro po3ynHy MPOBEACHO Npelu3iiiHe BUMIPIOBAaHHS CTaJIOl IPAaTKU 3arapTOBAaHUX
Bix Temneparypu 410°C 3pa3kiB psy CIUIaBiB 3 pI3HUM BMICTOM IMHKY. Ha puc.2 HaBeneHo
npukinan oO0poOku mudpakmiitoroi minii (400) ans etanoHy (BiAMAJEHUH MOPOIIOK
aoMiHi0), 3araproBanux ciuiaBiB Al-60%2Zn, Al-50%Zn Ta BUTpUMAHOTO MPH TEMIIEpaTypi
250°C cmnaBy Al-50%Zn. Buano, 1mo Bianan npuBOAMTE 10 3MIIIEHHA JU(pakuiiHol JiHiT
3aBAsku 30uTbmeHHI0 apameTpy I'IIK-rpatku npu 30i1HEHHI TBEPOTO PO3YMHY IIMHKOM 3a
paxyHOK posmamgy. OTpuMaHa KOHLIEHTpAIliifHa 3aJIeKHICTh CTaNOi TpaTtku ao0pe
y3rOJUKYEThCS 3 3aKOHOM Berapaa i mpencraBieHa Ha puc. 3.

3anexHicTb napameTtpa MNUK-rpatku TB. po3unHy Zn B Al

"o
108
100

a0,A

4,050

3
o0

d(A)=-0,00042*x + 4,04850

4,040

h \

4,020
0 10 20 30 40 50 60
KOHU. Zn, Bar%

70

Puc.2. AmpokcuMoBaH1 1 HOpMOBaHi 10 Puc. 3. 3anexxHicTh mapameTpy rpaTku
1HTeHCUBHOCTI Tpodii audpakuiinoro Kq- I'IK-TBepaoro pozunny Al-Zn Bixa
nyonety (400) 3pa3kiB. Fe Kq— MacoBO1 YaCTKH IUHKY Y CILJIaBl.
BUIIPOMIHIOBAaHHS.

3nmiBa HampaBo: Al — eranon, Al-50%Zn
Bianan mpu 250C, Al-50%2Zn, Al-60%Zn -
rapryBanus Big 400C.

Jlyiss BUBYEHHS BIUIMBY IIBHIKOCTI OXOJIOJUKCHHST Ha ()OPMYBaHHS CTPYKTYpPH CIUIABY
Al-60%Zn ©Oyno BHKOpUCTaHI TapTyBaHHS Y BOAY, TpaHC(POPMATOPHE MAclO, BiIbHE
OXOJIOJPKEHHS 3pa3Ka y MOBITPI Ta OXOJIOMKEHHS 3 Miuyto. TeMr 3MiHK TeMIiepaTypH 3pas3ka
BUMIPIOBAJIM TPUETHAHOIO JI0 3pa3ka TOHKOK XA-TepMomnapor, cCurHai sikoi (ikcyBanu
nupoBuM ocimuiorpadom. 3HaueHHs MBHAKocTeN oxonomkeHHs ckianu 1200 K/e, 80 K/e,
10 K/c 1 0,3 K/c BiamoBinHO Ui MpOLECiB rapTyBaHHS y BOAY, TpaHc(opMaTOpHE Macio,
BUIBHOTO OXOJIO/PKEHHS 3pa3ka y MOBITP1 Ta OXOJIOHKEHHS 3 MIYYIO.

3. Ximiunnii ckaan Ta mopdoJioris ciiaBy Al-60%Zn y nBoga3niii odacTi

3pazok cruaBy Al-60wt%Zn Oy BuTpuMmanuii 2 roaunu npu temmepatypi 300°C i
3arapToBaHUil y BOIy KiMHaTHOI Temmeparypu. OTpUMaHo, IO MiCis rapTyBaHHS 3 001acTi
Kynona (touka Ha Puc.l), hopmyerhest eBTekTononiona mopdosnoria (Puc.4a) 31 cknagHoio
CTPYKTYpOIO Oaratux nuHKoM obacreit (Puc.40).
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Puc. 4. Mikpoctpykrypa 3araproBanoro Big 300C cmaBy Al-60wt%Zn:
a—x4000, BSE 6 — x18000, SE.

Buninenns 30araueHoi HUHKOM (a3u CIOCTEPIraeThCs TAKOXK Yy BHUIVISAL HPOTSHKHUX
NiHIA, oToueHMX 30imHeHMMH oOnactsmu (Puc.4a). MoXHa TPHUITYCTHTH, IO IIi MPOLECH
IPOXOJIATH 110 TPAHUIISIM 3EPEH.

JlokaJIbHUM PEHTIeHIBCHKUM MIKPOAHATI30M BH3HAYCHO CEpeIHIN CKiaa 30aradeHux
uHKOM obacteit - 31% Al, 69%Zn, matpuni - 51% Al, 49%2Zn.

4. Iunamika po3naay npu KiMHaTHiil TeMneparypi

[Iponiec mpupomusoro crapinHs cmiaBy Al-50%Zn npu KiMHaTHI TemmnepaTypi
JIOCITIJDKEHO  TPOTATOM  TPbOX  MICSIIIB.
Hudpakrorpamu mpexacraBieHo Ha Puc.S.
BugHo, 1mo o3Haku posmany TBEpIOro
pPO3UMHY 3’SIBISIIOTBCS yXe depe3 4 1Hl y
BUTJIAJII BJIACTUBUX ILHMHKY IU(paKmiifHUX
makcumymiB I'IIIY-rpatku (002), (100) Ta
(101) na xyrax nudpaxuii BiamosigHo 46,3°,
48,7° Ta 55,4°. CtaH NmpakTU4YHO TOBHOI'O
po3maay nocsraeTbesi mpotsrom 83 mib i
ToJTaJIbIIa BUTPUMKA HE 3MiHIOE
CTPYKTYPHOTO CTaHy.

3Beprae  Ha cebe yBary TOHKa
crpykrypa minii (111) TLK-ctpykrypu
TBEP/IOr0 PO3UMHY Ha OCHOBI aJIIOMIHII0, IO
bopmyeTbes y yacoBoMy nmpomixky 11 — 34
IHi. «Buctym» npaBopyy BiJ MaKCUMyMy — e R e
e audpakuiiina minis (100) TIIY-uunky, a  Puc.5. Judpakrorpamu cmnaBy Al-50%Zn B

34

23

«BHCTYII» 3 OOKY MEHIIUX KyTiB, O4EBHHO, HPOIECI po3nany npu KIMHATHIN
dopmye minis (111) TLIK rparku gpyroro Temmeparypi. Yac BuTpumku (m10) BKa3aHO
TBEPJOTO PO3YMHY Ha OCHOBI amoMiHifo, 3 Ol IU(pPaKTOrpamu. FeKoa-
MEHIIIMM BMICTOM ITMHKY. BHUIPOMIHIOBAHHS.

5. MikpocTpykTypa 3ictapenux cniasiB Al-Zn

Mopdornorito 3icTapeHUX MpU KIMHATHINA TeMneparypl NpoTarom 3 MicsuiB cruiaBiB Al-
50wt%Zn Tta Al-60wt%Zn IOCTIDKEHO METOJ0M CKaHYIOUOl EJICKTPOHHOI MIKPOCKOITIi.
OTtpumano, mo crutaBu Al-50wt%Zn BkimouaroTh 06acti q8ox tumiB (Puc.6 a), ki mo maHuM
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JIOKaJBHOTO aHaI3y MAlOTh MPAKTUYHO OJHAKOBHH 1HTErpadbHUN CKJIAJ, aje BiAPI3HAIOTHCS
BEJIMYMHOIO 3epeH (a3 i3 pi3HUM BMICTOM IMHKY. barati muHKOM OKpemi 3epHa (CBITJII Ha
Puc.66) matotrp po3mipu 0,1...0,5 MKM, 1m0 HE AO3BOJISIE KUIBKICHO BH3HAYUTH iX CKJaj.
OO6uacTi Ipyroro THITY CKJIaJeH] 3 HaHO3epeH (a3, ado € «OCTpiBKaMU» BUXIJHOTO TBEPJOTO
pO34YMHy, IO HE po3maBcs. Taki o0OjacTi MOijeHI Ha KiIbKa (pParMeHTiB CBOEPITHUMHU
rpanutsivu (Puc.6 6);,,

24-Nov-17"

a . 5 e ( i - B . 2 6
Puc. 6. Mikpoctpykrypa 3icrapeHoro ciuiaBy Al-50wt%Zn: a — x60, BSE
6 —x10000, BSE.

CmiaB Al-60wt%Zn micist TpUBajIoOro CTapiHHS MpU KIMHATHIA TeMIiepaTtypi yTBOPIOE
CyTT€BO iHITY Mopdosorito, moaioHy a0 aBoxdasHoi eBTekTuku (Puc. 7). Po3mip Garatux
IIUHKOM 00JIacTeH Jekarh B iHTEepBam 1...5 MKM, IX CepeaHii CKIal, 10 JaHUM JIOKAIBHOTO

a 0
Puc. 7. Mikpoctpykrypa 3icTapenoro crmaBy Al-60wt%Zn: a — x600, BSE
6 —x5000, BSE.

Cnig 3a3HaunTH, 1o Mopdouoris cruiasiB Al-60wt%Zn micng TpuBaaoi BUTPUMKH MPU
KiMHaTHIA Temneparypi (Puc. 7) moaibHa 10 po3moniniB, oTpuMaHux y po0oTi [6] MeTogom
MaTeMaTUYHOro MojentoBaHHs. Lle Moxke CBIIYMTH MpO MOIOHICTh peaNbHUX HPOLECIB y
UX CIUIaBax (pi3MYHUM MPUHIUIIAM, BAKOPUCTAHUM Y 3TrafiaHiid poOoTi.

6. BiuiMB IIBHAKOCTI 0X0JI0/ZKEHHS HA CTPYKTYPHUI cTaH ciiiaBy Al-60%0Zn

Ha mudpaxrorpamax 3paskiB cruiaBy Al-60%Zn, oxonomkeHUX BiJ TeMIepaTypu
400°C 3 pizaumu mwBUAKoCTIMH (Puc. 8), mpocitiIKoByeThCs picT JiHIM IMHKY Ta 3MEHIIEHHS
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BHUCOTH 1 3MimeHHs y 061k Manux KyTiB mikiB ['IIK-TBepmoro po3unHy Ha OCHOBI aJIFOMIHIIO.
Le cBimuuTh MpO BUIUIEHHS IIMHKY, 3MEHILICHHS MOTO KOHLEHTpAIl Y TBEPIOMY PO3YHHI 3
BIJIMOB1THUM 301IBIIICHHSIM CTAJIO1 TPATKH.

Al-27%Zn Al-60%Zn Al-27%7Zn | Al-60%Zn

Al .
N \\ 0.3 Kle

f 80 K/e
//L 1200 K/c

|

4 =5 =8 8o

e 740

|

45 ] a2 -

Puc.8. Iudpakrorpamu criaBy Al-60%Zn oxonomkenux Big 400C 3 pizHOO
mBHIKicTIO. HikHs mudpakrorpama — nopomok yucroro Al. FeKa-sunpominosanus.

[Tpu oxonomxkenHi cmiaaBy Al-60%Zn 31 mBugkoctsmMu B aianasoni 500-50 Kic
CIIOCTEPITaeThCsl OCOOMBUI XapaKTep CTPYKTYPOYTBOpEHHS - popmyBaHHs nBox TumiB ['T[K-
da3 3 pizHoro cranoro rparku . Ha mgudpaxrorpamax miHii Zn BiACYTHI — CTaH TBEPIOTO
po3unny 30epiraerscs, mpore miHii (111) Ta (200) Buxigoi ['IK-cTtpykTypm MaioTh
OaraTokOMNOHEHTHHI mpodinb. OueBUIHO, 1€ MOB’S3aHO 3 PI3HOI0 KOHIEHTpalieo Zn y
TBEPJOMY PO3UMHI UX (Pa3.

7. Po3nap cniiaBy Al-50%Zn nix aiero niaactudnoi gepopmanii

Binomo, 1mo posmnaja mepecMueHoro TBEPJIOro po3uMHY MOKe OyTH iHiliiloBaHMH He
JIMIIe TeMIepaTypHUM (aKTOPOM, a TaKoX iHTeHCHBHOIO aedopmariiero [7,8,9]. TloaiOuuit
nporec Uil eBTeKTHYHOro CiiaBy PDh-Sn nmetanbHO AOCTIKEHO EeKCIePUMEHTAIBHO i
NPOaHaIi30BaHO TeopeTHuHO y podoTi [10].

=

Puc.9. udpaxrorpam 3pa3kis criaBy Al-50%Zn, o0po0iieHHX 3a pI3HUMH CXeMaMH
------ 3araproBanuii Big 420°C y Bo#y;
------ 3araproBanuii Bix 420°C y Bony 1 BUTpuMaHuii 5 xB npu remnepatypi 100°C;
------ HedopmoBanuii Ha 50% 31 WBKUAKICTIO 2,9 M/C TONEPEIHBO 3arapTOBaHUN 3pa30K.
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s mocmimkeHHsT CTiMKOCTI crutaBiB cucremu Al-Zn BigHocHO medopmariii, 3pa3ok
craBy Al-50%Zn, OyB 3arapToBaHMii 3 TeMIIEpaTypHOI O00JIACTi ICHYBaHHS OJXHOPIIHOTO
TBepaoro po3unny (400°C) ta mignanuit ygapHiid nedopmaniii nopsaky 50% npu KiMHATHIN
temrneparypi. [Ipu mbOMYy 3pa3oKk BHUSBISB KPHUXKICTh, WO YTPYAHIOBAIO KOPEKTHE
JOCTIIPKEHHS HOTO CTPYKTYPHOIO CTaHy.

Jlist yHUKHEHHS PO3KPUIIYBaHHS 3pa3ka, yaapHa aedopmallis MpOBOAWUIACH IPHU
HiBUIICHUX TemmepaTypax. [ns mporo Oysia BUTOTOBJIEHA CHEI[iaibHa YCTaHOBKA JUIS
TEpPMOCTaTyBaHHS 3pa3ka npu nedopmartii B mianazoni remmeparyp 50°C — 300°C. Ockinbku
MOHTaX 1 MpOTrpiB 3pa3ky BumaraB 5-10 xB yacy, Oyna BuOpana temmeparypa 100°C, mpu
SKI TOMITHUH po3maj He BiOyBaBCs.

Otpumano, mo npu temmeparypi 100°C 3pasok cmiaBy Al-50%Zn medopmyernest
IUIACTUYHO 1 TpH UBOMY BinOyBaeThcsi dacTkoBuii posman ['LIK-tBepmoro pos3umHy 3
BuineHsas nuaKy (Puc. 9). Takox i3 gudpakrorpaMm BHIHO, 1m0 mpu Aedopmartii mainii ['TK-
TBEPJOTO PO3YMHY LIMHKY B aJTIOMIiHIl yIIMpeHi (BHACTIIOK BUHMKHEHHS MIKpOHampyr abo
MOJIpIOHEHHS KPUCTAIITIB 10 po3MipiB MeHIIe, Hixk 0,2 MKM), a TAaKOXK 3MilIeH] y 01K MEHIINX
KyTiB (BHAcHifok 30inpmeHHs crtanoi rpatku ['LIK-TBepnoro po3dumHy Npu 3MEHIICHHS
KOHIEHTpAIlli ITUHKY).

Ha Bigminy Big nmonepeaHboro 3paska, crias Al-60%Zn npu KiMHaTHIN AedopMyBaBcst
wiactuyHo. [Ipu nbomy nudpakiiiHux o3Hak po3naay (MosBa JiHii HUHKY, KyTOBE 3MIIIECHHS
makcumyMmiB ['LIK-TBepaoro po3unHy) He crocTepiraiiy.

8. BucHoBKH

OTpuMaHi eKcriepuMEHTANbHI Pe3yIbTaTH IEMOHCTPYIOTH 3aJIEKHICTh CXEMU 1 CTYIEHIO
po3nany cruiaBiB  Al-Zn, ONM3BKUX J0 €KBIMAaCOBHX KOHIICHTpAIlii, BiJ IIBUAKOCTI
OXOJIO/KEHHS, TemmepaTypu 1 pgedopmariii. Takox UIKaBUMU € 3HAYHI BIAMIHHOCTI
MIKPOCTPYKTYpPH 1 TJIACTUYHHUX BJIACTHBOCTEW OJMM3BKUX MO cKiany cruaBiB Al-50%Zn i Al-
60%Zn.

