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MODELING OF CONCENTRATION AND TEMPERATURE DEPENDENCIES OF
INCUBATION TIME AT DECOMPOSITION OF SOLID SOLUTION BY MONTE CARLO
METHOD"

The article presents the application of Monte Carlo method to the kinetics of nucleation at the
decomposition of a binary solid solution with a face-centered cubic lattice. We built a phase diagram
of a binary solid solution by Monte Carlo method and found the dependence of incubation time on
supersaturation of solid solution at different reduced temperatures in metastable regions. Obtained
results of the computer experiment are compared with the classical nucleation theory, in which the
nucleus is born at once with almost optimal composition, and then just grows.

Keywords: nucleation, Monte Carlo method, solid solution, binodal, spinodal, supersaturation.

1. Introduction

Origin of the research problem. For a long time, nucleation as the initial stage of
decomposition of metastable solid solution is a subject of intense theoretical and experimental
researches [1-6]. However, now the whole range of fundamental questions remain without answers.
In particular, it is still not clear which evolution path the metastable alloy chooses for successful
nucleation: a large fluctuation of concentration in a small volume, and then the expansion of the
volume of this fluctuation, or rather the growth of volume with a small change of concentration, and
then growth of concentration in this volume. This problem is related to another question - is it
possible to assume that the surface tension between the nucleus and the parent phase is constant, or it

* This work paper is supported by grant of Ministry of Science and Education of Ukraine “Multiscale modeling of
competitive nucleation, growth and coalescence of phases in isothermal reactions and SHS reactions” (0118U003861),
and by EXMONAN EU FP7 project (Ref. 612552).
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should be taken into account that it depends on the difference of concentrations in parent phase and
nucleus and changes in the process of nucleation. Experimental data for such nanoobjects as "near-
critical" nuclei are still ambiguous. Thus, an atomic Monte Carlo and mean field methods play an
important role in the understanding of the nucleation phenomenon. In our opinion, they are more
"honest” in comparison with the generally accepted solution of the Fokker-Planck equations [4] in
size space. Therefore, the application and comparative analysis of Monte Carlo and mean field
methods are an actual problem.

In this paper, we present the results of computer modeling of nucleation in a supersaturated
solid solution with face-centered cubic lattice by the Monte Carlo method [7]. Also, we compare our
results with the classical nucleation theory [8]. The properties of nucleation are being investigated in
parallel with recently developed alternative method SKMF [9-12].

The aim of the paper is to investigate by Monte Carlo method the kinetics of homogeneous
nucleation at the initial stage of decomposition of a binary solid solution, depending on
supersaturation and temperature.

Tasks:

1. Construction of the phase diagram of a binary solid solution by the Monte Carlo method,
taking into account that this method automatically includes the short-range order, unlike the mean-
field model.

2. Formulation of the nucleation criterion, providing almost irreversible growth after its
achieving.

3. Computer experiment for obtaining the dependencies of the incubation time on
supersaturation at different reduced temperatures kT /Emix. Here incubation time means the time
until the first irreversible (overcritical) nucleus appearance.

4. Comparison of the computer experiment results with the classical Volmer-Becker-Doering-
Zeldovich nucleation theory.

Section 2 outlines the main features of a computer model for exploring kinetics of nucleation
at the decomposition of a binary solid solution by the Monte Carlo method. The same Section
describes the construction of the phase diagram based on the diffusion couples method and shows
that the Monte Carlo method provides a better account of the correlation effects than the mean field
models. Section 3 contains the criteria for successful nucleation, which we used in this computer
model. Section 4 describes the dependencies of incubation time on supersaturation at different
reduced temperatures in metastable regions and presents a comparison of the obtained results with
CNT.

2. Monte Carlo model
The computer model for exploring kinetics of nucleation at the decomposition of a binary solid
solution by Monte Carlo method was based on:
e Exchange mechanism of diffusion.
e Approximation of the first coordination sphere for exchanges and for interaction energies.
Metropolis algorithm.
Periodic boundary conditions for a model sample of a binary solid solution with a face-
centered lattice measuring 30x30x30 sites.

The change of system energy in the Metropolis algorithm due to A-B exchange was calculated
using the following equations:
If (before exchange) site i was occupied by atom A, and site j — by atom B, then

AE =2E_. (5,(0) —5,()+ 1). (1)
If (before exchange) site i was occupied by atom B, and site j — by atom A, then
AE = 2B, (S, (7) — 54(8) + 1). )
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Here S, (i) — the number of atoms A around site i; S,(j) — the number of atoms A around site j;
E, ;. —Mixing energy.

Using the described algorithm we built the binodal curve. We found the equilibrium solubilities
of A in B and of B in A at various temperatures (at various mixing energies) using the method of
diffusion couples. At the beginning of the computer experiment model sample consisted of two parts.
One part of length L < €, = was filled with atoms A, another part of length L < Cgz = was filled
with atoms B (here < C; = — average concentration of component A throughout the whole couple).
Accordingly, after a while, the system came to an equilibrium two-phase state in the form of two
regions (plateau) with different concentrations that were not changing. These concentrations are two
equilibrium concentrations on both sides of the binodal at the fixed temperature.

In our case (30 atomic planes along X axe) we defined the magnitude of equilibrium
concentrations as the time-averaged concentration of atoms A in seventh and twenty-second atomic
planes C; and C,,. Resulting binodal coordinates are presented in Table 1 and Fig. 1, where Cit —
equilibrium concentration determined by Monte Carlo model; €77 — equilibrium concentration
found from the regular solid solution model.

3. Criterion of nucleation

The theory of nucleation always has a problem with determining of criterion for reaching a
critical nucleus size. From the point of view of thermodynamics, the critical size corresponds to the
saddle point on the surface of the Gibbs potential as a function of the nucleus composition and size.
However, there are additional problems in determining the critical nucleus in kinetic methods.
Firstly, if the system is open, then the critical nucleus can be overcritical in terms of thermodynamics,
but subcritical in terms of kinetics [13]. Secondly, Zeldovich also took into account the possibility of
dissolving the overcritical nucleus and the possibility of further growth of the subcritical nucleus as a
result of a random walk in the size space (Zeldovich factor [8]). Thus, when we were formulating the
criterion, we tried to define it with "overcritical guarantee".

Table 1
Dependence of binodal points on reduced temperature -comparison of Monte Carlo results with
regular solid solution model.

kT/E, .. 2.5 286 | 3.03 | 333 3.7 3.85 4 4.35

CMC(left), % | 096 | 1.85 | 232 | 391 | 624 | 771 | 921 | 1531

CME (right), % 99.06 98.13 97.58 96.09 93.55 92.48 90.71 84.78

C. 29 (left), % 0.89 1.71 2.22 3.35 5.18 6.08 7.07 9.83

hin

C,o2(right), % | 99.91 98.29 97.78 96.65 94.82 93.92 92.93 90.17
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C

Fig. 1. Phase diagram of a solid solution. The binodal and spinodal calculated with regular solid
solution model are shown with solid and dashed lines accordingly. The binodal points obtained by
the Monte Carlo method are represented with dots.

Let's calculate for each site of the system the total number of atoms A in first coordinating
sphere and mark it as 5. If we are interested in the formation of the nucleus around some site
(i,7, k), then calculate the average value of the parameter 5, in the first coordination sphere of this

site. The magnitude Sa (b7 (z - the number of nearest sites, in our case z = 12) means the probability

4

of randomly chosen neighbor site (to this site (%, j, kJ) to be occupied by atom A. Let's take the sum
on these probabilities on all sites of first coordination sphere and divide it by z. The obtained
parameter, as we hope, gives a value of the approximate amount of the average cluster concentration.

Thus, we introduce the value =(i, j, k):

.. L3284 (ig(g).slg)ks(a))
s(h),k) = ===, (3)

where i, j,k — coordinates of site for which criterion of nucleation is being checked; i..j.. k. —
coordinates of neighboring site in the first coordination sphere; g — neighbor number; 5,(f., j.. k.)—
the number of atoms A surrounding site (i., j., k.) in the first coordination sphere.

