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NUCLEATION IN METASTABLE SOLID SOLUTION - STOCHASTIC KINETIC
MEAN FIELD APPROACH VERSUS CLASSICAL NUCLEATION THEORY"

The application of Stochastic Kinetic Mean Field approach to the kinetics of nucleation at the
decomposition of supersaturated binary solid solution is presented. The dependencies of incubation
time on the noise amplitude and the supersaturation are obtained. SKMF modeling demonstrates the
validity of Classical Nucleation Theory. The logarithm of nucleation time is inversely proportional to
the squared supersaturation. The logarithm of nucleation time is a linear function of the inverse
squared noise amplitude.

Keywords: SKMF approach, mean field, binary solid solution, decomposition, nucleation,
incubation time.

1. Introduction

Nucleation stage of the first-order phase transformations in alloys is crucial for prediction of
mechanical, electrical, magnetic properties of multiphase materials. During last decades the new
experimental possibilities have been developed enabling direct observation of nuclei formation
during aging and solid-state reactions — for example, 3D TAP, HR TEM, AFM [1-3]. Yet many
details of the nucleation stage still remain the mystery. For example, nucleation of the new phase
means the change of composition, size and (often) structure. It seems strange but in many cases, we
still do not know the sequence in changing these properties. In general, Classical Nucleation Theory
(CNT) takes for granted that the nuclei at once appears with optimal composition and structure and
then changes only the size during precipitation. On the other hand, Schmelzer and Abyzov
demonstrated by numerical solving of Master Equations that initially the undercritical embryo may
change the size and only later it changes the composition [4, 5]. In the case of intermetallic
compound nucleation, the situation is more interesting because, besides composition change, the
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nucleation includes also ordering. As far as we are informed, the sequence of ordering and
composition changes in most cases is still unknown. Two most widespread methods of the nucleation
kinetics investigation are Fokker-Plank approach and Monte Carlo (MC) simulation [6]. Fokker-
Plank approach seems a good solution but it contains a number of not very well determined
parameters (attachment and detachment frequencies) and not very well proved phenomenological
assumptions (for example, steady state diffusion around precipitate). Monte Carlo is more direct and
atomistic, but the level of fluctuations in this method is so high that it is very difficult to distinguish
the structures in small volumes. So, we need some transient method between atomistic MC and
mean-field phenomenological approach. Recently, our group, jointly with the group of Debrecen
University, developed the new method called Stochastic Kinetic Mean Field (SKMF) [7-9]. This
method combines George Martin's mean field atomistic approach with the noise of local atomic
fluxes. This method is not far from Khachaturyan's approach [10]. Khachaturyan's approach is based
on linear thermodynamics and fluctuation-dissipation theorem introducing the noise of concentration
and local order. SKMF approach is inherently nonlinear and therefore applicable to the early stages
of solid-state reactions under sharp concentration gradient. In this approach, the probability of atomic
exchanges is proportional to the difference of exponents of chemical potentials, instead of a
difference of just chemical potentials. Moreover, noise is introduced directly into atomic jumps
quantity, instead of the noise of composition. Also, no special order noise is introduced. The
fluctuation of local order at any site is determined by the change of atomic probabilities at each site at
the atomic scale. Recently we proved rigorously [11] that without noise Martin's equations and their
3D modification [12] may lead only to decrease of the free energy. For overcoming the nucleation
barrier one may introduce the noise of frequency with some amplitude 4 [7]. For the particular case
of the ideal solid solution, we proved that the introduction of the noise of amplitude A is equivalent
to averaging over finite number M copies of the canonical ensemble with

1

M:c(l—c)Az’ )

where ¢ is the average composition of the solution.

In [11] we proved that equation (1) can be also applied to the regular solid solution. In [7] we
only indicated the possibility of nucleation modeling with SKMF and presented movie of such
process. Here we analyze the nucleation in the metastable solid solution on a more regular basis. We
limit ourselves only to nucleation of new solid solutions in parent solid solution. Nucleation of the
ordered phases will be discussed elsewhere. The plan of this paper is the following. In section 2 we
resemble the algorithm the SKMF model and formulate the criteria of successful nucleation. In
section 3 we present the main result of nucleation modeling of the SKMF method. First of all, we
determine the dependence of incubation time on the inverse squared noise amplitude and on
supersaturation. In section 4 we suggest the application of CNT to nucleation kinetics with an
account of composition dependence of the surface energy between parent and nucleating phases. We
compare the results with the SKMF approach.