Pe3ynbratu MOXYTh CIyTyBaTh OCHOBOIO JJISI PO3BUTKY (DI3UYHUX MOJENIEH €BOJIOIIIT
CTPYKTYpH QJIIOMiHI-IIMHKOBUX CIUIaBIB MPU TEPMOMEXAHIYHUX BILJIMBAX.
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In this work the evolution of phase composition and microstructural characteristics of
Al-50% Zn and Al-60% Zn alloys under different temperature regimes and under deformation
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was investigated experimentally by X-ray diffractometry and scanning electron microscopy
methods. It was found that the full decomposition of the initial homogeneous solid solution of
zinc in aluminum is completed within three months at room temperature. At the same time, in
the time interval of 10-40 days, a peculiar composition of fcc-solid solutions of different
concentrations is formed. The final result of aging is a homogeneous solid solution of
equilibrium concentrations and almost pure zinc. The SEM method shows that the
microstructure of the Al-50% Zn alloy includes the fields of the same chemical composition
with a different appearance of morphology. It was also shown that the morphology of the
near-to-alloy alloys in the concentration range of 50-60 percent by weight has significant
differences. This can be the result of the threshold nature of the concentration dependence of
the processes of structuring.

The microstructure of the Al-50% Zn alloy tempered from the two-phase region under
the "dome" of the phase diagram of the state is investigated. The existence of two
morphological types - depleted matrix and micron formations of complex form with high zinc
content is shown. By means of local X-ray microanalysis, the average composition of these
regions is determined - 31% Al, 69% Zn. The composition of the matrix is 53% Al, 47% Zn.

The samples were cooled from 400C to room temperature with different rates of
temperature change. It is shown that in the range of values of cooling rates 1000 K /s - 10 K/
s there is an interval at which two concentric types of fcc solid solutions are formed. The
diffractograms of Al-60% Zn alloy samples, cooled with the speeds characteristic for
quenching in different media and free cooling from the furnace, are presented.

The phenomenon of decomposition of the solid solution of Al-50% Zn and Al-60% Zn
alloys under the influence of mechanical deformation was recorded. The conditions under
which the deformation of these alloys passes through is plastic, and the contribution to the
decomposition of the solid solution of the thermal factor is insignificant.

Keywords: Al-Zn alloy, solid solution, deformation, decomposition, diffractometry,
scanning electron microscopy.

Opneprxano penaxiiero 21.11.2017 [MpuiinsTo mo npyky 10.12.2017
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METOANYHI HOTATKH —
3 TOCBIY BUKJIAJAHHSA ®I3UKH TA MATEMATHKH B BUILIIN IITKOJII

YK 519.65 PACS 02.30.-F, 02.60.Ed, 02.60.Lj, 02.70.Dh, 04.25.-g
B.II. lennciok, O.B. Herogenko

MATEMATHUYHI MOJAEJII HA OCHOBI ®YHIJAMEHTAJIBHUX
TPUT'OHOMETPUYHUX CIIJIAUHIB

B pobomi poszensoaromvcs  Oesaxi cucmemu  (YYHOAMEHMANbHUX — (DYHKYIL,  Ki
3ACMOCO8YIOMbCsL 8 3a0a¥ax  NoOy008U HAOIUNCEHUX PO38 A3KI6 36UUAUHUX JIHIUHUX
oughepenyianvhux pisuans. [lo cucmem pynoamenmanoHux QyHKyil, HAUOLIbW 8iI00MUX HA
menepiwHtill yac, Haniexcams cucmema yHoameHmanvuux Qyuxyiu Jlaepansxica ma cucmemu
NOBHUX, NAPHUX MA HENApHUX QYHOAMEHMANbHUX MPULOHOMEMPUYHUX MHO20YNeHi8. [Ipome
HA pPIGHOMIPDHUX CIMKAX ICHyOmb I IHwi cucmemu QyHOAMEHMANbHUX QYHKYIU, 30Kpema
cucmemu NONIHOMIANLHUX (DYHOAMEHMANLHUX CNIAUHIB, 4 MAKOXC MPULOHOMEMPUUHUX
NOBHUX, NAPHUX MA HENnapuux yHOoameHmanvHux cniauuie . Jleaxi 3 makux cucmem i
PO32N510ar0MbCsL 8 Oauill pobomi.

KiawuoBi cioBa: ¢ynmamentanpHi  QyHkmii, Qyskoii Jlarpamka, 3BuuaiiHi
nudepeHIianbHl PiBHSIHHS, TPOCTI MOJIHOMIQJIbHI CIUIAWHU, TPUTOHOMETPHYHI CIUIAHHH,
MaTeMaTU4YH1 MOJEII.

1. Beryn

CyuacHa Hayka XapakTepU3YETbCS CTPIMKUM 3POCTaHHSAM OOCSriB  HayKOBOi
iH(dopmarii. B cBoro 4epry, MOKIMBOCTI KOMIT FOTEPIB MEPEBUILYIOTh MOKIMBOCTI JIFOJUHU
B raiy3i o0poOku npanux. Came crnoiydyeHHS IuX (akTopiB 1 CTajlo NepeayMOBaMHu
KoM 'torepusanii  Hayku. Lle no3Bonsie mnpu  moOynoBI  MaTeMaTHUYHMX — Mojenen
BUKOPHCTOBYBATH O1JIbIII CKJIQJHI MaTeMaTU4HI 00’ €KTH 1 METOTH.

Panime B 3agauax HaOmmkeHHs (QYHKIIH BUKOPUCTOBYBAIM IEPEBAKHO MHOTOUJIEHHI
HaOJMKEHHs; 3aCTOCYBaHHSA JK TMOTYXHIIIMX 3ac00iB OOYMCIEHHS HaJalo MOXKIMBOCTI
3aCTOCOBYBATM B TaKMX 3ajjayax IHII  CcUCTeMM (YHKIIH, 30KpeMa, MOJIHOMIialbHI 1
TPUTOHOMETPUYHI CcruaiHu [1].

B 3amauax mpukiagHoi Teopii HAOMMKEHb B PoJii HAOMKYIOUMX (YHKIN 3pydHO
BUKOPHCTOBYBATH y3arajbHEHI MHOTOYJIEHU MO JAESIKHM cUCTeMaM (QYHKLIH, koedilieHTaMu
AKUX € caml 3Ha4eHHs HaOmKyBaHoi QyHKIIi. Cucremu QyHKIIH, sIKI JJO3BOJISIFOTH OTPUMATH
TaKe TMOJaHHs, HA3UBAIOTh (PyHAAMEHTATLHUMH.

Bax1uBiCTh Takoro MigXOJy TMOSICHIOETHCS THUM, IO TPU 3aCTOCYBaHHI JIHIMHUX
METO/IB 00pOoOKH HAOIMKYIOUNX (QYHKIIH 00poOIi MiAIATratoTh Juie cami GyHJaMeHTalIbHI
¢ynkmii. Leit ¢akt y G1IbIIOCTI BUMAAKIB 103BOJISIE TPOBOAUTH HEOOX1AHI OOYMCIIEHHS IO
0o0poO1i eKcliepUMEeHTAIbHUX JaHUX B JBa eranu. Ha mnepmomy erami HpOBOIUTHCS
00YMCIIeHHS, MOB’s13aHl 3 00poOKOI0 (QyHAaMeHTaNbHUX (GYHKLIN (11 0OOYMCICHHS MOXYTh
OyTu TMpOBENEHI NONEpPEelHbO), Ha JPYroMy K €Talll HpPOBOAATHCA OOYHCIEHHS, IO
BpPaxoBYIOTh 3HAUEHHS HAOIMKYBaHUX QYHKITI.

IIpoBenenHss aBoeTamHoi OOpOOKM Mae psAJ TepeBar, cepel SKUX BiJI3BHAYUMO
MOYJIMBICTh OOpaxyBaHHsS EKCIIEPUMEHTAIbHUX JaHMX Yy MaciuTabi peasbHOro dyacy, Mo
YacTO € BAKJIMBUM B 0araThoX 3ajadax oOpoOKH JTaHHX.

Jlo cucrteM ¢yHIaMeHTaIbHUX (QYHKLINH, HaWOUIBII BiIOMHX Ha TemepilHiil yac,
HaJle)KaTh CHUCTEMHM (yHIAMEHTAJIbHUX IHTepHnoNAlidHuX QyHKUiA Jlarpanxka, cucremu
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MOBHUX, TapHUX 1 HEmapHUX (QYHIAMEHTAIbHUX IHTEPHOJSIINHUX TPUTOHOMETPUUHUX
MHorowieHiB. Ili cucremu q)yHKuiﬁ NPUBEPTAIOTE  YBAary —THM, IO anre6pa'1'qu 1
TpI/II‘OHOMeTpI/I‘-IHl MHOTOYJICHH € JIHIMHO NIITbHUMH MHOXXHHAMH Y npocTopax BiJIMTOBITHO
HETepepBHUX 1 TMepioguuHuX HenepepBHUX ¢yHKHIA. [IpoTe icHYOTH 1 iHINI CHUCTEMH
dbynaamMeHTanbHUX (DYHKIIH, 30KpeMa CHCTEMH IIOJIHOMIaJbHUX 1 TPUTOHOMETPUIHHX
byHaaMeHTanbHUX CIUIAiHIB. [2].

@ynnameHTanbHl (QYHKIIT MOXYTh 3aCTOCOBYBATHCS B 0OaraThbOx 3ajJadyax HAayKH i
TEXHIKH, JIe JIs KUTbKICHOTO ONUCY (PI3MYHUX SBUI BUKOPUCTOBYIOTH MaTEMaTUYHI MOJIEII.
Taki Mozaemni 4acTo SBISAIOTh COOOI0 CHCTEMH 3BHYAHMX NU(EpEHIiaIbHUX PIBHSAHB, Ha SKI
HAKJIAIA0ThCsI TIEBHI KpaiioBi Ta moyaTkoBi yMoBU. Came B 3a/a4ax o0y 10BU HAOIMIKEHUX
pO3B’s3KIB  3BHYAHHUX  JHIHHUX  OudepeHIialbHUX  pIBHIHbB  BHUKOPHCTOBYIOTH
dbyHmamMeHTaIbH1 QYHKIIIT.

2. IlocTanoBKa 3amxa4i
Hexaii Maemo kpaiioBy 3a/1ady AJis 3BUUaHHOTO JIIHIKHOTO AU(epeHITiaIbHOTO PIBHIHHS

L.u(x)=f(x); m=12,.. Q)

3 KpaﬁOBHMH YMOBaMH
U(O) =Uy, 5
u(m) =u,. @

P03B’5130K 1IyKaeMo y BHTIISII
N
uy () =X e, (%), ®3)
n=1

IcHytOTh pi3HI cnocoOHM BU3HAUCHHS IapaMeTpiB ., , SIKI BXOIATh 10 BHpasy (3). Mu
3aCTOCOBYBAJIM METO/] KOJIOKAIIiH.
Jltst uporo mincrapisitoun Uy (X) B (2), OTpUMY€EMO HEB’SI3KY

e(X,a,....ay) =L,uy (X)— f(X). 4)
3azamo Ha Bimpisky [0,T]| piBHOMipHY CciTKy Ay :{XJ’}L’ X; =ﬁ(j -1,

(N=2n+1n=12,...). Sk Bigomo [3] MeToa KoJIOKaIliii MOJIATa€ B TOMY, 110 HEBU3HAUYCHI
napaMeTpH IIyKalTh 3 CUCTEMH PiBHSHB
e(X,0,...,00)=0, (j=12,..,N)

[Ipu 3acrocyBaHHI METOJYy KOJUIOKAIlil BaXJIMBY poJib BiJirpae BuUOIp 0a3ucHUX
bynkuifi w5 j=12,..N, mo Bxomare 10 (3). Mu po3risHynM BUNAIOK, KOJH B POIi
6a3ucHUX (QYHKIIHM BUCTYNAIOTh GyHAAMEHTAIbHI (QYHKIII.

Sk Bigomo [4] dyHDameHTanBPHUMH Ha ciTii A, Ha3WBalOTh QYHKMII, SKi
3aJI0BOJIBHAIOTH YMOBaM

1, =] .
v, (X)) = i,j=12,..N.
0, i#j;

3actocyBaHHA (PyHIaMEHTAIbHHUX (I)yHKuiﬁ B 3ajJadyax MOOYA0BH HaOIMIKEHHX
PO3B’sI3KIB AUQepeHLiaIbHIX PIBHAHb Ma€ psiji epeBar, rojJIOBHOIO 3 SIKUX € Te, 110 B poJil
HEBHM3HAYCHUX MapaMeTpiB B (2) BUCTYNAIOTh 3HAYCHHS HAOIMKEHOTO [IYKAHOTO PO3B A3KY Y
By3noBux  Toukax X;, (j=1..,N). 3posymino, mo rnocraHoBka 3amadi y TepMiHax
BY3JIOBHX TOUYOK JI03BOJISIE ACOLIIOBATH MapaMeTpH 3 OOMEKEHHUMH YaCTHUHAMHM B 3arajbHOMY
BUMAJIKy NPOCTOPOBHUX OOJIACTEH, 10 BKIJIIOYAIOTH LI BY3/0Bi Touku. Lleit dakr € myxke
KOPUCHUM, OCKIJIbKM BHUBYCHHS HEB’SI30K TAKOTO PIBHSHHS J03BOJISIE BUSBUTH Tl TiA00JaCTi,
Jie 301KHICTD PO3B’S3KIB € MOBUIBHO (a00 HaBMaKu, MIBUKOW) [5].
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B pomi ¢dynnamentanpHux — 0aswcHHX (YHKIIH MOKHAa BHOWpaTH, HANPUKIAI,
noliHOMiaJIbHI  (pyHIaMeHTaabHl (QYHKII, TPUTOHOMETPUYHI (yHIaMEHTAIbHI (YHKIIII,
TPUTOHOMETPHUYHI (QyHIaAMeHTalbHI cruiaiiHu Tomo [4]. IIpote 3acTocyBaHHS KOKHOTO i3
nepemyeHux KiaciB (yHKIiEH Mae cBoi  ocobmmBocTi. Tak B poGorax [6-7] oxpemo
PO3MIISIAJIA BUMAKU 3aCTOCYBaHHS TPUTOHOMETPUYHUX (DYHIAMEHTAIBHUX MHOTOWICHIB Ta
TPUTOHOMETPUYHHX  (yHIaMEHTAJbHUX  CIUIaiHiB.  Po3rmisitHeMo  Taki  cuCTeMH
dynaamMeHTanbHUX (QYHKIIIH OB AETATBHO Ta MOPIBHAEMO BITHOCHI TOXHOKH HAOIMKEHUX
PO3B’s3KiB, BUKOPUCTOBYIOUH OKPEMO KOXEH 13 BUJIIB TaHUX (DYHITIH.

3. ®yHa1aMeHTAIbHI TPUTOHOMETPUYHI MHOTOYJIEHH
B mepmomMy BHIanKy IIyKaHWWd pPO3B’S30K HAOIMIKAETHCS TPUTOHOMETPUYHHMHU
MHorowieHamu. L1 GyHKIIIT MarOTh BUTIIS

tk(t):% 1423 cos j(t-t,) | (5)

j=1

T(L,t] 05 T(3,8) 05

— 05 )
0 ; 2 i} t 2T

Puc.1 ®ynnamenranshi Ha citii Ay (N =9) tpuronomerpuyni MHorowienu t (t) ta t,(t).
Fig. 1. Fundamental trigonometric polynomials t, (t) and t,(t) onagrid A, (N =9)

Cucrema (¢QyHIaMEHTAIbHUX TPUTOHOMETPUYHHUX (YHKIINA, HOpPOJKYBaHA JESKOIO
CITKOIO A, € €IMHOW Yy TOMY pO3YMIHHI, IIO ICHye [uIll€ €IMHA CUCTEMA

TPUTOHOMETPUYHHUX MHOTOYJICHIB MOPAAKY N, sIKa 33/10BOJIBHSE HA LiH CiTII
1 k=j; )
t (t;)= . (k,j=1..,N). (6)
0, k=],
BuxopucroByroun cucteMy GyHIaMEHTAIBHUX TPUTOHOMETPHIHUX MHOTOWIeHiB {, (t),

k =1,..N, HabmmkeHuil po3B’ 130K OyJeMO NIYKaTH y BUTIISII

T.0=3 40 Q

ne f.,(k=12,..,2n+1) — HeBU3HAYCHI NapaMETPH,Ki, SIK MU BXKe Ka3aJH, SBISIOTH COOOI0
3HAUCHHS HAOIM)KEHOTO IIYKaHOTO PO3B’A3KY y By3noBux Toukax f,, (K=1...,2n+1).
[TincraBnstoun Bupasu (5), (7) B piBHsSHHSA (1) 3 ypaxyBaHHSM KpailoBux yMoB (2) Ta
BUpazy (6), OTPUMYEMO TaKy CUCTEMY PiBHSHb
f,=u,;
et)=0, 1=23,..,2n; (8)
fonia =Ur -

1 pO3B’S3yI0UH 1i, OTPUMYEMO HaOJIMKEHUHN pPO3B’A30K.
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4. dyHaaMeHTAJbHI TPUTOHOMETPUYHI CIJIAHU

B gpyromy Bumaaky UOIykaHuii poO3B’S30K HAOMMKaeThCs (PyHAAMEHTaIbHUMU
TPUTOHOMETPUYHHUMHU CIUIAWHAMM.