We fix the appearance of a viable nucleus around site (i,7,k}). The "incubation time" is the
number of Monte Carlo steps, after which the condition s(i, , k) > w is satisfied for this site. In this
computer experiment, we choose w = 0.95(1— C,..), C,;. — equilibrium concentration from the
Monte Carlo model. To determine the correctness of this criterion, we need to compare the
calculations for different parameters w in this criterion. In particular, Fig. 2 represents a plot of the
logarithm of the incubation time on supersaturation for three different values of the parameter w. We
can see that for w bigger then 0.95(1—C,,;,), the difference almost disappears, especially
concerning the slopes.
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1/(C-Chin)Ar2
Fig. 2. Series of dependencies of the logarithm of incubation time on inverse squared
supersaturation at reduced temperature :—T_ = 0.33 at various values of parameter w.

LY

4. Results of the computer experiment

A model system in computer experiment was characterized by two parameters - temperature
and concentration of parent phase. Incubation time was obtained as average in the ensemble of 1000
tests with the system at same parameters. The results of the computer experiment are represented in
Table 2 and Fig. 3.

We noticed that obtained dependencies correlate with the results of the classical nucleation
theory. According to CNT, the incubation time should be inversely proportional to the flux of nuclei
in the size space and, accordingly, proportional to the exponent of the height of the nucleation barrier
divided by kT. The nucleation barrier in CNT is proportional to the cubed density of surface tension
and inversely proportional to the squared bulk driving force. This driving force is determined by the
rule of parallel tangents and at small supersaturation is proportional to the amount of supersaturation.
Thus, CNT predicts that the logarithm of the incubation time is a linear function of the inverse
squared supersaturation.

Dependencies at Fig. 3 can be approximated as
In(z) =——— + B, 4

(C—Cpin)®

—~ . B —constant. The value of B, in
(C=Cpin)”

theory, should be common for all dependencies for the systems of the fixed size, but in this case, we
have some deviation from the constant. However, these deviations are small.

where @ — proportionality coefficient between In(z) and
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Table 2
kDependence of incubation time on supersaturation at different reduced temperatures.
r 1

Emix (€= Cpin)? € Comn ' ()
730.46 0.037 76.902 4.34

452.69 0.047 61.736 4.12

4.35 307.79 0.057 49.612 3.90
222.77 0.067 40.179 3.69

168.66 0.077 33.886 3.52

696.18 0.0379 824.555 6.71

435.84 0.0479 423.31 6.05

4 298.29 0.0579 256.854 5.55
216.90 0.0679 182.399 5.21

164.79 0.0779 134.016 4.90

543.36 0.0429 1076.535 6.98

357.35 0.0529 503.955 6.22

3.85 252.75 0.0629 303.445 5.72
188.17 0.0729 214.238 5.37

145.51 0.0829 157.109 5.06

707.33 0.0376 4615.516 8.44

441.35 0.0476 1193.977 7.09

3.7 301.41 0.0576 520.454 6.25
218.83 0.0676 322.16 5.78

166.06 0.0776 230.108 5.44

597.80 0.0409 2312.311 7.75

385.98 0.0509 711.359 6.57

3.33 269.63 0.0609 372.2 5.92
198.93 0.0709 263.055 5.57

152.79 0.0809 200.347 5.30

456.57 0.0468 655.811 6.49

309.96 0.0568 378.831 5.94

3.03 224.10 0.0668 266.419 5.59
169.54 0.0768 204.693 5.32

132.73 0.0868 167.712 5.12

580.64 0.0415 654.626 6.48

377.04 0.0515 359.894 5.89

2.86 264.39 0.0615 252.258 5.53
195.61 0.0715 198.829 5.29

150.55 0.0815 161.379 5.08

5. Conclusions

Computer experiment using Monte Carlo method predicts the linear dependence of the
logarithm of incubation time on inverse squared supersaturation at the decomposition of solid
solution (equation 4).

Our results of computer modeling are consistent with the predictions of CNT, in which the
nucleus is born at once with almost optimal composition, and then just grows.

The interpretation of the temperature dependence of the slope @« in equation (4) will be
proposed elsewhere.
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> P e KT/Emix=3.33
[ ]
4 L
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1/(C-Chin)A2

Fig. 3. Series of dependencies of the logarithm of incubation time on inverse squared
supersaturation at different reduced temperatures.

0.006
0.005 |
0.004 |
o 0.003
0.002 |

0.001 |

O 1 1 1 1 1 1 1 1 J
2.7 2.9 31 33 3.5 3.7 3.9 4.1 4.3 4.5

kT/Emix
Fig. 4. Dependence of proportionality coefficient a in eq. (4) on the reduced temperature.
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3AJIEXKHOCTI IHKYBAIIHHOT' O YACY ITPU PO3IMAJII TBEPJIOI'O PO3UUHY
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JOCIIIKEHHA METOAOM ECJIACTEPHOT JANHAMIKH BIIVIUBY 3MIHHU
TEMIIEPATYPU HA HEUTPOHHY KPUXKICTD o -3AJII3A

Memoo knacmeproi OUHAMIKU BUKOPUCMOBYEMbCA OJIsl MOOENIOBAHHS 6NIIUGY MeMNepamypu Ha
3DOCMAaHHA  MedNHCi  MeKy4oCcmi, sKe 3VMOGNIEHO HeUmpOHHUM onpomintoeanuam. Iloxkazana
HeoOXIOHICMb  6PAXY6AHHA 3MIHU MeMnepamypu npu GUKOPUCMAHHI OAHUX NPO HEUMpPOHHY
KPUXKICIb 3PA3KI6-CEIOKI8 OISl OYIHKU MEXAHIUHUX 61ACMUBOCMEL KOPNYCY AMOMHO20 PeaKmopy npu
pobouiti memnepamypi.

Ku1ro4oBi cji0Ba: HEHTpOHHA KPUXTICTh, KIACTEpHA IMHAMIKa, 3MiHA TEMIIEPATypH, ¢ -3ai30.

1. Beryn

HeiliTponu, siki y BenUKIA KUIBKOCTI 3 SBJISIIOTBCS B aTOMHOMY PEakTOpl B IPOLECI peakiiiid
NOJUTy siZiep ypaHy a0o IUTYyTOHIIO, CIPHUMHSIOTH TaK 3BaHy «xBopoOy Birnmepa», To6To siBUILIE
HeiTpoHHOi kKpuxkocTi. [IpoTsarom kackaaHoi crasii, sika Tpuae Big 107° 1o 1072 cexynn, mBuakmii
HEUTPOH 3 eHeprito OibIo0, HiX 1 MeB, BubuBae aromu 3 By311iB KpUCTAIIYHOI PIIIITKUA MaTepiany
KOPIyCYy peakTopy. 3a Ieil Jac TeMriepaTrypa BCTHTA€E 3POCTH 10 TEMIEPATypH TUIABJICHHS, a MOTIM
3MEHIIUTHCS 10 pobouoi TemmepaTypu peaktopa (250-300°C). TIpu 11bOMy CTBOPIOIOTBCS YHCENBHI
napu @penkens (BakaHcli Ta MDKBY3€lIbHI aTOMH), SIKI YaCTKOBO PEKOMOIHYIOTb, a YacCTKOBO
(GopMyIOTh KITacTepH TOYKOBUX JedeKkTiB — BakaHciliHi kiactepu (vacancy clusters, VC) ta kinactepu
MikBy3enbHHX atomiB (Self-interstitial atoms clusters, SIAC). ITicns 3aBepiieHHs] KacKagHOI CTaIil
OPOTSrOM HOPMAaTHUBHOTO TEPMIHY €KCILTyaTallii aTOMHOT'O PEaKTOpy TPUBAIOTh AUQY3iiHI MPOLECH:
KJIacTepl TOUKOBUX JAEPEKTIB MPOXOIATh HyKiIealiiHy (GuyKTauiiHy) cTaito, Ha IpOTs31 AKOi esKl
3 HUX PO3MAJAI0ThCs, a JAEAKl MPOJOBXYIOTh 3pOCTAaTH, JOKU iX PO3MIp HE JOCIra€e KPpUTUYHOTO, i
BOHHU BCTYMNAIOTh JIO CTaJlii JETEPMIHICTCHKOTO 3POCTaHHSI, Ha SIKii BXKE HE PO3MAaIal0ThCs, a TUTBKU
3pOCTalOTh, alleé He jocsAraroTh ctaaii OctBanmpiaa (ctamii 3pijmocti) 3rigHO [1]; KOHIIEHTparist
MOOIMHOKHMX TOYKOBHX J1e(EKTIB 3pOCTa€ 3aBIKN HOBUM HEHTPOHHUM KackazaM, po3nary KiacTepy
TOYKOBHX J€(PEKTIB Ta 3MEHIIYEThCSI BHACIIZOK 1X a1copOii CITKOIO AUCIOKAIiH, TPAHUISIMH 3epeH,
KJIacTepaMu TOYKOBUX Je(EeKTIB Ta KiacTrepaMu abo MpernumitaraMu (HaHOCIIOIYKaMu), A0 CKIaay
SKUX BXOIATH SIK aTOMH Marepiajly peakTopy Tak 1 BakaHcii abo MiXBy3enbHi atomu [2]; pi3ko
3pocTae KoedirmienT audy3ii JeTryrounx eJIeMEHTIB 3aBIsIKH BaKaHCIMHOMY MexaHI3My audys3ii, 1o
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NPU3BOJMTH JIO TOSIBH BKAa3aHWX METAcTaOiIbHUX HAHOCIIONYK 3 KOPOTKHM a0o0 IIOBTUM YacoM
KUTTSL.