2. Basics of SKMF

We investigate the diffusion-controlled processes at rigid lattice with face-centered cubic
(FCCO) structure. Technically, FCC structure is realized as a sublattice of the simple cubic lattice with
lattice constant a/2 with the odd sum of indexes i+ j+k along axes x, ¥, z. To simplify the
notations, everywhere below we use the symbol i as the abbreviation of 3 indexes and symbol in as
the abbreviation of one of z =12 nearest neighboring sites. Each site of this lattice is characterized
by so-called “concentration” ¢, which is, in fact, the probability of finding species A4 at this site

((1_Ci) is the probability of finding species B). Mean field approximation means that this
probability explicitly does not depend on the neighborhood (but implicitly, it depends). The main

equations for the array of concentrations, in case of direct exchange mechanism, are
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Here the exchange frequencies [/, ,, and I, |,

exponential expression containing energy before the jump, which self-consistently depends on the
concentrations in the neighborhood of both sites making the problem substantially non-linear:

, . are determined by the Boltzmann-like

I—v _ I—v Ei,in (3)
isin — 4 o€XP T )
E,=(M-V)Ye, +(M+7)Ye,. (4)
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where M =(V,, =Vy)/2, V =V,5—(V, — Vs )/2 are diffusion asymmetry and mixing energy, V,,,

V.s, V,s — pair interaction energies for nearest neighbors. The noise of atomic jumps is realized here

as a noise of jump frequencies 6 77“¢. Noise distribution can be chosen in various forms, including

i—in

Gaussian. For simplicity we choose stepwise distribution within interval (—A\/g / \/E,A\/g / Jat )

i—in

providing the dispersion <(5 rkos )2> = A*/dt

S :A—\/g
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The system of equations (2) was numerically solved for the cubic sample 30x30x30 sites
containing 13500 atoms.

(2 -random — 1). )

3. Results of SKMF Modeling
In [7] we checked that the phase diagram for the binary system in the KMF approach coincides
with the regular solid solution model. The binodal and spinodal for reduced temperature k7/V are

presented at figure 1.

For nucleation study, we took initially homogeneous solid solutions with compositions and
temperatures in the metastable region (between binodal and spinodal). For each set of parameters
(reduced temperature, composition, noise amplitude) we executed 1000 runs, each time waiting of
nucleation of the first viable nucleus and then making an average of waiting times over all runs.
Apparently, waiting time depends on the system size (the larger the size — the smaller should be
waiting time for the first successful nucleation). Therefore, for correct comparison, we made all
simulations for the same size (the size effect on nucleation and possible suppression of nucleation by
the small size was discussed, for example in [13—-15]). We checked several different criteria of
nucleation and chose the following one: we calculate the average concentration over each cluster
containing 13 sites (1 central and 12 nearest neighbors). We checked that in case of reaching the
concentration in one of the sites some value the decomposition becomes inevitable and irreversible.
So, in our simulations, we stop calculation of any run just after reaching the average concentration of
value 0,5 at any site of the system.
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Fig. 1. Phase diagram of a binary solid solution calculated with regular solid solution model.
The binodal and spinodal are shown with solid and dashed lines accordingly.

3.1. Dependence of incubation time on the noise amplitude

We measured the logarithm of incubation time as a function of inverse squared noise
amplitude. The results are presented at figure 2. One can see that logarithm of incubation time
increases linearly with increasing inverse squared noise amplitude. Similar dependences were
obtained for 5 supersaturations Ac =c—c¢,,, ... 0,1396; 0,1391; 0,1386; 0,1381; 0,1376.

3.2. Dependences of incubation time on supersaturation
We fixed some noise amplitude and varied the supersaturation within some interval which was
not very wide since the decreasing supersaturation increases drastically the incubation time. At that,
the computation becomes unreasonably long. Dependence of the logarithm of incubation time versus
inverse squared supersaturation within the mentioned concentration interval is close to linear as

shown at figure 3.
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Fig. 2. Dependence of logarithm of incubation time on the inverse squared noise amplitude at
reduced temperature k7/V =4 and supersaturation Ac = 0.1376.
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Fig. 3. Dependence of logarithm of incubation time on inverse squared supersaturation at fixed
noise amplitude 4 =0,25 and reduced temperature k7/V = 4.

4. Predictions of Classical Nucleation Theory

According to CNT, waiting time should be proportional to the exponent of reduced nucleation
barrier. In its turn, the nucleation barrier is proportional to the cube of surface tension and inversely
proportional to the squared driving force per atom of the nucleus. Using the theory of regular solid
solution, it is easy to show that the interface surface tension along the coherent interface (100) is
equal to:

2 2

y:%(cﬂ_ca)z{Q)AB_q)AA_Q)BB}:meix (Cﬁ—C“)z, (6)

Here C* and C” are determined by the rule of a parallel tangent (not to confuse with the well-
known rule of common tangent). The driving force can be reduced to the expression:

2
Ag = _(Clgnodal _C;nudal )a_ngC . (7)
oC

In CNT, the nucleus of the new phase appears as the result of heterophase nucleation with

composition determined by a parallel tangent. Difference between two tangent points is practically

independent on supersaturation. So, the surface tension of the nucleus is practically constant. On the

other hand, the driving force is proportional to the supersaturation. Thus, the nucleation barrier in

CNT should be inversely proportional to the squared supersaturation. This prediction coincides with
SKMF results at figure 3.