OyHKIIT cucTeMH QyHIaMEHTAIbHUX TPUTOHOMETPUYHUX CIUIAMHIB Oy/eMO MO3HAYaTH

tS, (r,t). Ha Bimminy Bix QyHIaMEHTAIPHHX TPUTOHOMETPHYHMX MHorowieHis f{, (t),
3amexarh Ime 1 Big mapamerpa F,r=12,..; 1ued mapamerp Bu3Hadae MuEpCHINATbHI
BJIACTUBOCTI TPUTOHOMETPUYHHMX CIUTaHIB. Tak mpu Oyap SKOMY 3HAYeHHI I

tS, (r,t) €Clozay.

B po6orti [8] mocnimkyBaBcs BILUIMB qu(EpEHIIATbHUX BIACTUBOCTEH (DyHIaMEHTaIbHUX
TPUTOHOMETPUYHHX IHTEPIOJIIIIHHUX CIUTAHIB HA MOXUOKY 1HTEPIOJIALII SK Ha KIHISAX TaK 1
cepearHi BIAPI3KY IHTEPIOISALI].

L1i ¢hyHKIIT MarOTh BUTIIS
N -1

tS, (r, t)— N 1+22a (NIC, (r,t)cos jt +S;(r,t)sin jt ],

cos(mN + j)t
(mN+ )™

cos(mN — j)t
(mN _ J)I’+l

cos jt &
r,t)= sr+l +Z

J m=1

Ac Cj(

sin(mN+j)

_sin(mN—j)

sinjt &
(1) ="t + Y.

J m=1 L

o, (r)— LY

m=1

ji=12,..,

n, k=1...,

(mN + j)r+1
1

(mN _ J)H—l
1

(mN+j)r

(mN _ J)Hl

N, I - CTemiHb CIUIaiiHa.

[lonanHa pesxux (yHIZaMEHTAIbHUX TPUTOHOMETPUYHMX CIUIAHHIB MpU  PI3HUX
3HAuUEHHSX Mapamerpa I' HaBoJAThCs Ha Puc. 2.

15

t3(1,t) 0s t3(5,1) 05

0 041 0222 0332 0444 0556 OEET 0772 0829 1 T 0N 02220333 0.444 0556 1EET 077E 0559 1
t 4

Puc.2 ®yngameHTanbH1 TPUTOHOMETPUYHI cTIaiiHU nipy =11 =5
Fig. 2. Fundamental trigonometric splinesat r=1 and r=5

Jlerko 6auuTH, MO Yy TPUTOHOMETPUTHHX q)yH)IaMeHTaJILHI/Ix CIUIaliHIB MOAYII
MakCUMyMIiB CHaJalOTh 13 BiJJaJeHHSAM Big By3na iHTepnonsmii. Takox s
byHAaMEHTaTbHUX TPUTOHOMETPUYHUX CIUIAHIB MpU Oy/Jb SKUX 3HAYEHHSX I BUKOHYETHCS

yMOBa
N
DS, (r,t) =1.
k=0
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[leBHOlO Bamor is (GyHAAMEHTAIFHUX TPUTOHOMETPUYHUX CIUIAHHIB €  iX
nepioanuHicTh. [IpoTte, iX MOXKHA 3aCTOCOBYBATH 1 JJIs MOJAHHS HEMEPIOAUYHUX (DYHKIIIH,
3aCTOCOBYIOUH IPHU I[bOMY CIIEIiajbHI METOIU MEPiOJNIHOTO POJOBKEHHS [4].

BukopucroByroun cucreMy GpyHIaMEHTaIBHUX TPUTOHOMETPHYHUX clutaiHiB tS, (r,t),

r=12,.., k=1,...,N HaOmmwKeHHi pO3B’ 30K OyIeMO IIYKATH Y BUTJISII
N
S,(t)= Z .S, (r,t) 9
k=1

ne f., (k=12,..,2n+1) — HeBH3HAUYCHI MApaAMETPH,IKi TAKOX SBIAIOTH COOOI0 3HAUCHHS
HaOJIMKEHOTO LITYKaHOTO PO3B 53Ky y By3noBux Toukax t,, (K =1,...,2n+1).
Jlns imrocTpalii BUIEHABEAEHOIO pO3IIAAaiach KpaiioBa 3a1ada

., (3Y
y *(Zj y=0 (10)
y(0)=0,y(27r—a)=-1,

ne a, 0<a<2r,-mnapameTp CTUCKAHHS.

[TapameTp CTHUCKaHHS BHUHHKAE BHACTIJIOK TOTO, IO TPUTOHOMETPUYHHH MHOTOWICH
T,(t) (sx i TpuroHomerpuunuii crutaitn S, (r,t)) B cuiy nepioxyHOCTI NpUHMAaEe OIXHAKOBI
3HaueHHs y Toukax 0 i 27 ; OTKe, B 3araJlbHOMYy BHITQJIKy HC MOXKHA HaKJIaJaTH KpanhoBi
YMOBH OJTHOYACHO B ITMX TOYKaX.

Hlykanu mabmmxennit po3s’s30k 3aaadi (10). [Ipu n =4 ; BignoigHO

2 2r . .
=—; t=—(»-1),i=1..,9.
9 9
HecknaHo nepekoHaTHCs, 0 TOYHUM PO3B’SI3KOM IIi€i 3a1adi Oye

.3
y(t) =sin—t.
4
Cknafaroun cUCTeMHU piBHSAHb TUNy (7) 1 po3B’sA3yrouM ii, OTpUMAEMO HaOIMKEHUIt
po3B’szok  T,(t) (S,(t)). I'padixu ToyHOro i HAOIMIKEHOro pO3B’S3KIB, a TaKOXK TIpadik
BIJIHOCHOT TOXWOKH JIJIs1 IBOX BHITAJIKiB HABOJATHCS HA pUC. 3, 4.

13

i5 0.1t

0.3 0.055

Tit)

ft]

=073

Tit-4TH) 0
2
— 0.055

— 13

0 b 2.7 — 01 |;

Puc. 3 Tounwmii f(t) i HaGmkennit T,(t) po3B’si3ku Ta BiZHOCHA TOXHOKa
HaOJIMKEHOTO PO3B’SI3KY Ha [O, g 27[}
Fig. 3. Accurate f (t)and approximate T,(t) solutions and relative error

of the approximate solution on {0,%27:}
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0.0%

073

S(H)-41t)
2

— 004

— 0.0

0 t 2 t

Puc. 4 Tounnii f(t) i naGmwkenuii S,(t) po3B’s3ku Ta BiTHOCHA TOXHOKa
HaOJIMKEHOTO PO3B’SI3KY Ha [O, g 27[} .
Fg. 4. Accurate f (t)and approximate S, (t) solutions and relative error

of the approximate solution on {0,227:}

Sk Gaummo 3 rpadikiB BimHOCHA IMOXMOKA TpPH 3aCTOCYBaHHI (yHIaMEHTaIbHHUX
TPUTOHOMETPHYHKX CIUIAMHIB 3MEHIIMIACh ¥ 1.4 pasu.

L{e MOSICHIOETBCS TUM, IO CIUTAHU MAIOTh PSJI IIepeBar y MOPiBHSAHHI 3 MHOTOWICHAMH.
Cepen 1ux mepeBar MoTpiOHO BiI3BHAYUTH MIBUAKY 301KHICTb, BUKOPUCTAHHS MHOTOYJICHIB
HEBHCOKHX CTETICHIB 1 MPOCTOTY peai3alii anroputMiB modynosu craitaie Ha EOM. Li ta
JesiKi 1HII BJIACTUBOCTI CIUIaHIB MPHU3BEIH JI0 TOTO, 110 OCTAaHHI MOCTYNOBO BUTICHSIOTH
MHOTOUWICHH B 0araTthOX rajay3sx TEOPETHUHHX 1 NPUKIAHUX JOCTiKeHD [1].

5. BucHoBku

PosrnsHyTO Aeski cuctemu pyHIaMeHTaIbHUX (QYHKIIH, K1 3py4HO 3aCTOCOBYBAaTH B
3a7a4yax 1NoOylOBHM HAOMMKEHMX pO3B’A3KIB JudepeHuianbHuX piBHAHb. [logaHHA
TPUTOHOMETPUYHUX MHOTOWIEHIB Yy BUIVIAAL (D) Mae iCTOTHY mepeBary mepesa iHIIMMH
dbopmamu TIOAaHHS, AKa MOJSATaE B TOMY, IO HEMAaE MOTpeOU OOYMCITIOBATH KOEQIIIEHTH
TPUTOHOMETPUYHOTO MHOTOWICHa. B CBOI uepry B poji HeBH3HaueHUX mapamerpiB B (7)
BUCTYTIAIOTh 3HAYEHHs HAOMMKEHOTO IIyKAaHOTO PO3B'A3KY y BY3NOBMX — Toukax 1,
(j=1 ...,N). 3po3ymiio, 1m0 MOCTAHOBKA 3ajJa4i y TEpMiHAX BY3JIOBUX TOUYOK JO3BOJISIE
ACOI[IIOBATH TMapaMeTpu 3 OOMEKEHMMH YacCTHHAMH B 3arajlbHOMY BHMAJKY MPOCTOPOBHX
oOnacTeil, 110 BKJIIOYAIOTh 111 BY3J0BI To4kH. Lleil dakT € ayxe KOpPUCHHM, OCKIJIBKH
BUBYCHHS HEB 30K TaKOTO pIBHSIHHA JI03BOJISIE BUSBUTH Ti mijoOnacTi, N 301XKHICTh
PO3B’sI3KiB € MOBUIHHOIO (200 HaBMAaKH, MBHUIKOO) [1].

@dyHnaMeHTaIbHI TPUTOHOMETPUYHI CIUIAHM MaloTh psAJ IepeBar y MOpIBHSAHHI 3
TPUTOHOMETPUUMMHU MHOrowieHamu. Jlo Takux mepeBar ciiJl BIAHECTH HE3MIHHICTh
QITOPUTMIB MOOYZAOBU TPUTOHOMETPUYHUX CIUIAMHIB Ui PI3HUX 3HAUeHb rapamerpa I Ta
MOJIaHHS X €IUHUM BUPa3oM (pIBHOMIPHO 301KHUM TPUTOHOMETPUYHUM PsIOM) Ha BCbOMY
iHTepBali HaOMMKEeHHS. Y cKiaa (yHIaMEHTaIbHUX TPUTOHOMETPHUYHUX CIUIAHHIB BXOAUTH
napaMmeTp I, sIKUil B CBOIO Yepry Ma€e BEIMKUH BIUIMB Ha MOXUOKY 1HTEPIOJIALIII.
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Summary. Denusiuk V., Nehodenko O. Mathematical models on the basis of
fundamental trigonometric splines. The paper considers some systems of fundamental
functions which are easy to be used in the problems for ordinary differential equations. The
most well-known systems of fundamental functions include Lagrange system of fundamental
functions and the complete systems even and odd fundamental trigonometric polynomials.
However, there are some other systems of fundamental functions on analytical grid, including
the systems of polynomial fundamental splines and complete trigonometric even and odd
fundamental splines. Some of these systems are considered in this paper.

Keywords: funfamental functions, Lagrange functions, ordinary differential equations,
simple polynomial splines, trigonometric splines, mathematical models.
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S.1. I'pymika

KPUTEPI OJHOCTAMHOI TOCTYHAJIBHOCTI CUCTEM BIIJIIKY
B YHIBEPCAJIbHUX KIHEMATHUKAX

VuiBepcaiibi KIHEMATHKH, K MaTeMaTU4dHi 00’€KTH, € HIKABUMHU /I aCTPOMI3ZUKH, OCKIIbKH
icHye TpHUIyNIeHHs, 1O Yy BeJMKHX Macirabax Beecsity 3akonu disuku (30Kpema, 3aKoHH
KiHeMaTHKK) MOXKYTb OyTH BiAMIHHUMH BiJl THX, sKi JIIOTH B OKOJII HAINOI COHSAYHOI CHCTEMH.
Jlana pobora npucs’gyueHa JOCJI/IZKEeHHIO OIHOCTAHHO-IOCTYIAJBHOIO PyXy CHUCTEM BiUIKY B
abCTpaKTHUX yHIBEpCAJIbHUX KiHEeMaTHKaX. ¥ BHIAJKY OJHOCTAMHO-IIOCTYIAJBHOIO PYXy MOXKHA
JIaTh YiTKe 1 OJIHO3HA4YHe O3HAYeHHs INepeMilleHHs, a OTKe 1 cepeHbOl Ta MUTTEBOI IIBUIKOCTI
cucremu BimkKy. Tomy 9acTHHHHM BHIAJIKOM OJHOCTAWHO-MOCTYHAJBHOTO PYXY € PIBHOMIipHHII
npamostiHiiianit pyx.  OTKe, JOCTIIZKEHHS OIHOCTANHO-TIOCTYNAJBHOIO PYXy CHCTEM BiUIKY
€ TeXHIYHO HEeOOXIJHUM Jisi BUJLIEHHS KJIACIB iHepHiiHO cropimpenux cucreM Bimmky (To6ro
THX, Kl 3HAXOJAATHCS B CTaHI PIBHOMIPHOrO NPSMOJIHIHHOIO B3a€EMHOTO PyXy) B YHIBEpCAJIbHUX
Kinemarukax. B maniit pobori BCTAHOBIIIOETHCH HEOOXiAHA 1 AOCTATHS yMOBAa HA NEPETBOPEHHS
KOOD/IMHAT MiXK CHCTeMaMM BIJIKY BEKTOPHOI YHIBEpCAJbHOI KiHEMAaTHKH, sKa 3abe3rnedye
OJIHOCTAIHY NOCTYNAJIbHICTD OJHIET CHCTeMU BiJUIIKY BiIHOCHO iHIIIOI.

Kuaro4doBi cjioBa: yHiBepcajibHi KiHEMAaTHKH, CHCTEMH BiJUIKY, OIHOCTAHO-TIOCTYIAJbHUIL

Pyx.

Beryn

[TorsarTs iHepuiitHol cucTeMy BiIKY BiJAIirpae KJIOYOBY pOJib B KJIACHUYHIA MeXaHili Ta
creniaibHii Teopil BIIHOCHOCTI, OCKLIBKH B iHEPHIHHUX cHCTeMaxX BiUIIKY OCHOBHI, (yH-
JIaMeHTaJIbHI, 3aKoHn (Bi3ukn MaloTh Haitnpocrime gopmymoanus. [Ipu nbomy BBazka-
€ThCs, 10 IHEepHiiHI cucTeMu BIJIKY HajexKaTh JI0 OJHOI0 KJacy eKBiBajeHTHOCTi. A
came, 110 JOBLIbHI JIBI iHEpHiiiHl cucTeMu BIIKY PYXalOThCd HPSAMOJIHIHHO 31 cTajion
MBUJAKICTIO O/{HA BIJIHOCHO 1HIIOT.

B po6orax [1-5] 6y/10 noby10Bano HoBuii Kiac abcTpakKTHIX MATEMATHIHUX 00 €KTIB —
yHiBepcaJibHi KiHeMaTHKH, dKI HPHU3HAYEH] JJI MATEMATHYHOTO MOJIEJIOBAHHS €BOJIONIT
Ghi3UUHEX CHCTEM B paMKaxX pi3HUX 3aKOHIB KineMaTuku. Takoxk B mux poboTax 1mokasaHo,
110 TeOpisl YHIBepCcaJbHUX KIHEMATHK MOKe Oy TH 3aCTOCOBAHA JI/Isi MATEMATHYHO CTPOIOro
OOI'pyHTYBaHHs KiHEMATHKH CIHEIiaJbHOT Teopii BiJIHOCHOCTI Ta 11 TaXiOHHUX PO3IIHDPEHbD.
Hocizkennst yHiBepcaJbHIX KiHEMATHK MOK€ BHIBHTHCH IIKABUM JiIs acTpoi3ukm,
OCKLJIbKH ICHYE IPUITYTIEHHs, 0 y BeJuKnX Macurabax Beecsity 3akonn (isukn (30kpe-
Ma, 3aKOHU KIHeMAaTHKN) MOKYTb OyTH BiJIMIHHEMHU BiJl THX, AKi JIIOTH B OKOJII HAIIOT CO-
HAYHOT cucremu (TO6TO BIAMIHHUMHE Biji THX, sIKi 6a3yI0ThCs HA IIEPETBOPEHHSIX KOOPIHHAT
Jlopenna-Ilyankape a6o lanines s imepuiituux cucrem Bijiiky). B yniBepcasbunx Ki-
HEeMATHKAX MOKYTb ICHYBaTH CUCTEMH BiJITIKY 3 HEepeTBOPEHHAMU KOOPHHAT J0BLILHOIO
BULJISILY MiZK JIOBLILHIME TPOCTOpaMu reomerpuannx sminnux [2] 1. Came Tomy, y 38’a3Ky
I3 CKa3aHuM B nepuioMy adsalli, IpUPOJHAM YHHOM IHOCTAE 3aja4va JOCTINTH PIBHOMIp-
HUIT NPAMOJIIHIHMI PYyX cHCTeM BiJIIKY Ha piBHI abCTpaKTHUX YHIBepCaJIbHUX KiHEMATHK.