Knacrepu TOYkOBUX Ae(EKTiB Ta HAHOCIIONYKH € CTOIOpAaMH pPyXy IHCIOKAIid, M0 1 €
NPUYMHOIO SIBUIIA HEHTPOHHOI KPHXTICTI, SIKE MOXKE OYyTH KIJBKICHO OMHMCAaHO 3POCTAHHSIM MEXI
TeKy4docTi Ac. 3HaueHHs AC MOXxe OyTH BHU3HAY€HO 3TiIHO 10 Mojem [3], Ko BiIoMl cepenHii
po3mip d, uncenbHa miIbHICTG Ng, Ta CKJIaJ KJIACTEPiB i HAHOCIONYK, SIKI BUHUKJIM IIiJI BIUIMBOM
HEHTPOHHOTO ONPOMIHEHHSI KOPIIyCY peakTopy. B ocraHHI AeKibKa JeCSITUPIYb aKTYaJIbHOO
3a/1a4€I0 PEaKTOPHOTO MATEPiaIO3HABCTBA € MOHITOPUHT MEXaHIYHUX BIIACTUBOCTEH Ta MOJOBKEHHS
XKHUTTEBOTO PECypCy aTOMHHUX PEaKTOpiB 70 60 pOKiB.

Jlnist i pilieHHs 3am09aTKOBaHO JCKUIbKA MiIX0IiB, 30KpeMa, TOCIiIKeHHS 3pa3KiB-CBIKIB, SKi
BCTAHOBJIIOIOTHCS B OOpPaHMUX MICISIX KOPITYCY PEaKToOpy, J€ 3HAXOAAThCS OUIS pPOKY, a IOTIM
BUWMAIOTBCS 3 PEAKTOPy IMiJ Yac WOro pPErIaMeHTHUX 3YIMUHOK Ta JOCHIKYIOTHCS HHU3KOIO
EKCIICPUMEHTAJIbHUX METOJIB, a caMe: METOJOM MaJIOKyTOBOTO PO3CIIOBaHHS PEHTTEHIBCHKUX
npoMmeHiB Ta HedTponiB (Small-angle X-ray scattering, SAXS, ta small-angle neutron scattering,
SANS), MeToa0oM MO3ITPOHHO aHHITUIALINHOI crekTpockomii (positron annihilation spectroscopy,
PAS), MeTOI0M MPOCBIUYIOUO0 €ICKTPOHHOT Mikpockortii (transmission electron microscopy, TEM),
METOJIOM aTOMHOro 30HayBaHHs (atom probe field image microscopy, APFIM) ta inmumu [4]. V
IHIIIOMY IIXO0JIi ONMPOMIHIOBAHHS MaTepialy 3IIHCHIOEThCS Y HAyKOBO-IOCTITHOMY pEakTopi Ha
IpOTA31 KOPOTKOTO Yacy, HaNpUKIal AeKiIbKa THXKHIB, 10 mo3u (~0.2 dpa), sKy MNpOMHCIOBHA
peKTOp OoTpuMae 3a Bechb 4ac Horo ekcruryatamii (~40 pokiB). Lle 3mificHIOETBCS 3a paxyHOK
301bIIeHHs (prlakcy B JECSITKU Ta COTHI TUCAY pasiB [5]. Jlo mporo yacy He 3’scoBaHa MOBHOIO
MipOI0 KOPEKTHICTh BHKOPHCTAaHHS BKAa3aHUX MIJAXOJIB 10 3a7adi MOHITOPUHTY Ta MPOTHO3yBAaHHS
KUTTEBOTO PECYpCy MPOMHUCIIOBUX PEAKTOPIB 3 OTJISIOM Ha PI3HUINO (UIAKCIB Ta 3MIHU TEMIIEPaTypH
IIPY BUXOJIi peaKTOpy Ha poOOUMiA pEXUM Ta BUXOAY 3 HBOTO [6]. Y poboTi [7] MeTo0M Ki1acTepHOi
TUHAMIKU BUBYaBCs (uiakc e(eKT s eBOMIOIIT KJIACTepiB Ta 3pOCTaHHS AG Y KOMEPIIIIHO YUCTOMY
o-3ami31 (BMICT BYyIJIEeL}0 MeHIIuH, HixX 30 ppm), sike ONpPOMIHIOBAIOCH HEHUTpoHaMHU. Y JaHOMY
JTOCTII)KeHHI METOJIOM KJIAaCTepHOI MTUHAMIKM BUBYAETHCSA BIUIMB 3MiHU TEMIIEpaTypu Ha CEpeHii
pO3Mip, YHCENIbHY HIITBHICTh Ta 3pOCTaHHS AG ONPOMIHIOBAHOTO a-3aii3a [7].

2. MaiicTep-piBHAIHHSI Ta aJropuTM peatizauii MeTOay KJACTepPHOI AMHAMIKHM 1Js a-
3aJ1i3a, OIPOMIHEHOT0 HEHTPOHAMH

Meton knactepuoi muHamiku (cluster dynamics, CD) OyB 3amporoHoBanuii y 30-X pokax
MHUHYJOro ctoiitTsi bokepoM mpu pocnipkeHHi (a3oBux meperBopeHb Boau. 3 1997 poky CD
IUTIIHO BUKOPUCTOBYETHCA Y 3a/1adax MOJENIIOBaHHS MpoLeciB pOpMyBaHHS Ta €BOJIOLIT KiIacTepiB 1
OpEeLuIiTaTiB B MeTajlaXx Ta CIUlaBaX MiJ JI€0 ONpPOMIHIOBaHHS €JNEKTPOHAMHU, 10HAMH Ta
HeliTpoHamu [8-9]. CD Moske OyTH YCHIIIHO 3aCTOCOBaHa J0 JOCIHIJKEHHS MPOLIECIB Y PEaKTOPHUX
CTaNsIX 32 YMOBOIO MaJMX PO3MIpIB KJAcTepiB MOPIBHSIHO 3 CEPEIHBOIO BIJCTAHHIO MK HUMH.
Maiicrep-piBassaHss CD  Moxe OyTH 3amwcaHo y BHTIISAAI  HACTYIMHOI JKOPCTKOI CHCTEMH
TuQepeHiaTbHUX PIBHAHB IS BUMIQAKY HEHTPOHHOTO ONPOMiIHEHHS:

dc,, 4z, (D, + D,)C,Cy 6(0Z, |
v(|) rec v i vl v(i) e
- G o - fvcl |cl) - —pL ;| 1+ Dy (Clv(i) _Clv(i))
dt QFe (1)
4ﬂ1\</((ll 1v(i) +4a2\(ll)|)c2v(| Zﬂnvzl) Cnv(| + Z“:él(u) nv(i) + ﬂZI\(/\g C2v(|) ZﬂV(I
dC?-V(I) v(i) v(i) v(i)
dt 2V(I) +2:B v(|)Clv(i) - 2a2v(i)02v(i) - ﬂZV(i)CZV(i)
v(i)
+a3v(|) 3v(i) ﬁZV(l) 2v(i) +ﬂv(|) 3v(i) (2)
dC

nv(i)

dt

GnV(I) +ﬂ(n l)v(l)C(n—l)v(i) +(ﬂ(i|£\4l-)1)v(i) +a(vrfi—)1)v(i))c(n+1)v(i)

v(i) i(v) v(i)
_(ﬂnv(i) + By T %) )Cnv(i) forn>2,

(3)
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ne Gdpa — TeHepallis 3a OJHY CEKyHAY MOOJAMHOKUX TOYKOBUX AedeKTiB, Gnv() — reHepallis 3a OaHy
CEeKYHJIy KJIAcTepiB BakaHCIA (MDKBY3EJIbHHX aTOMiB), SIKi MICTATb N MOHOMEpIB, 77 — KOE]IIli€HT
e(PeKTUBHOCTI, TOOTO BIJHOUICHHS KUTHKOCTI MOHOMEPIB TOYKOBUX Je(EKTiB B KiHIIl KacKagHOL
cTamii 10 3arajbHOl KimbKOCTI Iux aedekrtiB, crBopeHux Ha modatky miei cramii, fva (fic) —
BIJTHOIICHHS KUJIbKOCTI MOOAMHOKUX BAaKaHCIH (MIKBY3€JIbHUX aTOMIB), SIKi YTBOPIOIOTh BaKaHCiiHI
KJacTepu (KJacTepd MDKBY3EJIBHHX aTOMIB), J0 3arajbHOi KUIBKOCTI BakaHCIH (MIDKBY3EJIbHHUX
aTOMIB) HAIPUKIHII KaCKaIHOTO €Tally, pd — IUIBHICTh qUCcIIoKallii, d — cepeaHii po3mip 3epeH, QOre
— aToMHHUH 00’eM 3ali3a, Cfv(i) — pIBHOB&)XKHA TEpMiuHA KOHIICHTpAIlisl BaKaHCiH (MIDKBY3EJIIBHHX

atomiB), Dy — koedimienT nudysii BakaHCiii (MDKBY3€IbHUX aTOMIB), OOYUCIECHHUH 3a (HOPMYIIOI0

(4):

E_.
D,y =D, eXp| — 1 | (4)

v(i) v(i)0 kBT
ne Ky — xoncranta bonbimana, Dio, Dvo — mepeaekcrnoHeH i i (HakTop MOOTHHOKOI BaKaHCIl
(MixBy3enbHOrO atomy), Emv (Emi) — eHepris mirpamii Bakamcii (MixBy3embHOro atomy), fi) —

KoeQILi€HT MPHUEIHAHHS TOYKOBHX Je(EKTIB IMJIOCKUMH KIAaCTepaMU MIKBY3€IbHUX aTOMIB 3

paniycoM I, sKMi BU3HAYa€eTheA 3a popmyIoro (5):
ﬂv(i) _ 27 Foi Dv(i)C1V(i) Zv(i) (5)
ni 0 no
Fe
ne Z'" — nonpasounuii koedilieHT, SKMi BU3HAYAE 3aXOIUICHHS BaKaHCiH (MiKBYy3eJIbHUX aTOMiB)
KJIacTepa MIKBY3JIiB, BU3HAYAETHCS 3a hopMyIioro (6):
b 0.5
vi) _ 0.35
Zni _Zv(i) + (87[8.} 'va(i) - Zv(i) /n ) (6)
ne a — mapamerp OLIK pemritku 3amiza; Zs() = 35 (42) — aist BakaHCii (MDKBY3EJIbHHX aTOMIB),

e(eKTUBHICTh 3aXOIUICHHsS BakaHCid (MDKBY3eIbHHMX AaTOMIB) TUCIIOKAI[IIHOO CiTKOIO;ﬂ:V(I) —

KOEe(]IIIEHT NMPHEIHAHHSA TOYKOBUX JAe(EKTIB CEepHUYHHUM KIacTepOM BakaHCIM 3 pagiycom R, ,
o0umcIeHnH 3riTHO 10 HaOIMKEeHHAM qudy3iiHoro pexumy 3a hopmynoro (7) :
i) _ 47[anDv(i)Clv(i)
ﬂnv - 0

(7)
Fe
v(i)

vy

KoeilieHT eMicii OfHi€i BakaHCii (MDKBY3€IBHOTO aToMy) 3 KiacTepa BakaHCIH
(MDXXBY3€IbHUX aTOMIB), OOYMCICHUN 3TiHO 70 MPUHIMITY IETaJbHOI PIBHOBAaru 4epe3 3MiHEHHs
BUIBHOT eHeprii AG, (N) st BakaHCiil Ta eHepriro 3B sI3Ky KilacTepa MiKBY3elIbHHUX aToMiB E, ; :
AG,(n)-AG,(n-1) ®)
1
kgT
2
AG,(n)=—nAu + 4Ry, 9)
ne Ay — pi3HULS XIMIYHOTO MOTEHIIATy BaKaHCIi y BaKaHCIHHOMY KJIacTepi 1 MaTpHIll MaTepiaity, y -
UTOMa ITOBEPXHEBA €HEPTis BaKaHCIITHOTO KiacTepa B UUCTOMY 3aIi3i:

v v
Uy :ﬂ(n—l)v -exp

of, <Lt ef Eon | (10)
C; kgT
ne E,, Buuncimoerbes 3a Gopmynoro (11):
E.—-E.| 2 2
Eon =Efi+¥ n*-(n-1)s |, (11)
2% -1
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ne Efi — enepris dbopmyBaHHS BakaHCli (MDKBY3EJIBHOTO aToMy ), Ensi — eHepris 3B’s3Ky aumepa
BaKaHCIil (MIXKBY3€JIbHHX aTOMIB).

Cucrtema piBusiHb (1-11) siBisie cobor0 cuUCTeMy KOPCTKHX 3BHYAHHMX Au(epeHIiaTbHuX
pIBHSIHb, PO3B’SI3aHHS AKOi CTaHJAPTHUMH YHCEIbHUMHU METOJaMH MPHU3BOAUTH 10 HECTIMKOTro
pimenHs. [l aHamizy IUX CHUCTEM HEOOXIHO 3aCTOCOBYBATH CIIEIiajbHI YHCENIbHI aJlTOPUTMHU, SIKi
3aCHOBaHI Ha BUKOPHCTaHHI aJaliTUBHOTO KPOKY iHTerpyBanus [10,11]:

(1) uncenpunii xoxn iHterpyBanHsa DO2EJF nHa moBi mporpamyBanHs DopTpaH, CTBOpEHHI
srigao [10,11] ans po3B’si3aHHS JKOPCTKOI CHCTEMH 3BHYAHUX MudepeHialbHUX piBHSAHB. Kon
DO02EJF Bxoauts 10 makery komepiiiiaux mporpam «Numerical Analytical Group (NAG) » [12];

(2) xon Linear Solver of Ordinary Differential Equations ( LSODE), sikuit O0yB cTBOpeHHH Y
1984 poi y JliBepmopcbkiit mabopatopii (CLIHA) [13], € y BiTbHOMY IOCTYTII.