5. Conclusions

Stochastic Kinetic Mean Field modeling on nucleation in supersaturated solution demonstrates
the validity of Classical Nucleation Theory:

1. The nucleation process consists of two main steps: at first, the embryo of the new phase
appears with almost optimal composition and then this embryo increases its size at almost constant
composition.

2. The logarithm of nucleation time is inversely proportional to the squared supersaturation.

3. The logarithm of nucleation time is a linear function of the inverse squared noise amplitude.

Direct comparison with Monte Carlo simulation of nucleation will be presented elsewhere.
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3APOJIKOYTBOPEHHSA Y METACTABIJIBHOMY TBEPJIOMY PO34YUHI -
MNOPIBHAHHS CTOXACTUYHOI'O KIHETHUYHOI'O CEPEJHBOITOJBOBOI'O
METOAY 3 KIIACUYHOIO TEOPI€IO HYKJIEAHﬁ

AnoTtauis. Cmaodis 3apoO0KoymeopenHs npu (hazo8ux nepemeoperHIx nepuloco pooy 8 Cnideax
Mae  supiwianbHe  3HAYEHHS Ol NPOSHO3VEAHHS  MEXAHIYHUX,  eNeKMPUYHUX,  MASHIMHUX
eracmugocmeti bacamoghaznux mamepianie. [Ipomsecom ocmanuix decamunims Oyau po3pooieHi Ho6i
eKCNepUMEHMAbHI Memoou, wo 00380J5110Mb Oe3n0cepeoHbo cnocmepicamu QopmMysaHts 3apooKie
nio uac meepooghasnux peaxyii. Ilpome 6aeamo demaneu 3apOOKOYMBOPEHHSL BCe We 3ANUULAIOMbCSL
He3 acosanumu. Haiibinew nowupenumu memooamu O0O0CHIONHCEHHS KiHemuKu HyKieayii € nioxio
@Doxkxepa-Ilnanka ma mooenoeanns memooamu Moume-Kapno. 11ioxio @okkepa-Ilnanka micmumo
PAO0 HEeBU3HAYEHUX napamempis i HedosedeHux enomeHnono2iuHux npunyujeno. Monme-Kapno
Memoou € NpAMUMU | AMOMICMUYHUMU, ale PiéeHb (QIYKmyayit y HUX HACMINbKU BUCOKUL, WO
documu 8aMCKo 10eHmMu@iKysamu cCmpykmypu Ho8ux (as y Hegeaukux 00’ emax.

YV pobomi npedcmaeéneno 3acmocysanns Cmoxacmuuno2o KiHemMUuHo20 cepeoHbONOIbOBO2O
memody (SKMF — Stochastic Kinetic Mean Field). Lleti memoo noednye amomicmuunuii nioxio
Kopowca Mapmena 3 66edeHuam wymy 10KarbHUx amomuux nomoxis. 11ioxio SKMF € neninitinum i
mMomy Modxce Oymu 3acmoco8aHuUM 00 ONUCY PAHHIX CMAOdill mMeepooha3Hux peaxyiu y pi3KOMY
epadienmi konyenmpayii. [Ipu maxomy nioxooi UMoBIipHICMb AMOMHUX 0OOMIHIE NPONOPYIUHA PI3HUYI
eKCNOHeHmM XIMIYHUX NomeHyianis, a He pizHuyi Ximiynux nomenyianie. Kpim moeo, 66o0umscs wiym
yacmom amomMHux cmpuobkie 3amicme wiymy KoHyenmpayit. Moodenroeanus Hykneayii memooom
SKMF npu po3nadi nepenacuuenozo OIiHApHO2O MEepO020 pPO3UUHI CEIOYUMb NPO BIONOBIOHICMb
Knacuuniii meopii nyxneayii. I[lpoyec nykneayii cknadaemscs 3 060X OCHOGHUX emAanis: CNOYamKy
3apo0oK HOB0I haszu 3'a6raemvbes 3 matidce ONMUMATLHUM CKIAOOM, | 30i1bULYE C8Ill pO3MID Npu
mauvdce nocmitinomy ckaaoi. Jloeapugpm uacy Hykneayii 0OepHeHO NPONOpyitiHUt Keaopamy
nepenacuuenus. Jloeapugm inkybayitinoco uacy € JNiHiHONWO QYHKYIED 00epHeHo20 Keadpamy
AMIIIMYOU WYMY.

KimrouoBi caoBa: SKMF wmerton, cepemne mone, OiHaApHUN TBEpAWM pPO3YMH, pO3MA,
3apOJIKOYTBOPEHHS, IHKYOaIiHUI yac.
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