1 Cnig 3a3naunTy, mo y BANAAKY, KOJH MPOCTIP FeOMETPHYHNX 3MIHHUX € TPHBUMIpHHUM 11pobieMa A0CaiKeH s JI0BiIb-
HUX IPOCTOPOBO-YACOBHX MEPETBOPEHb KOOPAMHAT JJIsi CHCTeM BiUIiKy posrasanack y poGorax [6-12]. Cipobu nobyaosu
KiHEeMaTHKH, 1110 6a3yE€ThCsl HA NEPETBOPEHHAX KOOPAMHAT /UIsl iHepuifiHux cucreM BiuniKy Biaminnux Bijg Jlopenua-Ilyankape
abo lasiziess moxkna 3uaiiTu, Hanpukiaj, B poborax [13-21].
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AJte, OCKLJIbKH PIBHOMIpHUH HPSAMOJIIHIRHUN PYX CHCTEM BiJIJIIKY € PYXOM 31 CTAJIOI0 IIBH/I-
KICTIO, TO CHEPIIY JOULIHHO JOCTIINTH Ha aOCTPAKTHOMY PiBHI OLIbIIT 3araJbHuil BUIIA/I0K,
KOJIN CHCTEeMH BiJIUIIKY PYXalOThCsl TAKUM YHHOM, [0 MOKHA OJIHO3HAYHO BBECTH MOHATTS
HepPeMIIeH s, a OTKe cepeaHbol ab0 MHTTEBOI IIBHIKOCTI PYXY O/IHIET CHCTEMH BiJIKY
BitHOCHO 1HImoI. Came Takuii BIJ| pyXy CHCTeM BLLIKY B po6oTi [22] HazBaHO ojHOCTATHO-
MOCTYHAJBHEM, Jie OyJ10 JaHO MAaTeMaTHIHO CTPOre O3HAYEHHST OHOCTAHHO-TIOCTYIAJTBHUX
(oaHOCTANHKUX) cHCTeM BLIIKY B YHIBEpCAJIbLHUX KiHEMATHKAX.

B saniii po6oTi npooBKYIOTECs J0CAIZKeHHs, po3noyari B [22]. Bokpema, Gyze Bera-
HOBJIEHA HEOOXiJHa 1 JI0CTaTHHA YMOBA Ha MEPETBOPEHHsI KOOP/MHAT MiXK CHCTEeMaMH Bij-
JIIKY BEKTOPHOI YHIBEpPCAJIBHOI KiHEMAaTHKH, dKa 3a0e31edye OJHOCTalHy MOCTYHAJIbHICTD
OJTHIET CHCTeMHU BJIJIIKY BiJIHOCHO 1HIIOI.

1 BekTopHi yHiBepcaJibHI KiHEMAaTUKH Ta 1X BJIACTUBOCTI

B pamiit pobori mu Oy/1eMO BHKOPHCTOBYBATH MaTeMaTHUYHHUIl anapar, CHCTeMy MOHSATD
i mo3HaueHb Teopii yHiBepcaJbHUX KiHEeMATHK, pO3BHHYTOI B poborax |[1-5|. Teopis ywui-
BepCcaJIbHIX KiHEMAaTHK B CBOIO Yepry 0a3yeThCs Ha TEOpisX MIHJIHUBHX Ta KiHEMATHIHUX
MIHJIMBHX MHOXKHH, po3BuHenux B [1,23-29|. st 3pyusocTi yuradiB pesyabraTti BCiX
3a3HavYeHnX pobiT 3i6paHi i BUKJIa/IeHi 3 €MHOI TOUKH 30py B npenpunti [5]. Tist mogann-
HIOTO PO3YMiHHS 3MiCTY 1€l cTaTTi HEOOXITHO BOJIOIITH OCHOBHUMH MOJIOKEHHSIMH TeOpiii
MIHJIMBHX 1 KIHEMATHYHUX MIHJIMBHX MHOXKHH Ta yHiBepca/ibHuX KiHemaTuk. Came Tomy
qpTadaM, KOTpi He 3HAIOMI 3 UMH TeopisiMH, PaJMMO 3BepHYTHCS J10 npenpunTa |5| ato
BI/IOBIIHUX KYPHAJIBHAX CTaTell, pe3y/braT SKux 3i0pamni B [5].

O3znavenns 1. (a) Kinemamuuna muoocuna € Ha3ueaemves 6EKMOPHON0, AKUL0:
Vi e Lk (€) Ls(l) # 0,
de Ls(l) = Ls(l; €) — ainitina cmpykmypa cucmemu 6idaixy | 6 Kinemamuunit mmo-

arcuni € (dus [1, emop. 65/, [5, cmop. 89)).

. : £
(6) Vnisepcarvna kinemamura F = ((‘:, Q) Hasusaemovca eexmopHoro, axuo € e ee-
KIMOPHON KIHEMAMUYHOW MHONCUHOI.

BuKOpPHCTOBYIOUH CHCTEMY MO3HA4YeHb, NPUAHATY B [2-5|, orpuMyemMo HacTymHumii Ha-
CJIJIOK O3Ha4YeHHd 1.

Hacainok 1. Vuisepcarvra kinemamurxa F € eexmoproto modi i miavku modi, KoAu:
Vi e Lk (F) Ls(l) # 0.

Hacainok 1 mMokHa po3risgjari K ajJbTepPHATUBHUI BapiaHT O3HAYEHHS BEKTOPHOI
VHIBepCaJIbHOI KIHeMaTHKH.

Hexaii, € — joBiibHa BeKTOpHa KiHeMaTH4YHA MHOXKHMHA ab0 yHiBepcajibHA KiHema-
tuka. Toai, 3rigHo 3 o3HaveHHsM 1 Ta Hacaiakom 1, s JOBLIBHOI CHCTEMH BiJJIIKY
[ € Lk (€) Bukonyerbes cuisianomenns Ls([; €)# (). 3piacu, BpaxoBylO4YH CHCTEMY I0-
3Ha4YeHb, IPUHHATY B [2-5|, BuIIHBa€, 110:

Vie Lk(€) Ps(LE) £ 0,

npudomy, s Oyab-sikoi cucremu Bupiiky | € Lk(€) 1 aisg JA0BUIBHAX eJIeMEeHTIB
ay,- -+ a, € Zk (L&), Ay,--- , A, € Ps ([; €) Bu3Havyenunii ejeMent:

(A181 + -+ + Anan) ¢ (neN).
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Kepyiounch cKOpOYeHNME BapiaHTaMHU 103HAYEHb, BBEJACHUME B [2-5], Hagaxi y BUIIAJIKY,
KOJIM Halepe/i BIIOMO, TPO fAKY KiHeMaTHIHY MHOKHHY a00 YHIBEepCAJIbHY KiHEMaTHKY
¢ iize MoBa, 3amicth nosnadenb Ls([; €), Ps ([; €), Zk (I, ), (May +--- + ’\"an)l,c Oy ie-
Mo BukopucroBysaTu nosnauenns Ls([), Ps (), Zk (1), (\ay + - - - + A\,a,), Bianosigso.
KpiMm Toro, Kosin 3i 3MiCTy TEKCTY MOKHA BU3HAYUTH, PO Ky cucremy Biwiiky [ € Lk (€)
iile MoBa, 3amicTh no3HaYeHHA (Ajay + - - - + A,a,) Oy1eMO BUKOPHCTOBYBATH HO3HAYEH-
HA A\1a; + -+ + A\ay,.

2 IleperBopeHHS KOOPJAWHAT B YHIBEepCAJIbHUX KiHEMAaTUKaX Ta
orepaTopu MepeTBOPEHHS KOOP/IUHAT

Osznauennsa 2. Hezati, Q,,Q; — xoopdunamni npocmopu?, a T, = (T1,<y) i Ty =
(Ty,<3) (T, Ty # 0) — dosiavri ainitino ynopadkoeani mmoscunu. /[oeivny biexyin
U mioe Ty x Zk (Q,) i Ty x Zk (Qs) (% : T) x Zk (9Q,) — Ty x Zk (Q,) ) 6ydemo
nazusamu onepamopom nepemeopenns koopdunam 3 (T1,,) 6 (T2, Qs). Muootcuny ecix
onepamopie nepemeoperhs koopdunam 3 (T1,Q1) 6 (Te, Qs) 6ydemo nosnavwamu wepes:

Pk (Tl-,Dl;T2~,Q2)-

TBepmxenns 1 (uus. [22|). Hezati, F — ynieepcarvra xinemamura i [,m € Lk (F) —
doginvni cucmemu eidaiky F. Todi:

[m [, F] € Pk (Tm(l), BG(I); Tm(m), BG(m)).

Bayeascenns 1. Tlozuavenns “[m <« [, F|” o3nauae yHiBepcajabHe MEPETBOPEHHS KOOP/N-
HAT 3 cucreMu BLLIKY [ B cucremy Biuiky m B Kinemaruui F (aus. [2-5]).

OrKe, J0BUIbHE MEPETBOPEHHSI KOOPJAMHAT MiK CHCTeMaMu BIJJIKY B JOBLIbHIN yHI-
BepcaJibHiil KiIHeMaTHIL € OllepaToOpOM IepeTBOpeHHs KoopauHat. HaBnaku, BUSBISETHCA,
110 /It JIOBLILHOI'O OllepaTopa nepeTBopeHHst KOOpJAHHAT 7%/ icHy€e TaKa yHiBepcaJbHa Ki-
HeMaTHKa JF 110 onepaTtop % € yHiBepcaJbHHM IIePEeTBOPEHHIM KOOPINHAT MizK JIesIKHMH
cucremamu Biytiky [,m € Lk (F).

TBepmkenasa 2 (mus. [22|). Jas dosiavnozo onepamopa nepemeopenus koopouHam
% € Pk(Ty,0Q,;Te,Qy) icuyromov yuisepcarvia winemamura F i cucmemu 6i0aiKky
[Lm € Lk (F) maxi, wo:

Tm(l) =T;; BG(,F)=9Qy;
Tm(m) =Ty; BG(m,F) = Qy;
mel=%.

IIpu uyvomy axwo Ly i Qo € GeKMOpHUMU KOOPOUHAMHUMY npocmopamy. (mobmo
Ls(Q:) # 0, Ls(Q2) # 0), mo ynieepcarvna winemamura F makosic € 6eKmopHo0.

3 TpaekTopii ajg cucTeM BiUIIKY B yHIBEpCaJbHUX KiHEMAaTUKaX

O3snauenns 3. Hezat, F — dosiavna ynieepcasvua kinemamura i L, m € Lk (F) — do-
siavhi cucmemu 6idaiky F. Tpaekmopiero mouku x € Zk (m) (npu pyci cucmemu 6idaixy
m idnocno cucmemu 6idaiky |) 6 Kinemamuyi F 6ydemo Ha3uSamMU MHONCUHY:

g mm () = {14~ m] (2,) |t € Tm (m)} € Mk (1

2 O3HaueHHs KOOPMHATHOrO NPOCTOPY MOXHA 3HaifTh B [1, o3nauenna 3|, [5, Definition 2.14.2].
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Baysaocenns 2 (npo ¢ismaHmil 3MICT TPAEKTOPIT trj) . 7 (x)). Moxua ysBisiTH,
IO JIOBLIbHA YHIBepcaJbHA KiHeMaTHKa J € HeBHUM aOCTpakTHUM “CBITOM’, KOTpHil He
000B’3K0BO 30iraeTbes 3 “HamuM”. ZIKII0 B TOUII 3 KOOPJANHATOIO X Y CHCTeMI BLJIIKY m
“cpiTy” F 3HAXOAUTHCs HEPYXOMa BI/IHOCHO M MaTepiajbHa TOYKA, TO trjj. w7 (x) Gyae
BiJI0OpazKaT TPAEKTOPIIO pyXy €T MarepiajbHOl TOYKH BiJIHOCHO cUCTeMHU BimKy .
Saysascenmna 3. N BHIAJKY, KOJIH HAIEpPeJ BiJIOMO, PO AKY YHIBepCaJibHYy KiHEMaTHKY
F itjie MoBa, 3amicTb nosHauenns trjy. ., 7 () 6y/1€MO BUKOPUCTOBYBATH CKOPOYEHE 110-
3HAYCHHS:
i m (%) -

B nacrynnux tBep/pKeHHsX (3 Ta 4) onucaHo JesiKi BJIaCTHBOCTI TPAEKTOPIil, BBEIEHNX
BHIIE. Y UX TBepJZKeHHAX F € JIOBUIbHOIO YHiBepcasibHOW Kinemarukoio i [,m € Lk (F)
— JIOBLJIBbHI cHCcTeMHU BiTKY JF.

Teepaxkenas 3 (qus. [22]). Jaa dosiavnuz x,y € Zk(m) 3 ymos x # y eunausae
CNIBBIOHOULEHHA:

Ty (%) Nt (v) = 0.
TBepmkennsa 4 (nus. [22]). Jaa dosinvnozo esemenma w € Mk (I) icnye, npuwomy
edunuti enemenm X € Zk (m) marud, wo:

W E trjjm (X).

4 OpHOCTAMHO-TIOCTYNAJIbHI CUCTEMM BIJJIIKYy B YHIBEpPCAaJbHUX
KiHeMaTUKax

B upomy posziiai 6yie chopMysiboBaHe MaTeMaTHYHO CTPOre O3HAYEeHHs OJIHOCTANHO I10-
CTYHAJIbHUX CHCTeM BUIKY B yHiBepcajibHHX Kinemarukax. Crepiry OyayTh HaBejeHi
JIesKi TeXHIYHI O3HAYEHHS Ta TEXHIYHI TBEP/KeHHs, HeoOXiiHl 11 Toro, mob e 3pobu-
TH.

Hexait 7, X — nosiabui muokuuu. /st 10BiabHOT yHOpsiiKoBaHOT apn w = (t,x) €
T x X OyjeMo BUKOPUCTOBYBATH TaKi MO3HAYCHHS:

bs(w) ==z, tm(w):=t.
(Jte cuMBOJI X O3HAYAE JEKAPTOBHUil J1OOYTOK MHOXKHH).

Osnauenns 4 (aus. [22|). Hezal, F — dogiavha 6eKmMopHa YHIBEPCANOHA KIHEMAMUKA
i L€ Lk(F) dosiavna cucmema 6idaixy F.

1. ITapaneavrum 3cysom mroocunu A C Mk (1) na eexmop x € Zk(l) (6 cucmemi
gidniky | € Lk (F)) 6ydemo nasueamu muosrcumny:

AT = L(tm (w), x+ bs (w)) |w € A}.

YV sunadkazx, koau ne eunuxae mMenoposymine, samicmv noznavenns A0 Gydemo

eunopucmoeyeamu NnNo3HavYeHHA.
AL,

2. Bydemo zo06opumu, wo mmoocuna A C Mk (1) napaaeavna muoocuni B C Mk ([)
eidnocHo cucmemu 6idaiky | (nosnavenna: A || B), axwo icnye eremenm x €
Zk (1) maxudi, wo B = A, mobmo maxuiti, wpo:

B={(tm(w), x+bs(w)) |w € A}.
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YV sunadky, xoau eidomo, npo AKy ywisepcarvhy Kinemamury F tide moea, 3amicmo
nosnavenna A ||I B 6ydemo euxopucmosysamu nosmarenns:

Al B

Teepmkenns 5 (nus. [22|). Hezxati, F — 006iavHa 6eKMOPHA YHIBEPCANOHA KIHEMATUKA
i L € Lk (F) dosiavra cucmema eidaixy F. Todi:

1. AFO = A (das dosirvnoi mmoscunu A C Mk (1)), de 0 = 0; = O, — Hyavosuii
6eKMOp AiHiliH020 npocmopy (Had nosem dlicHUT ab0 KOMNAEKCHUT “ucen), nopo-
dotcenozo ainitinoro ecmpykmyporo Ls([);

2. (A(+x))<+y) = ASCHD) (gaa dosinvnur A C Mk () ma x,y € Zk(l)), soxpema
( A<+x))<+(—x)> — A0 _ 4.

3. Binapne eidnowenna ||| e eidnowennam exeiearenmmocmi (mobmo pegaercus-
HUM, CUMEMPUMHUM i MPAH3UMUEHUM 6idnowennam) na muoocuni 2F0
{A| A C Mk (I)}.