[TopiBHSHHS KOMIT' FOTEPHHX KOJIB 3IIMCHIOBAJIOCh Ha KJacTepi OOYHMCIIOBAIBLHUX MAIIWH
JTOCTIAHUIIBKOTO sinepHoro 1eHTpy ['ensmronbn pesnen-Pozennopd (Himeyunna). OGoma kogamu
IPOBOJWIIOCH IHTETpyBaHHS Bimomoi 3amaui PoGeprcona [14], a came iHTerpyBajach cucTema
YKOPCTKUX TUQEPEHIiaTbHUX PIBHSIHB I THIIOBOI MOJIENI XIMIYHOI KIHETHKU CHUCTEMH 3 Pi3HUMH
XapaKTepHUMU YacaMy peaKIliii:

y, =—0.04y, +10%y,y,
y, = 0.04y,—10%y,y, —3-10" y?
y; =3-10"y;

3a mouaTkoBumu ymoBamu: Y1(0) = 1; y2(0) = 1; y3(0) = 1.

OpepxaHo 3a/10BUIbHE Y3TOKEHHS pe3ysbTaTiB iHTErpyBaHHs (Tabdiu.1, 2). Buxoasuu 3 nporo,
Ta 3 ypaxyBaHHSM BiJIbHOro foctyiy, kog LSODE Oys oOpanuit ais nociikeHHs BIUIUBY 3MIHH
TEMIepaTypyu Ha CEepeAHiil po3Mip, YMCENbHY MIUIBHICTh KJIACTEpPIB BaKaHCIH Ta MDKBY3EIbHHUX
aTOMIB, a TAKOK Ha IMIJABUILEHHS MEXI1 TeKy4OCTi, 3yMOBJIEHE HEUTPOHHUM OIPOMIHIOBAaHHSM.

Ta6mums 1
Pesynbratu inTerpyBanus 3aga4di Pooeprcona kogom DO2EJF NAG [13].

Table 1
Results of integration of Robertson’ problem by code DO2EJF NAG [13].

Yac

ya(t)

ya(t)

ys(t)

att =4.0000e-01

y =9.851712e-01

3.386380e-05

1.479493e-02

at t = 4.0000e+00

y = 9.055333¢-01

2.240655e-05

9.444430e-02

att =4.0000e+01

y = 7.158403e-01

9.186334e-06

2.841505e-01

att =4.0000e+02

y = 4.505250e-01

3.222964e-06

5.494717e-01

at t = 4.0000e+03

y = 1.831975e-01

8.941774e-07

8.168016e-01

att = 4.0000e+04

y = 3.898730e-02

1.621940e-07

9.610125e-01

at t = 4.0000e+05

y = 4.936363e-03

1.984221e-08

9.950636e-01

at t = 4.0000e+06

y = 5.161831e-04

2.065786e-09

9.994838e-01

att = 4.0000e+07

y = 5.179817e-05

2.072032e-10

9.999482e-01

at t = 4.0000e+08

y = 5.283401e-06

2.113371e-11

9.999947e-01

at t = 4.0000e+09

y =4.659031e-07

1.863613e-12

9.999995e-01

att =4.0000e+10

y = 1.404280e-08

5.617126e-14

1.000000e+00
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Tabmuus 2
Pesynbratu inTerpyBanus 3agaui Podeprcona kogom LSODE [14]
Table 2
Results of integration of Robertson’ problem by code LSODE [14]
Yac yi(t) y2(t) ys(t)

att =4.0000e-01

y = 0.985172e+00

0.338640e-04

0.147937e-01

att = 4.0000e+00

y = 0.905519e+00

0.224048e-04

0.944590e-01

att =4.0000e+01 y = 0.715826e+00 0.918549e-05 0.284165e+00
att = 4.0000e+02 y = 0.450518e+00 0.322289¢e-05 0.549479e+00
at t = 4.0000e+03 y = 0.183201e+00 0.894231e-05 0.816798e+00
at t = 4.0000e+04 y =0.389852e-01 0.162185e-06 0.961015e+00
att = 4.0000e+05 y =0.493951e-02 0.198549e-07 0.985060e+00
at t = 4.0000e+06 y =0.517801e-03 0.207266e-08 0.999482e+00
at t = 4.0000e+07 y = 0.525034e-04 0.210025e-09 0.999947e+00
at t = 4.0000e+08 y =0.581277e-05 0.232512e-10 0.999994e+00
att = 4.0000e+09 y =0.471199e-06 0.188479e-11 0.100000e+01
att =4.0000e+10 y =-0.279994e-08 -0.111976e-11 0.100000e+01

ExcriepuMeHTanbHI J1aHi I HAIIOTO JOCHIDKCHHS Oyiv B3sTi B [1], e MOCIHIIXKYyBaloCh
KOMEPIIIHHE YHCTE (-3aJ1i30, SIKE OMPOMIHIOBAIIOCH HEUTpOHAMU 3 eHeprieto Ounbmie Hixk 1 MeB mpu
temneparypi 300 °C 3i dmakcom 1,39x107 ama/c mporsrom 15 xi6. Pesynsraté mpocpiuyrouoi
€JIeKTPOHHOI MIKPOCKOMIT BKa3ayid Ha (hOpMyBaHHS B OIPOMIHEHOMY 3aii31 KJIACTEPiB MiXKBY3€IbHUX

aToMmiB 3i cepenmiM miamerpom 10 HM Ta UMCENBHOIO IMMIBHICTHEIO 4x10%1 M

-3

, a TIO3ITPOHHO-

€JIEKTPOHHOI aHITUIALIMHOT CIEKTPOCKOMil — Ha (OpMyBaHHsI BAKaHCIHHUX KJIacTepiB, AKi MicTATH 10
BaKaHCIHA. Y HaoOMy JOCTIIPKEHHI METOJIOM KJIACTEPHOI JTUHAMIKKM BH3HAYAJIOCh, SIK 3MIHIOIOTHCSA
cepenHiit posmip 1 umcenbHa minbHicTh VC ta SIAC nmns ymoB ompowmiHioBaHHA [l], sKio
TEeMIIepaTypa peakTopa 3MEHIIUThCA 10 123 °C micas 0,46, 0,96, 2,31, 6,94, 11,6, 12,2, 12,7 13,3
13,9, 14,5, 14,6, 14,8 Ta 15 ni6 onpominenns npu Temnepatypi 300 °C. ITapamerpu Matepiany, ski

BUKOPHCTOBYBAJIMCH Y pO3paxyHKax, HaBeAeH1 y Tabnui 3.

MartepianbHi HapaMeTpu JUIsl YUCTOTO 3aii3a.

Material parameters of pure iron.

Tabmums 3

Table 3

Enepris popmyBanHs Bakascii, E 1,60 eB [16]
Enepris 3B's13Ky KJIacTepy 3 ABYX BakaHCid, Epay 0,20 eB [16]
Enepris mirpartii Bakascii, Emy 1,30 ¢B [16]
epenexcrnonenmiiinuit  dakrop Koedimienry  mudysii | 0,1x107° m%/c [16]
MOOJIMHOKMX BakaHci, D,

Eneprist popMyBaHHs MiXBY3eJIbHOT0 atomy, Eri 4,3 eB [16]
Enepris 3B'sI3Ky Kiactepy 3 JABOX MDKBY3eJIbHHUX aToMis, | 0,80 eB [16]
Eb2i

Enepris Mirpaiiii Mi>kBy3eJIbHOTO aTOMY, Emi 0,30 eB [16]
TepenexcrnoneHmiiinuil gakTop MixkBy3enpHoro aromy, Dio | 4,0x10°8 m?%/c [16]
Paziyc pexomOiHaIlii, Frec 0,65 um [16]
KoediicHT 3axBaTy BakaHCii IUCIOKALIHHOIO CITKOIO, Z, 1,0 [16]
KoedimienT  3axBaTy  MIKBY3EJIBHOTO atomy | 1,2 [16]
JUCIIOKAIIHHOIO CITKOIO, Z;

Bekrop Broprepca, b 0,2 um [16]
[[inpHICTH AMCTIOKAIIT, Od 0,7x10% m-? [17]
Cepenniii po3mip 3epHa, d 2,510 m? [17]
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PesynbraTt po3paxyHKiB METOIOM KJIaCTEPHOT JTUHAMIKH mpeacTaBieHi Ha Puc. (1-2).
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Puc. 1. 3mina yrcenpHOT MTBHOCTI Ta cepeqHboro po3mipy SIAC B o — 3aimi3i y 3aJ1eKHOCTI
BiJl yacy, KOJIM TeMIepaTypa peakTopa Oyna 3menmena Bix 300 °C no 123 °C.