Osnauenns 5 (uus. [22]). Hezal, F — 006iavHa YHIGEPCANLHA KIHEMAMUKA.

1. Bydemo zosopumu, wo cucmema idaiky m € Lk (F) € mpaekmopHro-pe2yaapHoro
sidnocno cucmemu eidaiky | € Lk (F) (y winemamuui F), AKu0 BUKOHYEMBCA Ha-
CIMYNHa  YMo6a:

(a) daa dosiavrozo x € Zk (m) mpaexkmopia trjy, o (x) € abecmpaxmuoro mpaekmo-
piero 3 Tm(l) 6 Zk (1) (mobmo ¥V w1, W € trjj . (X) 3 ymosu tm (w1) = tm (w2)
sunausae piericmv bs (wq1) = bs (ws), a omotce i pisnicms wi = wa).

Y nacmynnuzx deox nynkmazr, F — 008iabHA 6EKMOPHA YHIBEPCANOHA KIHEMATMUKG.

2. Bydemo zoeopumu, wo cucmema eidaiky m € Lk(F) e odnocmatino-
K6aA3INOCMYNAALHOW (CKOPOUeHO — KBa3100HOCMATHO00) 6i0HOCHO CUCTNEMU
sidaixy | € Lk (F) (y xinemamuuyi F ), axuwo:

(6) 0/L.ﬂ doginvrur X,y € Zk(m) euxonyemvca cnissidnowenna trjj. ) (%) ||,
tr.][u—m] (y)

3. Bydemo z06opumu, wo cucmema 6idaiky m € LE(F) e odnocmatino-
NOCMYNAALHOW (CKOPOUEHO — 00HOCTAUHO010) 6idHOCHO cucmemu 6idaiky [ €
Lk (F) (y winemamuui F), axuo m € K6a3i00H0CMAtin010 i MPAEKMOPHO PE2YNAP-
Hoto eidnocro | y kinemamuui F, mobmo, axuo sukonyromocs ymosu (a) i (6) danozo
03HAMEHHA.

[ligkpecanmMo, MmO Hajagdi BCIOJAM B Il cTarTi 3aMicTh TEpMiHIB “OjHOCTAifHO-
KBasinocrynaibaa” Ta “ojHOCTaiiHO-TIOCTYNANbHA” (cHcTeMa BiLIIKY) MH OygemMo KOpH-
CTYBATHCh IXHIMH CKOPOYEHHMH BapianTaMu “xeadtodrnocmatina’ ta “odHocmatina”
BIJIIIOBITHO.
3aysascenna 4. B pobori [22| nokazano, mo ua dizuunomy pishi 3 donomozoro oznavenns
J Mo2ICHA onucamMU CUCTNEMU BIOAIKY, NO6 A3AHL 3 MEEPIUMU MIAAMU, U0 3HATOOAMBCA
6 CMaHi NOCMYNAAbHO20 PYTY B PaMKaxX 3aKOHIB KjaacmyHOi MexaHikn. Takoxk B pobo-
1i [22] nokasano, mo B pamMkax Teopii BIAHOCHOCTI BH/LIEHHH KyPCHBOM BHCHOBOK BIKe
He € cupaseuBuM. Lleit edpexkT obymoBieHuit TuM (haKTOM, IO JOPEHIIOBE CKOPOYEHHS
JIOBZKHHH He MOKe OYTH PIBHOMIDHHM Y NPHCKOPEHHUX CHCTEeMaX BIJIIKY, & TOMY, KOPCTKI
He iHepIiiiHI cucTeMu Bi/VIIKY B “HepyXoMmiii” iHepuiiiHiil cucTemi BiUIIKY He BHIVISIAIOTH
xkoperknmn |30, 31].
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5 OpgHocTaiiHA MOCTYMAJIBHICTD 1 OIIEPATOPHU MTEPETBOPEHHS KOOP-
JAAHAT

O3snauenns 6. Hexai, % € Pk(T,9Q;:Ty,Q5), de 91,0y — dosiavri koopdurammi
npocmopu, a Ty = (T, <), Ty = (Ta, <o) — 0d06iavHI AIHITIHO YNOPAIKOBAHT MHOHCUHU.
Tpaexmopiero mouku x € Zk (Q;) sidnocro onepamopa nepemeopenmns koopduram %
bydemo HaA3UBANU MHOHCUHY:

trj, (x) == {% (t,x) |t € T,} C Ty x Zk ().

O3navenns 7. 1) Koopdunamnuii npocmip Q 6ydemo Ha3u6amu 6€KMOPHUM, AKULO

Ls(9Q) # 0.

2) Hezati, Q — eexmopnuti koopdunammnuti npocmip i T = (T, <) — ainitino ynopadro-
6aAHA MHONCUHA.

(2.1) Jaa dogiavroi mmoscunu A C T x Zk(Q) noxaademo, AT*Y .=
{(tm(w), x+bs(w)) |w € A}.

(2.2) Bydemo zosopumu, wo muoncuna A C T x Zk(Q) e (T,Q)-napaseavroro
mnoocuni B C T x Zk(Q) (nosnavenna A || r.q) B), axwo icnye eaemenm

x € Zk(9Q) maxui, wo:
B =AM = {(tm(w), x+bs(w)) |w € A}.
AHAJIOTIYHO /10 TBEP/KEHHsI 5 JOBOJUTHC HACTYIIHE TBEP/ZKeHHS.

Tsepaxxenns 6. binapne eidnowenna ]|(T:Q) € 610HOWEHHAM EKBI6ANEHTHOCTI HA MHO-
arcuni 2T*2k(Q) = {A| A C T x Zk()}.

O3znauenns 8. Hezatl, 9Q,,Qs — eexmopni xoopdunamni npocmopu i Ty = (T, <),
Ty = (T, <3) — ainitino ynopadkosani mmorcuru. Onepamop nepemeopers KoopouHam
U € Pk (Ty,0Q,; Ty, Qs) 6ydemo nazusamu 00HOCMATHO-NOCNMYNAALHUM (CKOPOUEHO
— odHocmMatHUM), AKULO:

1. daa dosiavnozo x € Zk (Q,) mpaekmopia trj, (x) € abcmpaxmmoro mpaekmopiero
3 Ty 6 Zk (Q3) (mobmo ¥ wy,wy € trj, (x) 3 ymosu tm(w;) = tm(ws) eéunausae
pisnicmo bs (wy) = bs (wy), a omorce i pienicms wi = ws).

2 d./l,:ﬂ dgei./zbnux X, X € Zk(9:) euxonyemvca cnissidnowenna trjy (x) || ir,.q,)
trjy (X).

Hexait, 7 — noBiibHa BeKTOpHaA yHIBepcaJbHa KiHemaTuka. Toi, 3riHO i3 CHCTEeMOO
NO3HAYeHb /Ui YHIBepCaJbHUX KiHeMaruk (quB. |2, mizposain 5.2|, |5, niaposain 22.2|),
JUIs JI0BLIBHOT cucremu BLLIiKY | € Lk (F) MaeMo piBHOCTI:

Zk (I) = Zk (BG(I));
Mk () = Tm () x Zk () = Tm () x Zk (BG (1)),
ne BG (I) — xoopaunaruuii npocrip. BpaxoByoun Buineckasane, a TakoXK o3HadeHHs 4

(myHKT 2), 03HauenHs 5 (nyHKT 3), o3HadeHHs 7 (nyHKT (2.2)), Ta O3HAYEeHHS 8, OTPUMYEMO
TaKe TBEP/ZKeHHsI:

TBepmxkenns 7. Hexatli, F — dosiavna eexmopna yHisepcasvha xinemamuka i [,m €
Lk (F) — dosiavni cucmemu eidaixy F. Todi:
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1. Jlaa dosinvruz muoorcurn A, B C Mk (I) cnissionowenna A || B pisnocurvne cnie-
BLOHOULEHHIO:

A “ (Tm(1);BG(I)) B.

2. Cucmema 6idaiky m € odHocmalinoo 6idnocno cucmemu 6idaiky | modi © miavku
modi, KoAU ONepamop nepemeopeHs KoopouHam.:

[[<m, F| € Pk(Tm(m),BG(m); Tm([), BG(I))

€ odnocmatinum.

6 Kpurepii omHoCTaifHOT MOCTYNAJbHOCTI [Jisi OMEpPaToOpiB mepe-
TBOPEHb KOOPJAMHAT Ta CUCTEM BiJIIKY

Teopema 1. Hezxati, Q1,Qs — 0o6iavHi 6ekmopHi Koopdunammi npocmopu, a T; =
(T1,<4), Ty = (Ty, <3) — dosiavui ainitino ynopadkosani muodxcunu. Bidobpascernns
U Ty x Zk (Q,) — Ty x Zk (Q5) € odnocmatinum onepamopom nepemeopenms Koop-
dunam modi i miavku modi, KOAU ICHYOMb PYHKULL:

d:T; x Zk(Dl) — Ty,

F: T2 — Zk (QQ) 1

g:Zk (Q)) — Zk (Q,),
w0 3a0060AbHAIOMD MAKT ymoesu.:

1. JTaa doeiavrozo x € Zk (Q1) dynruyia @ (t) := @ (t,x), t € Ty € biexuiero mioe Ty
1 'Ts.

2. Qynkyia g e biexyiero mioie Zk (Qy) 1 Zk (Q»).
3. [das dosiavroi napu (t,x) € Ty x Zk (Q1) sukonyemovca pienicms:
% (t,x) = (®(t,x),F (2 (¢x)) +8(x)). (1)
Josedenna. I) HeobximuicTs. Hexaii, omeparop mneperBopennsi koopaunar % €
Pk (T, 91; T2, Q) € oxuocraitaum. [Tokiaaaemo:
® (t,x) :=tm (% (t,x)), (t,x) € Ty x Zk (). (2)
Badikcyemo poBinbHmii enement xg € Zk (9;). [Hokragemo:
F := trjy (%o) - (3)

3a o3navennsim 8, F € abcrpakrHoio Tpaekropieio 3 Ty B Zk (Q5), TobT0 dyHKIi€H 3
D (F) C T, B Zk (Q2). Joseaemo, mo D (F) = T,. Hexaii, 7 € Ty. Bubepemo j1oBilibHmii
eqement y € Zk (Q,). Ockinbku, 3a o3navenuaMm 2, % € bieknieo mixkx Ty x Zk () i
Ty x Zk (Q5), TO icCHYIOTD eJieMeHTH teTiiFeZk (9Q,) raki, mo % (? ')Z) = (7,y). Toxi
(1,y) € trj, (X). 3a o3nauenusiv 8, trj,, (X) € abecrpakraoo Tpaekropieio 3 Ty B Zk (Q5).
Orxke, i3 cuiBBignomenns (7,y) € trj, (X) Bummsae, mo 7 € D (trj, (X)). 3rigno 3
YMOBOIO 2 O3HAYeHHs 8, MAEMO:

i () llerasn) B (%o) 4)
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To6ro, BpaxoByoun (3), Maemo:

6y ) liryn) F-

3 0CTaHHBOTO CIIBBIIHOIIEHHs, 3a O3Ha4YeHHAM 7 (myHkT (2.2)), BHILUIMBAE, 110
D (trjy (X)) = D (F). Orxke, ockinibku 7 € D (trjy (X)), o 7 € D (F). Takum ynnom,
noBinbHuil eement 7 € Ty nanexurs 10 D (F) C T,. Tomy, D (F) = Ty. To6ro F €
B/10OpasKeHHSAM BHJLY:

F:Ty— Zk(9Q,).

Tomy, Tpaekropiio F := trj,, (x¢) MoxKHa nojgaTn y BUI/IsIL:
trj, (x0) = {(1,F(7)) | T € T3}. (5)
[Toxknaaemo:
G (t,x) :=bs (% (t,x)) —F(®(t,x)), (t,x) € T1 xZk(Q,).
Toxi, Bukopucrosyioun (2), juis gosiibnux (t,x) € Ty x Zk (Q;) orpumyemo:

U (t,x) = (tm (% (t,x)) ,bs (% (t,%))) =
= (®(t,x),F (@ (t,x) + G (t,x)). (6)

Orxke, 3rijHo o3uavenns 6, s J0BLILHOTO (ikcoBanoro ejementa x € Zk (Q;) rpae-
KTOpiio trj, (X) MOXKHA MOAATH y BUIJISI:

trjy (x) = {% (t,%) [t € Ty} =
= {(®(t,x),F(®(t,x)) + G (t,x)) |t € Ty} (7)

3a osnauennsam 8 mMaemo trjy (Xo) ||(r,.q,) trisz (x). Tomy, BpaxoByioun cniBsinoments
(5) i o3nauennam 7 (nmyHkT (2.2)), oTpuMy€EMO:

trj, (x) = {(tm(w),y +bs(w)) | w € trj, (xo)} =
= {(r,y + F(7)) | 7 € T2}, (8)

ey € Zk (Q,). I3 cniBBignomens (7) i (8) Bunsnsae, mo:
{(®(t,x),F(®(t,x)) + G (t,x)) [t € T} ={(r,y+ F(r)) | T € Ts}.
3Bijcu BUILINBAE, MO I8 JOBUILHUX ty, 1ty € T icayiors enementu 71, 7o € Ty Taki, mo:
(@ (t:,%) . F (@ (t:,%) + G (t,x) = (n,y + F(r)) (i€ T2).
3 ocTaHHbOI PIBHOCTI OTPHMYEMO:
® (t;,x) = 7;
F(n)+G@t,x)=y+F(n) (€1,2).

Tobro, G (t;,x) = y (i € 1,2). Orke, G (t;,x) = G (t2,x) (Vt1,t2 € Ty). 3sigcu,
BPAaXOBYIOUH JIOBLIbHICTE BuOOpY BekTopa X € Zk(9Q;), Bumimsae, mo icuye byHKIA
g : Zk(Q;) — Zk (Q,) raka, mo:

G (t,x) = g(x) (V(t,x) € Ty x Zk (2,)) .
BpaxoByioun ocTaHHIO PiBHICTD, criBBiHOmeHHs (6) NepenucyeTbes y BUIISLL:

% (t,x) = (@ (t,x),F (®(t,x)) +8(x) ((tx) €Ty xZk(Q1)). (9)
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Omke, 3anIIHI0CH jgoBecTH, 1o GyHKmii @ 1 g 3a/0B0bHAIOTH yMOBH 1 1 2 a0l Teo-
peMH.

I.1) Hexaii, x € Zk (9;). Badikcyemo posiibunii enemenr 7 € Ty, Posriusinemo jo-
pinbuuit y € Zk (Qy). Ockinbku (3a osnauennam 8), % € Pk (T, Q;; Ty, Qy), 10, 32
o3nauennsim 2, icuye napa (¢,X) € Ty x Zk(Q,) raka, mo % (t,X) = (7,y). Toxi, 3a
o3HavYeHHM 6,

(7,y) € trjy (X). (10)
Ockinbku % — ojHOCTaliHe [EPeTBOPeHHs KOOPJAMHAT, TO, 3a O3HaYeHHAM 8,
trjy (%) (1, triz (X). Tomy, 3a osnauennam 7, D (trj, (x)) = D (trjy, (X)). Orxe,
ockizbky, 3rigno (10), 7 € D (trjy (X)), To 7 € D (trjy (x)). Tomy, 3a o3nauenusim 6,
icuye Moment wacy ¢t € T rakuii, mo tm (% (t,x)) = 7. Tobro, 3riguo (2), ¢ (t,x) = 7.
Omrke, npu joBiibHOMY (dikcoBanomy x € Zk (Q;) maemo:

Vre To3te T (®(t,x)=1). (11)

Hexaii, 3u0BYy, X — dikcoBanuii enement 3 Zk (1), 1 aaa jgeakux ty,t, € T mae micue
piBaicts P (t1,x) = @ (t3,x). Toxi, 3rigno 3 (9), orpumyemo:
U (t1,x) = (@ (t1,x) ,F (P (t1,%)) + 8(x)) =
= (® (t2,x), F (? (t2,%)) + 8(x)) = Z (t2,%).
Orxe, ockinbkn % € Pk (Ty,Q1; Ty, Qs), 10, 32 0O3HAYECHHAM 2, 3 OCTAHHBOI PIBHOCTI
BUILINBAE PIBHICTH, t; = ty. Takum unnoM, npn joBlibHOMY (dikcosanomy x € Zk (Q,)

MaeEMO:
Vi, to €Ty (((I) (t],X) =0 (tQ,X)) = (f] = tg)) ; (12)

3 (11) i (12) BunuBae, mo dyuxiis ¢ 3a/10BoIbHIE TEPILy YMOBY JaHOI TEOPEMH.