Fig.1. Change of number density and mean size of SIAC in o — iron depends on time when
reactor temperature is decreased from 300 °C to 123 °C.
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Puc. 2. 3mina yncenbHOT IIUTBHOCTI Ta cepeqHboro po3Mmipy VC a — 3aiiza y 3a1exHOCTI Bij
yacy, KOJIM TeMIlepaTypa peakTopa Oyna 3menmena Bix 300 °C o 123 °C.

Fig.2. Change of number density and mean size of VC in o — iron depends on time when
reactor temperature is decreased from 300 °C to 123 °C.

Brmagom VC y 3pocraHHS MeXi TEKy4dOCTi a-3aiiza AG MOXKHa HEXTYBaTH Yy HAIIOMY
JOCHIJKeH] BiAnoBiAHO 10 [3], ockinbku cepeanii po3mip VC menmmuit, Hix 0,6 HM (Puc. 2). Otxe
BenmurHa AG po3paxoByBaiachk i3 mapametpiB SIAC 3a criBBimHomeHHsM (12) i3 [3]:

Ao =aMGb,/N,d (12)

ne xoedimieHt a = 0,3 ana SIAC; Teiinmop dakrop M = 3,06; moxyns 3cyBy G =84 I'Tla; BekTop
Broprepca b = 0,2 am.

3HaveHHS AG @-3a1i3a B 3JIEKHOCTI Bij 9acy , KOJU TeMIeparypa peakTopa Oyria 3MEHIIeHa
Bizn 300 °C o 123 °C, naBeneni na Puc. 3.
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Puc. 3. 3MiHa Mexi TEKy4JOCTi o — 3aJ1i3a, 10 3yMOBJICHA ONPOMiHIOBAaHHSM HEUTPOHAMHU, Y
3aJI€KHOCTI BiJl 9acy, KOJIM TeMIlepaTypa peakTopa 6yna 3menmena Bix 300 °C mo 123 °C.
Fig.3.Change of yield stress of o — iron caused by neutron irradiation depends on time when
reactor temperature is decreased from 300 °C to 123 °C.

3. BucHoBkmu
3MEHIICHHS! BeNMWYMHH AC, slKa € KUIBKICHOIO XapaKTePHCTUKOIO SBUINA HEHTPOHHOL

KPHMXKOCTi, IPUOIN3HO HA MOPSANOK NPH 3HIKEHHI TemrepaTypu peaktopy 3 300 °C mo 123 °C
BKa3y€ Ha HEOOXiJHICTh BHECEHHS MOINPaBKU NPU BUKOPUCTAHHI €KCHEPHUMEHTAIBHUX TaHUX PO
HEUTPOHHY KPUXKICTh 3pa3KiB-CBIAKIB JJISl OLIHKKA KPUXKOCTI KOPITYCY aTOMHOTO pPEaKkTopy Impu HOro
poOouiii Temmneparypi.
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CLUSTER DYNAMICS STUDY OF EFFECT ON THE TEMPERATURE CHANGE ON
THE NEUTRON EMBRITTLEMENT OF « -IRON

Summary. The actual issue of using data of neutron embrittlement of reactor materials
received under the study of witness-samples, installed at selected points of the atomic reactor, to the
assessment of the actual neutron embrittlement of the reactor is considered. Significant difference in
the mechanical properties, including neutron embrittlement, of the predicted values based on the
results of examination of witness-samples and the results of examinations of the reactor pressure
vessel of the nuclear power plant Graiswald (Germany) after its closure in 1990, was found
experimentally in 2010-2013 years. Here, the mechanical properties have been measured and the
small-angle neutron scattering method has been used to determine the size and density of nano-
defects with a size of up to 3 nm, namely clusters of point defects (vacancy clusters and clusters of
interstitial atoms), copper precipitates, and clusters composed of point defects and alloying elements
of the reactor pressure vessel steel. In the proposed study, one of the possible causes of the
mentioned discrepancy is considered, namely, the difference in the surveillance temperature of the
reactor (300 °C) and the temperature of the witness-sample (123 °C), which is irradiated for about
one year in the reactor, and then extracted from it during routine shutdowns, for example, when
replacing nuclear fuel. In order to simplify, we study the effect of temperature change not on reactor
steel, but on commercial pure «-iron (carbon content is less than 30 ppm). The distribution
functions of vacancy clusters and clusters of self-interstitial atoms respect to the number of
monomers have been calculated by means of cluster dynamics calibrated by experimental data of
small-angle neutron scattering, transmission electron microscopy and positron annihilation
spectroscopy of commercially pure « - iron neutron irradiated in the research reactor BR-2
(Belgium, Mol). The mean cluster size and the number density of clusters are used to estimate the
increase of the yield strength of Ao of « - iron due a neutron irradiation. This value is usually
interpreted as a quantitative characteristic of neutron embrittlement. It is shown that the contribution
of vacancy clusters to the value of Ao of the studied « -iron can be neglected while the contribution
from clusters of self-interstitial atoms decreases with increasing time during which the temperature
of the reactor was reduced.

Keywords: neutron brittleness, cluster dynamics, temperature change, « -phase.
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MOJIEJTFOBAHHS POCTY IOP ITPU PEAKIIAHINA JU®Y3Ii Y BIHAPHIN
CUCTEMI

B pobomi 3anpononosano mooenb nopoymeopenus 0 Oinapnoi cucmemu nio uac npoyecy
peaxyitinoi ougyszii. Modenv 8paxo8ye 6niu Ha NOPOYMBOPOCHHSL OHCePe/CMOKI8 HEePIBHOBAINCHUX
8axawciu, sAKi Oiloms 6 pI3HUX dacmuuax Ougysiunoi 30nu. HucenbHumu memooamu npoeeodeHo
00CNi0JCeHHs KIHemUKU pocmy nop, ma ix pyx 6 o0’emi Ho80i ¢hazu. Pe3ynomamu mo0eno8anHs
NOKA3yI0Mb, WO HA KIHeMUuKy npoyecy nopoymeopeHHs CYMMEBO 6NIUBAE eheKmusHiCmb pobomu
odicepen/cmokie eaxkanciu. Yum Kpawe 60HU npayrooms, mum weuouie pocmyms nopu, npu Yybomy
ICHY€ NIHIIHA 3aN1eHCHICIb MIdC KyOOM padiycy ROpU i 4acom, npoms2om K020 Mpusac ii picm.

KawuoBi caoBa: peakuiiiHa audysis, OiHapHa cucTeMa, HEPIBHOBAXHI BaKaHCII,
JDKepesa/CTOKU BaKaHCii, TOPOYTBOPEHHS.