I.2) Hexaii, y € Zk (Q,). Bubepemo jpoinbuuit eement 7 € Ty. OCKIIbKI OCKLIbKE
U € Pk(T,0Q;; Ty, Qo), T0, 3a 030auenusaM 2, icuye napa (t,x) € T; x Zk (Q;) Taka,
110:

U (t,x)=(r,F(r)+y).
Toai, 3rigHo 3 (9), orpumyemo:
(@ (t,x),F (®(t,x)) +8(x) =(1,F () +y).

3Bigcn Bumumsae, mo ¢ (¢,x) = 71 F(7) + g(x) = F(7) + y. 3 ocranupoi piBaoCTi
orpumyemo, g(x) =y. Takum dunom:

Vy € Zk (Q,) Ix € Zk (Q)) (g(x) =V). (13)

Hexait, x1,xo € Zk(Q;) i g(x1) = g(x2). Bubepemo josuibuuii enement 75 € Ts.
3rigno 3 (11), icuyiors enementu ty,t, € Ty Taki, 1o:

(I) (tl,X]) = (I) (t2,X2) = T70.
3Bijcn, Bukopucrosyioun (9), orpuMyeMo:

U (t,x1) = (P (t1,x1) , F (@ (t1,x1)) + g (x1)) =
= (70, F (10) + g (x1)) = (70, F (10) + g (x2)) =
= (@ (t2,x2) , F (P (t2,%x2)) + g (x2)) = % (t2,%2) .
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Ockinbkn % € Pk (T;,9,; Ty, Q5), T0, 32 03HaYEHHAM 2, 3 OCTAHHLOI PIBHOCTI OTPHMYE-
MO, (t1,X1) = (t2,X3), TOOTO X; = Xo. TakuM UHHOM, TLILKH-110 GYJIO JIOBE/ICHO, IIO:

Vx1,x2 € Zk (1) ((8 (x1) = g (x2)) = (x1 =x2)). (14)

I3 cuiBBignomens (13) i (14) Bumansae, mo GyHKIg g 3a0BOJILHAE JAPYTY YMOBY TeOpe-
MH.

Takum unnom, sxmo oneparop Z € Pk (T, Q;; Ty, Qs) € oanocTaiiauM, T0 iCHYIOTDH
dbyukuii @ : T) x Zk(9Q,) —> Ty, F : Ty — Zk(Q3) i g : Zk (Q;) — Zk (Q3), mo
3a/10BOJIbHAIOTH YMOBH 1, 2 1 3 jiaHoi Teopemu.

II) Hocrarnicts. HaBnaknm, mexaii icuyiors dyukuii ® : T; x Zk(Q,) —— Ty,
F: Ty — Zk(Q:)ig: Zk(9Q;) —> Zk(9Q,), mo 3a10BoabHsI0TE yMoBH 1, 2 i 3
jganoi reopemn. Josejemo, mo toi Bigobpazxkenns %, mo 3ajgaerbes dpopmyson (1) €
OJIHOCTAITHUM OIEPATOPOM IEPETBOPEHHS KOOP/MHAT.

I1.1) Joseaemo, mo % € Pk (Ty,9Q,; Ty, Qo). Hexait, (¢1,%x1), (t2,x2) € Ty X Zk ()
i

U (t1,x1) = U (t2,%2) .
Toai, 3riauo (1), orpumyemo:

(I)(tl,Xl) = @(tz,Xz); (15)
F (2 (t1,x1)) +g(x1) = F (@ (t2,x2)) + g (x2).
3 ocTaHHIX JBOX piBHOCTEl BUILIMBAE, 0 g (X;) = g (X2). OTKe, 3riHO i3 APYTOI0 YMOBOIO
TEOPEeMH, X; = Xp. 3 ocTaHHbOI piBHOCTI 1 piBHOCTI (15) BHIUMBae piBHicTb P (,%x;) =
D (ty,x1). OTKe, 3rijiHO 3 MEPIIOI YMOBOIO TeopeMu, t; = to. Takum 4yuHOM, X| = X3 i
ty = to, T0OTO (t1,X1) = (t2,X2). OTKe, uis goBLIBHUX (t1,X1), (t2,X2) € T x Zk ()
MaEMO:

(% (t1,x1) = X (t2,x2)) = ((t1,x1) = (t2,%2)) (16)

Posrisinemo j1oBusibay ynopsiakosany napy (7,y) € To x Zk (Q2). 3 ymos 11 2 ganoi
TeopeMH BUILUIMBaE icnyBanus Takux X € Zk (Q,) i t € Ty, mo:

gx)=y—-F(r) i @(t,x)=r1
3Bijcu, Bukopucropyioun (1), orpumyemo:

U (t,x) = (®(t,x),F(®(tx)+gKx)=
= (nF(1) + (y-F(7) = (n.y).

Takum unHOM:

V(7,y) € T2 x Zk (Q2) 3 (t,x) € T1 x Zk (1) (Z (t,x) = (1,y)) (17)
3 (16) i (17) Bumiusae, mo Bigobpaxkenns % € oiekuieo mMizk T; x Zk (9Q;) 1 Ty x
Zk (Q,), T06TO, 32 O3HAYECHHAM 2:

% € Pk (T,0,; Ty, Q).

I1.2) /losexemo, mo oneparop nepersopenns koopaunar % € Pk (T, Q; Ty, Q) €
OJIHOCTAITHUM.

I1.2.a) /Tns posinbaoro x € Zk (9, ), Bukopucroytoun (1) ta ymoy 1 janoi Teopemu,
Ma€EMO:

brjy (x) = {% (t,%) [t € Ty} =
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={(®(t,x),F(®(,x)+g(x)) |t € T} =

={(rnF(r) +8(x) | € Ty} (18)
Ockinbku F € Bigobpaxkenusm 3 Ty B Zk (Q5) i, 3rigH0 3 yMOBOIO 2 Teopemi, g (X) €
Zk (23), 10 trj, (x) € aberpakrHolO TpackTopieio 3 Ty B Zk (Qs). OTxke, ymosa 1 o3Ha-
deHHst 8 JiIs BioOparkeHHst % BUKOHYETHCI.

I1.2.6) IlepeBipumo BHKOHAHHS YMOBU 2 O3HaveHHs 8 jjig BijoOpaxenns % . s
JOBUIBHHX X1, Xy € Zk (), Bukopucrosyoun (18), orpumyemo:

trjy (x2) = {(T,F () + g (x2)) | 7 € T2} =
={(".F(7) +g(x) + (8(x2) ~ g (x1))) |7 € T} =
={(r, ¥+ (8(x2) —g(x)) | (7,y) € triy (x1)} = (brjq (x)) D EE,

Omrzke, 3ri/IHO 3 O3HAYEHHSIM 7, BPAXOBYIOUH JOBLIbHICTH BUOOPY BEKTOPIB X1, X2 € Zk ()
OTPUMYEMO:
Vx1,x2 € Zk (1) (triy (x1) |(my0,) trie (x2)) -

Tomy, ymoBa 2 o3HaveHHs 8 Jis BiJ0OparKeHHsl %/ TAKOXK BUKOHYETHCHA. TaKUM YHHOM,
obuBi ymoBu o3nadenus 8 jist Bijobpaxennus % € Pk (T, Qp; Ty, Q2) BUKOHYIOTHCS.
Tomy, 3a o3HaueHHsIM 8, %/ € OJHOCTAWHUM OIEPATOPOM HEPETBOPEHHSI KOOP/IMHAT. O

3 reopemu 1 BHILIMBAE TaKHil HACIIIOK:

Hacaipok 2. Hexat, F — sexmopha yHicepcasvha xinemamura. Cucmema 6idaiky m €
Lk (F) € odnocmatinoro eidnocro cucmemu eioaiky | € Lk (F) modi i miavku modi, Koau
ICHYI0OMD PYHKULE:

® : Mk (m) — Tm ([),

F:Tm(l) — Zk(I),

g:Zk(m)+— Zk(I),
wWo 3a006ONLHANMYG MAKI YMOGU:

1. Jlaa dosiavnozo x € Zk (m) dynruia $(t) := ® (t,x), t € Tm (m) € biexyiero mioic
Tm (m) ¢ Tm ([).

2. Qynruia g € biexuicto mioic Zk (m) i Zk ().
3. Jas dosinvrozo w € Mk (m) eukonyemoca pienicmo:
[L—m]w = ( (tw, Xw) , F (P (tw, Xw)) + 8 (xw))
de ty = tm (W), Xy = bs (w).

Oyukiis ¢ B ymMoBi TeopeMu 1 BUBHAYAETHCS OJHO3ZHAYHO JIJI5 JIOBLILHOTO (PIKCOBAHOTO
OJIHOCTANHOTO ornepaTopa neperBopernst koopaunar. Cupasii, 3 ¢opmyan (1) Bumubae,
10:

O (2, x) =tm (¥ (t,x), (t,x) € Ty x Zk () .

[Ilo Topkaerses dyukimii F i g, 7o Bonn Bu3HauaoThed Heoano3uHaqvHo. Cripas/ii Hexaii,
rpiiika dyukiiit ¢, F i g 3agoBosibusge ymosu Teopemu 1. Toji, g9Kimo B34TH J10BLILHIIT
BekTOp y € Zk (), i nokmacru:

Fi(r):=F(r)+y (t1€Ty);
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gi(x)=g(x)—y (x€Zk()),

TO, K JIETKO mepeBiputH, Tpiiika dynkmiit ¢, F; i g; Takoxk 3a/J0BOJbHATHME YMOBH
TeopeMu 1.

Teepmxkennsa 8. Hexati, 1,0, — sexmophi koopdunamni npocmopu; T; = (T, <y),
Ty = (T, <5) — ainitino ynopadkosani mmostcunu i 6idobpascenna % : Ty x Zk (Q;) —>
Ty x Zk (Qy) € odnocmatdinum onepamopom nepemesopenns xoopduram. Sxwo dymruii
®: Ty xZk(Qy) —> Ty, F,F; : Ty — Zk(Q) i g, 81 : Zk(Q;) —> Zk(Q») €
MAKUMU, ULO:

1. pynxuia ¢ sadosorvhac ymosy 1 meopemu 1;
2. pynxuii g 1 g1 3a0060AbHANOMD YMOBY 2 meopemu 1;
3. daa dosinvnuz (t,x) € Ty x Zk (Q;) 6uxonyemwvcea pienicmov:
% (t,x) = (2 (t,x),F (@ (tx)) +g(x) =
= (2 (t,x),F1 (®(t,x)) + 81(x)) , (19)

mo icnye eexkmop yo € Zk (Qo) makut, wo dasa dosinvnur T € Ty i x € Zk (9Qy)
Ma0Mb MiCUe PI8HOCNI:

g1 (x) = g(x) - yo. (21)
Jlosedenna. 3 pisrocri (19) st goBiibaux (¢,x) € Ty x Zk (Q;) orpuMyemMo piBHICTS:
F(®(t,x)) +g(x) = F1 (2 (t,x)) + &1(x).

Bpaxosytoun,mo ¢yukiis ¢ 3agoBosbasge ymoBy 1 Teopemu 1, OCTaHHIO PIBHICTH MOYKHA
nepenucaT y BUIJISIL:

F(r)+gx)=F; (1) +g(x) (VreTyVxeZk(Q,)).

3Bigcu:
Fi(1)-F(7) =g(x) —gi(x) (V7 € ToVx € Zk(9Q,)).

Towmy, Bupasu B mpasiii 1 JiBiif YacTHHI OCTAHHBOI PIBHOCTI He 3ajeKaTh Hi BiJI 3MiHHOI T
Hi Bij 3minHOl X. TobTO, icHye enement yo € Zk (Qs) Takwuii, mo s goBiibanx 7 € Ty i
x € Zk (9,) maiorh Micie piBHOCTI:

Fi(7) = F(7) =vyo; g(x) — g1(x) = yo-

3 ocrannix piBHOCTeil BumInBaoTh piBHocTi (20) i (21). O
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Summary. Ya.Il. Grushka. The criterion for self-consistently translati-
onal motion of reference frames in universal kinematics. Universal ki-
nematics as mathematical objects may be interesting for astrophysics, because there
exists the hypothesis, that in the large scale of the Universe, physical laws (in parti-
cular, the laws of kinematics) may be different from the laws, acting in the nei-
ghborhood of our Solar System. The present paper is devoted to investigation of
self-consistently translational motion of reference frames in abstract universal ki-
nematics. In the case of self-consistently translational motion we can give the clear
and unambiguous definition of displacement as well average and instantaneous speed
of the reference frame. Hence the uniform rectilinear motion is the particular case
of self-consistently translational motion. So, the investigation of self-consistently
translational motion is technically necessary for definition of classes of inertially-
related reference frames (being in the state of uniform rectilinear mutual motion) in
universal kinematics. In the paper we establish the necessary and sufficient condi-
tion on coordinate transformation between reference frames of universal kinematics
assuring self-consistently translational motion of one reference frame relatively to
another:

Theorem. Let F be vector universal kinematics. The reference frame m € Lk (F)
is self-consistently translational relatively the reference frame | € Lk (F) if and
only if, there exist the functions: ® : Mk (m) — Tm ([), F : Tm (I) — Zk(I),
g : Zk (m) — Zk (1), satisfying the following conditions:

1. For each x € Zk (m) the function ®(t) := @ (t,x), t € Tm (m) is a bijection
between Tm (m) and Tm ([).

2. The function g is a bijection between Zk (m) and Zk (I).

3. For every w € Mk (m) the following equality is performed:

[[m]w = (D (tw,Xw) , F (P (tw,xw)) + & (Xw)) ,
where ty, = tm (W), x,, = bs (w).

Keywords: universal kinematics, reference frames, self-consistently translational
motion.

Osepxano pegakmiero 01.12.2017 [Ipuiinaro jgo apyky 29.12.2017
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O.A. I'yaiBenp, C.FO. Ouiiinuk, I'.A. MapkeBu4

BEKTOPHI ®YHKIIII CKAJISAPHOI'O APTYMEHTY ITPU JOCJIPKEHHSX
KIHEMATHUKHA TOYKHU TA TBEPJ1OI'O TLUIA

B pobomi  3acmocosyemvcsi  Oe3xoopounamuull (8eKMOPHUiL) Cnocib6 npoeeoeHHs
MamemMamuyHux onepayii Ha0 6eKMOPHUMU BEIUYUHAMU HA HPUKIAOi 008€0eHHs meopem
KiHeMamuKy mouKku ma meepooz2o mina. Taxuti cnoci6 6 HasuanbHOMYy npoyeci 00360.14€
CKOpOMUMU Yac Ha 008edeHHs OeaKkux meopem 3 Kypcy « Teopemuunoi mexawnixuy. Tax, npu
O00CNI0NCEHHSAX KIHEMAMUKY MOYKU Ma MEepoux mii UKOPUCMOBYIOMbC 6eKMOPHI QYyHKYIT
CKAIAPHO20 apeymMeHmy (4acy): paoiyc-6ekmop, WEUOKICMb, NPUCKOPEHHS, HAO SAKUMU €
HeoOXiOHICMb  NPOBOOUMU  pPAO0  MAMEMAMUYHUX ONepayiu: 3HAXOO0MCEHHA iX cymu,
BEKMOPHO20 MaA CKANAPHO20 IX 000YmMKy, 000YMKY GeKMOPHUX (DYHKYILl HA CKAJSAPHY,
oughepenyiosanns ma inmezpyeanus, mowo. HAx 6i0omo, iCHyIOmb 08a Memoou NPOBeOeHHs.
MamemMamuyHux —onepayiii.  Haod GeKMOPHUMU BelUUHAMU. Oe3K0opOuHamuull (abo
BEKMOPHULL), SAKUL Onepye 0e3nocepeoHbo 3 BeKMOopamu ma KOOPOUHAMHUU — onepayii
NPOBOOSIMbCA HAO CKANAPHUMU BEIUYUHAMY, SKI AHATIMUYHO BUSHAYAIOMb 8 0esKill cucmemi
koopounam. bezxoopounamnuii memoo € Oinbul KOMNAKMHUM [  OOYLIbHUM  OJis
BUKOPUCMAHHA NpU  NPOBEOEHHI MeopemuyHux 0ocnioxcensb. Buxopucmaswiu  Oesxi
81ACMUBOCMI  8EKMOPHUX — (OVHKYIL:  MOJNCIUBICMb  300padcamu  6eKMOpHY — DYHKYIIO
CKAISIPHO20 Ap2yMeHmy y 8u2isoi 000YmKy 0OUHUYHOI 6eKmMopHoi ¢yukyii (opma @yukyii) Ha
CKANAPHY QYHKYIIO (MOOYAb 8ekmopHoi (hynryii) i npasuna Ooughepenyilo8anHs 6eKMOPHUX
GdyHKyill, 3a 00NOMO20I0 0E3KOOPOUHAMHO20 Memood NPOBeOeHO 008COCeHHS OeKLIbKOX
meopem No GU3HAYEHHIO KIHEMAMUYHUX Napamempie mMoO4OK GLIbHO2O0 MEepo020 Mmiia ma
OKpeMoi mouKu npu cKIaOHOMYy ii pyci. 3acmocy8anus maxkux memoois 008e0eHHs meopem
npu eusuenHi oucyuniinu «Teopemuuna mexawika» 00380158€ 0ewo CKOPOMUmU 4Ydac Ha
008€0eHHsL YUX meopem, Wo € BaANCIUBUM PAKMOPOM & CYUACHUX YMOBAX.