1. Beryn

YucineHH1 eKCIepUMEHTH CBiYaTh, 110 MPOLECH YTBOPEHHS Ta POCTY HOBUX (pa3 JOCHUThH 4acTo
CYNpPOBOJKYIOTBCS TIOPOYTBOPEHHSIM, SIK€ HETaTMBHO BIUTMBA€ HA MEXaHIUHI Ta €JIEKTPOTEXHIUHI
BjIacTUBOCTI MarepiaiiB. OcoOnuBO 11 mpoOsiemMa € aKTyaJbHOI sl JIIOTTEBUX 3 €AHAHb Y
MmikpoenektpoHii [1-5]. IIpu B3aemHuil Ta peakuiiitHid qudys3ii, M0 BiAOYBAETHCS 3a BaKaHCIHHUM
MEXaHI3MOM, HEpIBHICTh 3YCTPIYHMX MapliajJbHUX MOTOKIB aTOMIB PI3HMX KOMIIOHEHTIB CHCTEMH,
sKa 00yMOBJIEHA PI3HOIO iX PYXJIMBICTIO, BUKJIMKA€E TMOSABY HAlpaBICHOI0 BaKaHCIHHOTO MOTOKY, IO
MPU3BOAUTH /10 MOSBU B NU(y3iiiHINA 30H1 oOsacTeldl 3 MepecHueHHs 1 HEJOCUYEHHSIM BaKaHCIsIMHU.
Hudysiiina cuctema Oynie HamaraTHcs NepelTH 10 CTaHy 3 PIBHOBAXKHOIO KOHILIEHTPAIII€I0 BaKaHCIH
IUIIXOM penakcanii BakaHCiifHOi mifgcucremu. Lleil mpormec monsrae B 3HUKHEHHI (HapOJKEHHI)
HA/UTMIIKOBUX BaKaHCIH Ha cTOKax (IKeperax), B AKOCTI SKUX MOXYThb BHCTYNATH: JUCIOKaIlii,
MiDKGpa3HI Ta MDK3EpeHH! TIpaHull, MIKponopu. EQeKkTuBHICTE poOOTH TaKHX Kepei/CTOKIB
BaKaHCI CYTTEBO BIUIMBAE SIK Ha KIHETUKY pocTy (a3u, Tak 1 Ha Mopdoorio audy3iiHoi 30HU [6-
10]. OckinbkH MOPU MOXKYTh BUCTYIIATH SIK CTOKM HEPIBHOBR)XHUX BaKaHCil, TO MOPOYTBOPEHHS 3a
BKa3aHUX BHILE YMOB BiIOyBaeThCsl B 00sacTi 1udy3iifHOT 30HU Jie € IepecHueHHs 10 BaKaHCIsIM 1
HOTO0 MOYKHA PO3TJISTHYTH SIK OJTHY 3 CKJIAJIOBUX MPOIECy pocTy HOBOI ¢daszm [11,12].

MeTtoto poOOTH € po3poOUTH MOJENh MOPOYTBOPEHHS TiJT Yac MpoIecy peakiiiHol nudysii y
OiHapHii cucTeMi, 1 BAKOPUCTOBYIOUH 11 TOCTIAUTH YHCEIbHUMHU METOJaMU KIHETUKY pOCTY TOp, Ta
iX pyx B nudy3iiiHiii 30Hi.
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2. Onuc moaeJi

B GinapHiit qudy3iiiHi mapi, 0 CKIaJa€ThCs 3 YUCTUX B3a€MHO HEPO3YMHHUX KOMITOHEHTIB A 1 B
Opy 130T€pPMIYHOMY BIJNATIOBaHHI HAa TpaHHLi A | B B pesynbraTi peakmiitnoi nudysii pocrte
npomixkHa ¢aza o. Onuc pocry (asu o, MOYMHAEMO 3 MOMEHTY, KOJIM BOHA BXKE Ma€ BUTJIS
CYHUTRHOTO Tpomiapky. MexaHnism audysii € BakaHnciiiHuMm, aToMu A 1 B MaioTh ogHakoBi 00’emu,
ane atoMu A € audysiitHo Outem pyxmuBuMu Hixk atomu B (D, > D), ToMy pe3yibTyrounii MOTiK

PEYOBMHM B CHCTEMI BUIIIKY KpHUCTali4yHOI TpaTku OyAe HampaBiieHHd B310oBXk Bici OX, a
Pe3yNbTYIOUHA MOTIK BakaHCii — B mpotuinexauii 01k (Puc. 1). [xepena/croku Bakanciii (K-cTokm)
JII0Th, K Ha TpaHUISIX (a3 o, Tak 1 B ii 00’eMi. 3a TAKMX YMOB PICT TOBIIUHH (Da3u O OMHCYETHCS
HacTynmHuUM BupazoM [10]:

_ » ,
1+e v
Dy AX OAX
b L( >0
1-e v ’
diax)_ D Ac_ | 1 (1)
dt CACy AX _Ax
l+e
DI%GAX . +5€x+2(1_ D[%Gj
L)

ne C,, C;, — KOHIIEHTpalis KOMIOHEHTiB A, B (cepenne 3naueHHs) y ¢asi o, Bigmosimno; D —

koedimientT B3aemHoi audysii mo apkeny ( [-5=CADB+CBDA ); Dy — koediumieHT audysii

D,D . . .. :

Hasaposa-I'yposa Dy.=—2"2__ ) D,, D, — mnapumwianbai xkoediumieaTn mudy3ii
posa-T'yposa ( Dye (©.D, +¢.D.) ); Dy, Dy p b by

komroHeHTiB A 1 B y ¢a3i «; D, - xoedimientn mudysii Bakancii y a3 «;

L, — xapakTepHa MOBKHHA s BakaHciii y o6’emi dasu o (L5 =(Dy Dy7yy)/ D );

‘o . 2 .
Ly, — XapakTepHa JOBXKHHA [l BakaHCid Ha mMixdasuux rpamuusax ¢asu o (Ly, =Dy7y,); 7y —
yac penakcauli BakaHcli y o0’emi; 17, - 4Yac pejakcauii BakaHCIH Ha TpaHUI;

0 — IIUpPUHA FPaHUL; AX — mHUpuHa (pa3u o; AC — KOHUEHTpALIHHUN IHTEpBaJl TOMOT€HHOCTI (a3u
0L IO KOMITIOHEHTY A.

A o B
3;_)»
«— %
C.A :

CAL l

—_—_——— - — -

XL Xr X
Puc. 1. Ha rpanuri mix A 1 B yTBoproeTsest (haza o y BUIIISIAI CYHIUTBHOTO MTPOIIAPKY.
Konnenrpauiitauii npo¢ine komnoHeHty A 'y ¢asi a.
Fig. 1 The phase a continuous layer appears on a border A|B. The concentration profile of
component A in a phase a.
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OCKUTbKY pe3yJIbTYIOUNH MOTIK BaKaHCIH HampaBlieHW y 01K KOMIIOHEHTY A, To y (a3l o 6ins
Mik(]a3HOi rpaHumi A | 0. BUHHKHE 00JacTh, JI¢ ICHy€ NMEepecHYeHHs IO BaKaHCIAM, 1 TOMYy B Hii
MOXYTb 3’SIBUTHCH TIOPH, SIKi € JUIsl TUQY31HHOT CHCTEMH JOJaTKOBUMH CTOKAMH HEPiBHOBAKHUX
BakaHciii (F-ctoku). [lyis MoaemtoBaHHs TOPOYTBOPEHHS B 110 00acTh (ha3u o BBOJUMO TOPY, 1 Jaii
CIIAKYEMO 32 3MIHOIO ii pO3MIpY 1 MOJIOKEHHS Y XOA1 MOJAIBIIOT0 MPOTIKAHHS MPOIIECY PeaKIiiHOT
Tudys3ii.

OcHOBHI HaOJIMKEHHS MOJIEITI TOPOYTBOPECHHS:

1. Tlopu maroTh chepudny dhopmy.

2. ITopu HE B3aeEMOJIiIOTHh MK COOO¥O.

3. Ilopu He BIUIMBAIOTh HA KIHETHKY POCTY (a3u o, TOOTO B aHiil MO/IeIl BBAKAETHCS, 1110 HASIBHICTD
MOp HE MPHU3BOJUTH JO 3MIHM PO3MOJAUTY BakKaHCIH y mudy3iiHii 30HI, Ta 3MiHU JUQY31HHOTO
MOTOKY KOMIIOHEHTIB (3a paxyHOK nudys3ii mo moBepxHi mopu). Take HaOMMKEHHS BiANOBimae
CUTYyaIlii, KOJH KiIJIbKICTh IIOP B OJMHHMII 00’ €My HEBEJIMKa 1 IX po3MipH HE3HAYHI.