KurouoBi cioBa: 0e3koopAuMHATHUN METOJ, KiHEMaTHKa TBEPAOro TiNa, BEKTOpHA
GbyHKLIA, CKaJIsAp, NOXiAHA, pajilyC-BEKTOP, IBUIKICTh, TPUCKOPEHHS.

1. Beryn

IIpobnema ma ii 36’5130k 3 HAyKOGUMU mMa NpAKMudHuUMuU 3ae0anHamu. TeopeTndHa
MeXaHIKa € HayKOBOIO OCHOBOIO CYYacHOi TEXHIKM 1 (pyHIaMEHTaJIbHOIO JUCIUIUIIHOIO B
CrpaBi MiATOTOBKH 1HXXEHEPHUX KaJpiB. B cyyacHHMX ymoBax poOOTH BMINOI LIKOJH, KOJIH
pizko (B 2 pa3u 1 OuIbllE) CKOPOUEHO KUIBKICTh T'OJUMH Ha BUBYEHHS 1€l IUCHUIUIIHM,
HEOOXIJJTHO 3MEHIIYBaTH KUIBKICTh 4acy Ha JOBEJCHHS pAAY TEOpeM 3 Ii€i TUCHMIUIIHUA Oe3
3MEHILEHHS 00CITy 3HaHb y CTYJEHTIB BHACIIAOK ii BUBYEHHs. OTKe, HEOOX1THO pO3poOUTH
Taki METOAM JIOBEIEHHS psAy TeopeM KIHEeMaTHKM TOYKM Ta TBEpAOro Tila, s[Ki He
3MEHIIYIOUM TOYHOCTI 1 IKOCTI JOBEICHHS IIMX TEOPEM J03BOJLUIM O CKOpOYYBaTH 4Hac Ha iX
JIOBEJICHHS.

Ananiz docnioxcens i nyonikayiu. IluTaHHS KiIHEMaTUKM TOYKM Ta TBEPAOrO TiIa B
BITUM3HSHIN JiTepaTypi BiqoOpa)KeHi TOCUTh IOBHO 1 HA BUCOKOMY piBHi. JloBeieHHS TeopeM
KIHEMAaTHKHM TOYKU Ta TBEPJOrO Tija BUKOHAHI B OCHOBHOMY 3 3aCTOCYBaHHSIM aHaJIITHYHOTO
KOOPJMHATHOTO METOAY MaTeMaTHYHMX OIepaliil HaJ BEKTOPHUMH BeluyuMHaMu [3],
AQHATITUIHOTO KOOPJMHATHOTO B TIOEIHAHHI 3 O6e3koopauHaTHuM [5...10] Ta reoMeTpuIHOTO
METO/Y CKJIaJJaHHsI BEKTOpPHUX BenuuuH [4, 11].
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SIk ToKa3zajma TpaKTHKa 3acCTOCYBaHHsS ICHYIOUMX METOJIB JOBEICHHS TEOpeM
KIHEMAaTUKH TOYKH Ta TBEPAOTO Tila, IIi METOAM HE JO03BOJSIOTH CKOPOTHTH Yac Ha
JIOBEJICHHS ITUX TEOPEM.

Ilocmanoska 3a0aui. Ha OCHOBI aHami3y BJIACTUBOCTEH BEKTOPHUX (YHKIIIH
CKQJIIPHOTO apryMeHTy 1 aHalmizy (i3M4HOi CyTl KiHEMaTHKH TOYKH Ta TBEPAOTrO Tijla
pO3pOOHUTH JOBEIEHHS TEOpPEeM KIHEMAaTHKH TOYKH Ta TBEPIOTO Tijla, sIKi O O3BOJISIIN
CKOPOTHUTH Yac Ha JIOBEJICHHS IIUX TEOPEM.

2. BukiaieHHsi MmaTepiajy Ta pe3yJbTaTH

[lpy BuBYEHHI pyXy MaTepiaJibHUX OO0’€KTIB B TPOCTOpI 3 IUIMHOM 4acy
BUKOPHUCTOBYIOTBCS TEBHI CHUCTEeMHU BiIiky. KoxkHa cucTema BIUTIKY € CYKYITHICTIO Tijia
BIJUTIKY Ta 3B’S[3aHUX 3 HUM CUCTEMH KOOPAMHAT 1 CUCTEMH BIIJIIKY Yacy, MO BiTHOLICHHIO JI0
SKUX PO3TIISAAETHCS PYX OyIb-SIKUX THIIUX TiJI.

CyuacHa MexaHiKa IPYHTYEThCS Ha Psijii 3aKOHOMIPHOCTEH, 110 YCTAaHOBJIEHI B (opMi,
AKa € He3aJIeKHOIO BiJl BUOOPY CUCTEMH KOOPJIWHAT, SIKi 3aCTOCOBYIOTHCS MPHU OJIEP>KyBaHH1
Ta JOCIIDKeHHI IMX 3akoHOMipHOcTed. Taka ¢QopMa 3aKOHOMIPHOCTEH HA3WBAETHCS
IHBapiaHTHOIO.

Sk Bimomo 3 Kypcy MaTematuku [ 1, 2]:

1) ¢i3uuyHi BeNWYMHM, 3HAYCHHS SKUX MOXYTh OYTH BHpaKeHI JOJATHUMH abo
BiJl’€MHUMH YHUCIIAaMH («CKAJIIpaMm») 1 sIKI HE 3aIekaTh Bl CUCTEMHU BIIUTIKY HA3WBAIOTHCS
CKaJIIpHMMHU BETMYMHAMU (Maca, TeMIepaTypa, CHepris);

2) BeNWYMHHM, 3HAYCHHS SIKUX BU3HAYAIOTHCSA SIK PO3MIpaMH TaK 1 HAIIPSIMOM B ITPOCTOPI,
HA3MBAIOTHCSI BEKTOPAMH 1 MOXKYTh 300pa)KyBaTUCh BiJIpi3KaMH, SIKi MAlOTh MEBHY BEIMUUHY
Ta HAIPSIM;

3) BekTOpHOI0O (GYyHKIIEW (BeKTOp-(pyHKII€I0) CKalspHOi 3MiHHOI t Ha3MBaeThbCA
3MIHHHI BEKTOP @ , AKIIIO KO)KHOMY 3HaYeHHIO t BiJITIOBi/1a€ IIEBHE 3HAUYEHHS BEKTOpa @

a=f(t).
[Ipu pocmikeHHSX KIHEMaTUKW TOYKM Ta TBEPAUX TUI BEKTOPHUMHU (DYHKILISIMU
CKaJISIPHOTO apryMEHTY (4acy) € pajilyCu-BEKTOpU TOUOK T = T(t) , IX MIBUAKOCTI U =D (t) Ta

npuckopenHs & =a(t).

[Ipy KiHEMaTHYHUX JOCHIJDKEHHSX HaJ BEKTOPHUMU (DYHKLISIMH CKaJIPHOTO
apryMeHTy MpOBOJATHCS MaTeMaTH4YHI ONepallii: 3HAaXOKEHHS IX CyMH, BEKTOPHOIO Ta
CKaJIIPHOTO iX JT0OYTKY, HOOYTKY BEKTOPHMX (YHKIIM Ha cKalspHy (QyHKIil0 abo craimy
CKaJIIpHY BEJIMYMHY, AU(PEPEHIIIFOBAaHHS Ta IHTEIPYBaHHS.

Sk BigoMo [5] € 1Ba METOAU MPOBEIEHHS MAaTEMaTUYHMX ONepaliid HaJl BEKTOPHUMU
BEJIMYMHAMU: O€3KOOPIMHATHUI — ONEPYIOTh 0€3M0cepeIHbO 3 BEKTOPAMHU HE 3B SA3YIOUH iX 3
MEBHUMU CUCTEMAMU KOOPJUHAT Ta KOOPAMHATHUN — olepallii IpOBOAATHCS HaJ CKAIIPHUMU
BEJIMYMHAMHU, K1 aHAJITUYHO BU3HAYAIOTh BEKTOP B JIesKii cuctemi koopauHart. [Ipu npomy
YCTaHOBJIEH1 0€3KOOPAMHATHUM CIOCOOOM oreparliii He 3aexaTh BiJ BUOOPY KOOPAMHATHOI
CHCTEMH 1, K HaCIiJOK, € iIHBapiaHTHUMH. be3koopAnHaTHUI MeTo/ € OBl KOMIAKTHUM B
MOPIBHSIHHI 3 KOOPJIMHATHUM 1 3aCTOCOBYETHCS IMEPEBAXKHO MPHU MPOBEJEHHI TEOPETUYHUX
nociikeHb. KoopIuHaTHUR MeToJl TakoX J103BOJIsiE MOOYNyBaTH CHCTEMY IHBapiaHTHHUX
orepariii, sSKi BIAPI3HAIOTHCS BiJ Olepaiiif, BUKOHAHUX Oe3MocepeHbO HaJl BEKTOpamH,
aume (HOpMOIO 3aMUCy 1 3aCTOCOBYETHCS SIK NMPU TEOPETHMUYHHUX JOCIKEHHAX TakK 1 MpH
PO3B’sI3yBaHH1 KOHKPETHUX 3a/1a4.

MaremaTiuHi omeparii HajJ BEKTOPHUMHU (PYHKIISIMH CKaISIpHOIO apryMEHTY:
3HAXOJKEHHS X CyMH, BEKTOPHOIO Ta CKaJISIPHOTO A00YTKY, 100YTKY BEKTOpPHUX (QYHKIIII Ha
CKaJApHY (YHKIII}0O BUKOHYIOTHCS TaK CaMo 5K 1 HaJl Oy/1b-IKUMU BEKTOPHUMHU BEJIMYMHAMU.
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JudepeniiiroBaHHs BEKTOPHUX (PYHKIIIA CKaJIPHOTO apryMEHTY, TOOYTKY BEKTOPHHUX
¢GyHKLIH Ha CKaIspHY, CKaJspHOro a00 BEKTOPHOTO MOOYTKY BEKTOPHHX (DYHKIIiH
BUKOHYIOTHCSl 3a TIpPaBWJIAMH, SKI QHAJIOTIYHI BIJOMUM TMpaBWjaM JudepeHIiFOBaHHS
CKaISAPHUX (YHKIIIH.

Hexali HeoOXiqHO BM3HAYUTH IMIBUIKICTh 3MIHIOBAaHHS BEKTOpHOI QYHKIII P (t) , AKa
XapaKkTepU3ye JesIKe MEXaHIYHe SBUINE B TEBHIM cuctemi Bimiiky. [lpu nudepenmiroBanHi
i€l pyHKIIT BUKOPHCTAEMO BIACTUBICTH: BEKTOPHY (DYHKIIIIO CKAISIPHOTO apryMEHTY MOKHA
MOAaTH Y BUTJISIL TOOYTKY [2]

p(0)=2, (1) p(0) o
ne: ¢, (1) — onuumuna BextopHa dynkiis (opr Bekropa A (t)); p(t) — ckanspua ymKuis
(Moyib BekTOpHOI (yHKIiT p(t)).
[Tpomudepeniroemo 3a gacom Bupas (1)
ap) o) o dp(y
= ot 2PV 2
a a Pl g @)

B ¢opmyni (2) nepia ckinanoBa B npaBiii YaCTHHI XapaKTepHU3ye 3MIHIOBaHHS HANPSMY

BEKTOpa ,5(t) , & IpyTa CKJIa/I0Ba XapaKTepPU3y€e 3MIHIOBAHHS HOTO BETMIMHH (MOJTYJIs).
Sk Bimomo [2], moxiTHa 32 9acOM BiJ] OJMHUYHOT BEKTOPHOT PYHKIIIT TOPiBHIOE
de (t) _
ﬁ:a}xgp(t)’ (3)
dt
Ie: @ — BEKTOp KYyTOBOI IIBHJKOCTI OOEpTaHHS BEKTOpa O (t) , AKHM COPSIMOBaHHUM 3a

IPaBUJIOM MPABOTO I'BUHTA B3/JOBXK OC1 00EpTaHHS.
OTxe, MoOXiJHA 32 4YaCOM BEKTOPHOI (PYHKIII{ CKaJISIPHOTO apryMeHTy ﬁ(t) Oyzne matu

BHIJIS
df_;—t(t)=(a_)><5p(t))-p(t)+5p-d'zt(t). (4)

do(t

dt

N—"

B 3aranpHOMYy BUNaaKy BEKTOpHa (PyHKIIIS Oyze crpsiMOBaHa IO JOTHYHIA 710

rogorpada GyHKIii ﬁ(t) .
dp(t)
dt

Skmo ckamsipra Gyskiis p(t)=const, To Bekropn p(t) i Oy/lyTh B3a€MHO

)

NEPIEHAMKYJIAPHI, TIpH C, (t) =const a p(t) #CONst BeKkTOpH L (t) 1 o

OyayThb

JeKaTH Ha OAHINA IpsAMIH.

Posrnsinemo  Ouibin  ckJIAAHUM BUNAAOK JAU(EpPEHIIIOBAHHA BEKTOPHUX (YHKIIIH
CKaJISIPHOTO apTryMEHTY.

Hexait B pjedkiii Toull mpocTOopy BiAOYBaeTbcsl MEXaHIYHE SIBUINE, SIKE

XapaKTePU3YETHCS JESIKOI0 (DYHKIIIEI0 ﬁ(t) 1 ske (iKCcyeThCs B JBOX CHCTEMax BIAIIKY: y

cucTeMi, Jie 1ie sBHIe BiAOyBaeThCcsl Oe3nocepeiHbo, Ky Oy/l1eMo Ha3MBaTH BIAHOCHOIO, 1 B
CUCTEMI, Ky IPUIMaeMO 3a HEPYXOMY 1 BITHOCHO SIKOT pyXa€eThCsl pyXoMa.

[IIBuIKICTh 3MIHIOBaHHS BEKTOPHOT (PyHKIIIT ﬁ(t) B1JIHOCHO PyXOMOi CHCTEMHU BIIJIIKY

Oy/1IeMO Ha3MBaTH BIAHOCHOIO TIOXITHOIO 32 YaCOM, a BITHOCHO HEPYXOMOiI CUCTEMH BIITIKY —
a0COJIIOTHOIO MOX1AHOI0 BEKTOPHOI (PYHKIIIT 32 4aCOM.
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YcTaHOBUMO 3aJI€XKHICTh MDK aOCONIOTHOIO Ta BITHOCHOIO IOXIAHHUMH BEKTOPHOI
byukuii p (t)
BekTopHa ¢yHKIIis ﬁ(t) BiIoOpakae CyThb MEXaHIYHOTO SBUIIA, SKE BiAOYyBaeTbCs y

BIJIHOCHIA CHCTEMI BIUTIKY 1 HE 3aJICKUTh Bil pyXy Ii€l CHCTEeMH BIIJIIKY BiJIHOCHO
HEPYXOMOI.
OTxe, BITHOCHA MOXiJHA 32 YaCOM BEKTOPHOI (PYHKIIIi CKAISIPHOTO apryMEHTY ﬁ(t)

3TiHO 3 piBHSAHHSM (4) Oye MaTu BUTJIS
dp(t) dp(t)
— | =(w xc, (t)) p(t)+cC -——, 5
dt r ( r P( )) p( ) P dt ( )
Jie @, — BEKTOp KyTOBOI IIBUAKOCTI 00epTaHHS BEKTOpa ,B(t) y BITHOCHIH cHCTeMi BIJIIKY.
Posrasimemo Tenep abCOMOTHY MOXIJHY BiJ BEKTOPHOI (YHKITIT ﬁ(t). BpaxoByroun,
10 HA BEJIMYUHY MOIYJs BEKTOpHOI (yHKIII P (t) 3MiHa IIOJIOKEHHSI PYXOMOI CHUCTEMHU

BiJUTIKY BiJHOCHO HEpPYXOMOi HE BIUIMBA€, a HA BEIMYHMHY 3MIHIOBaHHS HAmpsMy JaHOl
BEKTOpHOI (PyHKIII BIUIMBa€e JOJATKOBO JIMIIE KyTOBAa MIBUAKICT OOEPTaHHA Tijia BIUTIKY

PyXOMOi CHCTEeMH 3alUIIeMO IOXiJHY BEKTOPHOI (yHKIIil ﬁ(t) 3a YacoM BIJIHOCHO

HEPYXOMOT CHCTEMH BiJUTIKy — aOCOJIIOTHY MOXITHY

L @0 Lm0, o

Je (@, — BEKTOp KyTOBOI IIBUJIKOCTI OOEpPTAaHHS TiNa BIAJIIKY PyXOMOi CHCTEMH BiJHOCHO

MHUTTEBOI OC1, IO MTPOXOIUTH Yepe3 MOYaTOK BIIIIKY pyXOMOi CHCTEMHU.
Toni 3 ypaxyBaHHSM piBHSHHS (5) 3amuinemMo pIiBHSHHS, SIKe BHpakae aOCOIIOTHY

MOX1HY BEKTOPHOI QYHKIIT p (t) 3a yacoM

dp(t) dp(t) (@
dt dt :

xc, (1))-p(1) Q)

abo

P _[220)] 4 5 x5(0). ®)
da ) da )

TakuM uymHOM O€3KOOpPAMHATHUM cIlocoOoM ojaepxkaHa (opmyna bypa (8), 3 sxoi
BUIUIMBAE, 110 Aa0COJIIOTHA MOXiJAHA BEKTOPHOI (YHKIIi CKaJIpHOrO apryMeHTy JIOpIBHIOE
BEKTOPHIM CyMi BITHOCHOI MOX1AHOI 1i€l (YHKIIT 1 BEKTOPHOTO AOOYTKY KyTOBOI IBUIKOCTI
HEPEeHOCHOT0 00epTaHH: Tija Ha BEKTOP, AKUN AU(EPEHLIIOI0Th.

Sxmo ¢izuuHe sABUILE, SIKE XapaKTepU3YEThCsS AESIKOI BEKTOPHOIO (yHKIE€ p (t) 1

sKe (PIKCYeTbCs KpIM HEPYXOMOT B JIEKUIBKOX PYXOMUX CHCTEMax BiIUIIKY, sIKI MATUMYTh CBOT
TiJa BIJUIIKY, KOKHE 3 SIKUX OyJe MaTH CBIl BEKTOp KYTOBOI IIBUJIKOCTI 00€pTaHHS BiJIHOCHO

CBO€E1 MUTTEBOI OC1 @

i » TO a0COJIIOTHA MOX1HA BEKTOPHOI QyHKILIT o (t) (8) mpuiime BUrIAg

dp(t)) (dp(t)) & () ©)

—2 | === | +) ;%
dt dt i
a r
Hwxye HaBeneHi MOBEACHHS JCKIIBKOX TEOPEM KIHEMATHKH, SKi BUKOHAHI Ha OCHOBI
3aMpONOHOBAHOI0 CIIOCO0Y NM(EepEeHIiIOBaHHS BEKTOPHUX (PYHKIIIH CKaJIAPHOTO apryMeHTY.
PosrnsiHeMo pyx BimbHOTO TBeporo Tima G. SIk BimomMo, pyX BUTBHOTO TBEPIOTO Tija

MOYKHa HECKIHYEHHOIO KUIBKICTIO CIOCOOIB PO3KJIACTH HA JBa PYXH: MOCTYNAJIbHHUH, SKUN
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BU3HAYAETHCS PYXOM JOBUIHHOI (PIKCOBAHOI TOUKH TiJIa — IMOJIOCA, Ta 00€pTaIbHUNA HABKOJIO
MHTTEBOI OCi, II0 IPOXOJUTH Yepe3 LEH MOII0C, 3 JESIKOI KyTOBOIO HIBUJKICTIO @, .
BubGepemo B Tinmi goBinbHI OB Touku A Ta B (puc. 1). BuzHaunMo iX MOJIOKEHHS
BIZIHOCHO Hepyxomoi Touku O NIpocTopy pajlycamu-BeKTopamu T, Ta T, a IIOJIOKCHHS
TOYKU B BITHOCHO TOYKHU A pazaiyc-BekTopoM p . Ilpuitmemo Touky O 3a mo4aTok HepyXoMoi
CHUCTEMH BIIJIKy, a TOUKYy A — 3a IMOYaTOK PyXOMOi cucTeMH BimiIiKy (momoc). Tomi
HOJIOKEHHS TOYKM B BIJHOCHO PYXOMOi CHUCTEMH
BIIIKY OyAe BM3HAUUTHCh DPaiyCOM-BEKTOPOM g, -
[Tin gac BChOro pyXy TiJla pajaiyCH-BEKTOpU OYyIyTh
3MIHIOBaTUCh 3 4YacoM: T, Ta [y — 3a BEJIMYHMHOKO Ta
HAIpsIMOM, & PalyC-BEKTOP pg, — JHILIE 3a HAIPIMOM.
ITix gac BChoro pyxy Tija OyJe BipHa 3aJIekKHICTh
T =T+ Pga- (10)
Bu3HayuMo MIBUIKICTE TOYKU B
gy =Je I D gy
dt dt dt
Bupasumo BekropHy  dyHkiiro ckamspaoro Puc. 1. Jlo Teopemu npo po3nomin
apryMeHTy pg, Yy BUIUIAAl J00yTKY OJUHUYHOL LIBU/IKOCTI TOYOK TBEPJOrO TiNA.

BEKTOPHOI PYHKILi C, Ha CKAJAPHY QYHKUIIO pg,

ﬁBAZEp'pBA' (12)
Toni
_ _ dc _ dps. N\ = _ dp
UB=UA+d—tp~pBA+Cp-TBA:UA+[(a)r+a)e)xcp]-pBA+Cp~TBA. (13)
dPga

Tak sk 11 TOYOK TBEPAOrO Tila =0, @ =0, To omepKUMO pIBHSHHS SIKE

BUPAXKa€ TEOPEMY IPO PO3IMOJILT IIBUAKOCTEH TOYOK BUIBHOTO TBEPJOTO Tijla
Dy =0, + @, X Pgp =Dy + gy - (14)
Llsuoxicms 008iNIbHOI MOUKU BINbHO2O MEEPO020 MIiNAd OOPIBHIOE BEKMOPHIU CYMi
WBUOKOCMI 008IIbHO 8UOPAHO20 NONIOCA | WBUOKOCMI 00epmMalbHO20 PYX) HABKOLO OCl, KA
npoxooums uepe3 noJioc.
BusnaunMo mpoekuii mBUAKOCTI ABOX TOUOK A Ta B TBepAOro Tija, ske rnepedyBae B

JIOBUIBHOMY pycl, Ha Bick AB , 1110 IpOXOAUTH Yepe3 111 TOUKH (IUB. puc. 1).
Ckopuctyemoch piBHAHHAM (14), sike Bupakae 3aJI€KHICTh MK MIBHAKOCTAMHU ITUX

TOYOK, 1 CIPOEKTYEMO HOTO Ha BICh AB:
)=UA ‘cos(EA?E)+UBA-cos(DBA?E). (15)

Vg 'cos(UB TAB
Tak sik BeKTOp 00epTanbHOI HIBUIKOCTI Dy, L AB, 10 OJIEPKUMO
):UA-COS(DAfAB). (16)

TakuM YHMHOM JOBEAECHA TeOpeMa: npoekyii weuokocmeu 080X MOUOK AOCONOMHO
meepoo2o mina npu 6y0b-aKoMy U020 PYCi HA iCb, WO NPOXOOUMb Yepe3 Yi MOYKU, PIBHI MidC
cobor0.

0y -c0s(7, ; AB

142



Cepist «Pi3uKo-MaTeMaTHIHI HAyKn», 2017

Posrnssmemo pyx Toukm M (pwuc. 7
2), sika pyxaeTbcs BigHOCHO Tina G, 3 a 7 P
AKUM  HE3MIHHO 3B’si3aHa  pyXxoma
cuctema koopauHaT OXYZ i K€ B CBOIO 5
Yepry pyxaeTbcs TMEBHUM CIOCOOOM e /0 Y
BITHOCHO IHINOI CHCTEeMH KOOPJMHAT * Jc
O XYals, SKy TpUMMAEMO 3a 0a30BY / N
(YMOBHO  BBaXXaEMO  HEPYXOMOIO). -
Hexail monoxxeHHs pyxomoi Touku M 10 0
BITHOCHO IIOYaTKy PYXOMOi CHUCTEMHU G
KOOpJMHAT BHU3HAYAETHCS  PaJlycOM- Oa
BEKTOPOM O, TIOJIOKEHHS MOYaTKy x' v,

pyxomoi cucteMu KoopauHaT (Touku O) X4
BIZTHOCHO HEPyXOMOi CUCTEMHU  Pyc. 2. Jlo TeopeMu NMpo CKIaAaHHS MIBUIKOCTEN
KOOPJHMHAT — paJlycoM-BEKTOpoM [, a Ta MPUCKOPEHb MPH CKJIATHOMY PYCl TOUKH.

MOJIO’KEHHS PyXOMOi TOYKH M BITHOCHO
MOYaTKy HEPYXOMOi CHCTEeMH KOOPIMHAT — PajJiilycoM-BEeKTOpoM T . B 3arampHOMY BHITaIKy
paniycu-BekTopu p, Ty Ta T 3 4acoM MOXYTb 3MIHIOBaTH CBi MOJIy/b Ta HampsM B

POCTOP1, TOOTO, € BEKTOPHUMH (PYHKIIISIMH CKAJIIPHOTO apryMeHTy t.
[Tix gac Bcroro pyxy Oyne BipHOIO 3aJI€KHICTh
r=n+p,
Jie BEKTOpHA (YHKIiA T, 3MIHIOE CBilf HaNpsIM 3 4acOM JIMILIE B HEPYXOMIill cHCTeMI BIIIIKY,
BEKTOpHA (PYHKILIIL O 3MIHIOE CBIM HAIPSIM BIIHOCHO PYXOMOI CUCTEMH BIJJIIKY, sIKA 3B’ s3aHa
3 Tiiom G, 1 BIIHOCHO HEPYXOMOI CHCTEMH BIAJIIKY BHAcHiZOK oOepTaHHs Tina G HaBKOJIO
MHUTTEBOT 0Cci OP 3 IeSIK0I0 KYyTOBOIO MIBUIKICTIO @, .

Busnaunmo abconmoTHY MBUIKICTh TOUKH M
Ua:(d—rj = %j _{d_pj _ (17)
dt /, dt ), Ldt ),
dr

Sk Bigomo, (Ej € IIBUJIKICTIO MOYaTKy pyXxomoi cucTemu KoopauHat (tina G)
a

BITHOCHO HEPYXOMOi:

a, ) —
(Ej = U (18)
dp . . I .
[El — abCoITIOTHA MOXiHAa BEKTOPHOI (GyHKIII p 3a yacom, sika 3rizHo 3 Gopmysioro (8)
JIOPIBHIOE
(d—ﬁj :(d_ﬁj +O,XP=0 +@,%xp (19)
dat ), \dt ) ° o

Je @, x p — obepTanbHa MBUAKICTb Ti€l Touku T1a G, e B JaHy MUTh 3HAXOIUTHCS PyXoma
TOouKa M, HaBKOJIO MUTTEBOI OC1, 1110 MPOXOAUTH uepe3 Touky O.
[Ticns migctanoBku (18) 1 (19) B hopmyny (17) oxepxumo

D, =0y +0,+@0,xp. (20)

SIK1o npuiHATU A0 yBaru, 110 BEKTOPHA CyMa Uy + @, X O € MBUIKICTIO TOUKH Tina G,

Jie 3HaXOIUTHCS pyxoMa Touka M 1 € a7st Toukd M IepeHOCHO0 MIBUKICTIO U, , TO
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0, =0,+0,. (21)
OpneprkaHa piBHICTh BHpPaKae TEOpPEMY IMPO CKJIAJaHHS IIBUIAKOCTEH NMPH CKIATHOMY
PYCi TOUKH: abCOMOMHA WEUOKICIb MOYKU NPU CKIAOHOMY ii pYCi OOPIBHIOE 2eOMempPUYHIll
cymi 8I0HOCHOI ma nepeHoCHOT WeUOKOCmell.
Busnaunmo mpuckopeHHsT TOYKH M TpoAaudepeHIliloBaBIIM 3a YacOM BEKTOPHY
¢GyHkuiro ii mBuaKocTi U, y Burasai (20)

§a=d0a=d00+dwex,5+a_)ex ap + do (22)
dt  dt  dt dt ) Udt )

3acTocyBaBIlY PiBHICTH (8) BU3HAYMMO aOCOJIOTHI IOX1/1HI BEKTOPHUX (PyHKLIN p Ta D,

df;t(t) a: dfj—t(t) +@,xp(t)=0, +@,xp(t)

(dqj (darj _
= + o Xl)r:ar+a)e>< .
dt ), Udt ) °~°

[lincTaBUMO 3HA4YEHHS aOCOMIOTHUX IOXIJHHUX BEKTOpPHUX (yHKUIH p Ta O, B

piBHsIHHS (22) 0J1ep)KHUMO

do, deo, _ _ . _ . _
=2+ —2Xp+ @, xX(0, + @, x p)+a +@,xD, =

¢ dt 23)
=§O+‘§exﬁ+_ex_r+5)ex _exﬁ)+_r+_ex_r

Tak gk

A, +&xp+a,x(m,xp)=a,
€ TIOBHUM MPUCKOPEHHSM Ti€i Touku Tina G, e B JaHYy MHUTh 3HAXOJIUTHCS pyxoma Touka M,
JUISE  SKOi 1Ie TPHUCKOPEHHS € TIEPCHOCHUM TIPUCKOPCHHSM, a TMOABIHHUN 1T00yTOK

2((?)e xDr)z 8. € KOpioJicoBUM (TIOBOPOTHUM) MPUCKOPEHHSM, TO PIBHAHHS (23) 3anuimemo
y BUIJISAIL

3,=3,+3 +3 (24)

OcTtaHHs piBHICTh BUpaXa€e TEOPEMY MPO CKIIAJaHHS MPUCKOPEHb MPU CKIAAHOMY pycCi

TOUKH: abCooOmHe NPUCKOPEHHS MOYKU NpU CKIAOHOMY pYCi OOpIBHIOE 8EKMOPHIU CYMI
NepeHOCH020, 8IOHOCHO20 Ma KOPIOliC08020 NPUCKOPEHD.

3. BucHoBkn

Ha ocHoBi aHani3y BracTUBOCTEN BEKTOPHUX (YHKI[IN CKAISIPHOTO apryMEHTY 1 aHAII3y
¢bi3n4HOT CyTi KIHEMaTHKH TOYOK TBEpPAOIO TUIAa Ta MaTepiajibHOI TOYKH 1 3aCTOCOBYIOUH
0e3K0OpAMHATHUN CHIOCIO MPOBEIEHHSI MaTEMAaTUYHUX OIepalliii Ha BEKTOPHUMHU (YHKIISIMU
po3po0IieHl JOBEACHHS TEOpeM [0 BHM3HAYCHHIO KIHEMAaTHYHUX XapaKTepUCTHK TOYOK
TBEPJIOTO TiJla Ta OKPEMOi MaTepiaibHOi TOYKW. 3aCTOCYBAHHS TAaKMX METOJIIB JOBEICHHS
TEOpeM IpH BUBYEHHI AUCIUILTIHU «TeopeTnyHa MexaHika» J103BOJISE CYTTEBO (~ B 1,5 pa3n)
CKOPOTHUTH 4Yac Ha JOBEJIEHHS LIUX TEOPEM, IO € JOCUTH BAXKJINBUM B Cy4aCHUX YMOBAX.
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Summary. O.A. Gulivets, S.Yu. Oliinyk, G.A. Markevych. Vector functions of a
scalar argument in research of point and solid body kinematics. In the work, the
uncoordinated (vector) method of mathematical operations on vector values is used, for
example, to prove the theorems of point and solids kinematics. This way in the educational
process can reduce the time to prove some theorems on the course "Theoretical mechanics".
Thus, in the study of kinematics of a point and solids, the vector functions of a scalar
argument (time) are used: radius vector, velocity, acceleration, over which there is a need to
perform a number of mathematical operations: finding their sum, vector and scalar product,
and the product of vector functions on scalar, differentiation and integration, etc. As you
know, there are two methods for conducting mathematical operations over vector values: a
coordinate (or vector) that operates directly with vectors and coordinates - operations are
performed over scalar quantities that are analytically determined in some coordinate system.
The non-coordinate method is more compact and expedient for use in conducting theoretical
studies. Using some properties of vector functions: the possibility of depicting a vector
function of a scalar argument in the form of a product of a unit vector function (orth function)
on a scalar function (a module of a vector function) and the rules of differentiation of vector
functions, using the uncoordinated method, the proof of several theorems for determining the
kinematic parameters of free points a solid body and a single point with its complex motion.
The application of such methods of proving the theorems in the study of the discipline
"Theoretical Mechanics" allows some time to be reduced to prove these theorems, which is an
important factor in modern conditions.

Keywords: non-coordinate method, kinematics of solid body, vector function, scalar,
derivative, radius vector, velocity, acceleration.
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