4. Tlopa pyxaeTbest BecepeauHi (a3u pa3oM 3 KPUCTAIIYHOIO TPATKOIO B ii OKOJIi, TOOTO SIBJISIE COOOIO
«IHepTHY» MITKYy, 1 TOMYy MBHUAKICTh ii pyXy B JaOopaTopHiii cucreMi BiAJiKy Oyae piBHa
IIBUJIKOCTI Tedii KpHCTaIIYHOI rpaTKu — mBuAKocTi Kipkennana:

Vi =Q-j,, @

ne V, — mBuakicts Kipkennana; j, — norik BakaHciit B dasi o, Q — 06’em, 1110 NpHUIIafae Ha OJUH
aToM.
3MiHY PO3Mipy IMOPH PO3PAXOBYEMO 3a HACTYMHO (hopmyroro [11]:
R _p, &= (3)
dt R
ne R — paxmiyc mopm, C, — KOHIIGHTpallis BaKaHCId B TOYIIl CEPEIOBHIIA, JI€¢ PO3TALIOBaHAa IOPa;

Cy' — piBHOBa)XHA KOHIIEHTpAIIisl BAKAHCIH.

[TonoxxenHs nopu y nudys3iiHii 30H1 BU3HAYa€MO BIIHOCHO JIiBO1 rpanui ¢aszu a (Puc.2).

A B

I I
. ! .
X, =0 X Xg = AX X
Puc. 2. Po3ramyBanns nopu y ¢asi o.
Fig. 2 The void location in a phase a.

3. Pe3yabTaTH KOMII’IOTEPHOT0 MO/IEJI0BAHHS

[lapaMeTpy CHMCTEMH, HpH SKHX TNPOBOAMINCH YHCENbHI pospaxymku: D, =100 w?/c
koedinient audysii Bakanciit; D,=10" wm*c - xoediuient mudysii aromiB copry Aj;
D, =10 x%c — xoedinient audysii atomis copty B; €,=0.7 — BifHOCHA KOHIIEHTpAIlisi aTOMiB
copty A y ¢a3i a; €;=0.3 — BigHOCHa KOHIEHTpalis aTtomiB copty B y a3t a; AC=0.01 —
KOHIICHTPALlIHUA iHTEepBaJ TOMOTEHHOCTI ¢bazu o 1o KOMIIOHEHTY A;
Tyg =10" ¢ — wac penaxcanii Bakanciii B 06’emi ¢pasu o; 7, =10° ¢ — gac penmakcamii BakaHciii Ha
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MixkdasHiii rpannmi dasu o; R, = 10° m — nouarkosuit posmip mopu; AX,=10® u — mouarkosa
TOBIIMHA (Ha3H a.
Ilicns mosBM MOpH 3 MOYATKOBUM padiycoM R, y (asi o BoHa MOYMHAE POCTH, JOCATAIOYH

MEeBHOI0 MakcuMaiabHOTO 3HaueHHs (Puc.3, rpadik 1). YUepe3 meBHU 4Yac piCT NPUNHHSIETHCS 1
po3mip mopu 3MeHInyeThes. llopa pocre, A0 TOKM B 00NacTi Je BOHA 3HAXOJUTHCS ICHYE
nepecuueHHs 1o BakaHcisMm (Puc.3, rpadix 2). Po3mip mopu mounHae 3MEHIYBaTHCh, KOJHU II€
NEepecHuYeHHs] CTa€ B €MHHMM, TOOTO KOHIIEHTpAIlii BaKaHCIH MeEHIIAa 3a piBHOBaXxHY. B
nabopaTopHii cHCTEMI BUITIKY IOpa PyXaeThCs B TOH ke OiK 110 1 MbK(a3Ha rpaHuils Ol sIKoi BOHA
BUHHKJIA, ale MbK(pazHa TpaHMIl PYXaeTbCs IMBHUIIIE, TOMY TO-Mipi pocty ¢asu o Tmopa
nepemintyerbest B ii 00’emi, Bimmanstounch Binx yiBoi rpanmmi (Puc. 3, rpadik 3). Komu mopa
OIMHSETHCA B Till 001acTh MUQY31iHOI 30HH, JIe IEPECHUCHHS M0 BaKaCisIM CTA€ BiJ’€MHUM, PICT MOPU
NPUITUHSETHCS 1 BOHA TIOYMHAE 3MEHIITYBATHCh, TOKU HE 3HUKHE.

‘&\
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o 6 \l
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3
2
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\ 20 =
\\ 10
N (2) 0
-10
0.8
0.7
X 06 L /
<] o5 3)
> 0.4
0.3 »
021 /1
011/

0 2 4 6 8 10 12 14 16 18

t,c
Puc. 3. Kinetuka 3MiHM po3Mipy MOpH 1 i1 KOOpIAUHATH B Mpolieci peakiiitHoi qudys3ii:
rpadik] — 3anexHicTh po3mipy mopu Bix yacy ( Ro = 10° m); rpadik 2 — 3anexHicTs IepecuyeHHs
10 BaKaHCisM B Micii po3ranryBanns mopu Big yacy ( U =(c, — ¢ )-108 ); rpadik 3 — 3aeXKHICTh
OJIOXKEHHA NTopH Y (ha3i BIAHOCHO i1 J11BOT rpaHum1ll BiJ 4acy ( X - KOOpAMHATA IOPH, AX - IIKPUHA
dhazm a).
Fig. 3. The void size change kinetics and void coordinate during the process of reaction
diffusion: graph 1 - dependence size of void on time ( Ro = 10° m); graph 2 - supersaturation of

vacancies dependence on time at the place of void location ( U = (cV - c\iq)-lo8 ); graph 3 -

dependence of void position in a phase (in relation to the left boundary of phase) on time (x -
KOoOparHAaTa mopu, Ax - width of phase a).
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Poznozin B audys3iiiHii 30H1 HEPIBHOBAKHUX BaKaHCIH BU3HAYAETHCS €(DEKTHUBHICTIO pOOOTH X
JoKepes/CToKiB. B Hamniif Mozesni BpaxoBaHO iCHYBaHHS JKEPEJI/CTOKIB BaKaHCIi Ha rpaHUIIX (asu o
(Mikdasni rpanuli), Ta B 00’emi das3u o ( auciokarlii Ta Mixk3epeHH1 rpanuili). [lapamerpamu, ski
XapaKTepU3yoTh e(PEeKTHBHICTh il JKEPEN/CTOKIB BaKaHCId a TOMY BIUIMBAIOTh Ha KIHETUKY
IIOPOYTBOPEHHS, € YacH iX penakcauii 7,1 7y, ( Y4MM MEHLIUM € iX 3HA4YEHHs, TUM €QEKTHBHIIIE

JIIOThH BIAMOBITHI JKEpesna/cToku). Pe3ynpTaTet MOJEOBaHHS TTOKA3aJIH, IO MIBHJIKICTh POCTY TIOPU
CYTTEBO 3aJIEKUTH Bl APAMETPIB, SIKI XapaKTEPU3yIOTh POOOTY JKEPEN/CTOKIB BAKAHCIH Ty, Ty -

Tak, unM edeKTHBHIIIE TPAIIOITh HKepesia/CTOKM BaKaHCI B 00’emi (a3u, TUM mBHUIIIE OyIe
301IBIIYBATUCh PO3MIP TOPH, NpPHU IBOMY 3aJCKHICTh pajlyCy MOpPH BiJ Yacy IOCHUTH a00pe
BiZNOBilae MaTeMaTHuHOMY Bupazy R®~t (puc.4).

4000
3500 : _
/
S
3000 7
/
™ ,/
E 2500 V4
= /
P_:, 2000 /
/ (2)
1500 A =

1000 / el

500

Puc. 4. 3anexHicTh po3Mipy MOpH Bij yacy.
I'padix 1 -7, =10"c; rpadix 2 —Tyg =10 ¢; rpadik 3 —Tyq =103 ¢
(Ro=10°m,7,,=102¢).
Fig. 4. The dependence of void size on time. Graph 1 -7, =10s; graph 2 —Tyq =10%s;
graph 3-7,,=10%s (Ro=10°m,7,,=107s).
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lg (’va)
Puc. 5 3anexHicTh MAKCHMAaJIbHOTO 3HAUYEHHS PO3MIPY MOPH BiJl 4acy pelakcailii BakaHCii.
— - 109
(7yp = Tyg, Ro=10"m).

Fig. 5. The dependence maximal size of void on relaxation time of vacancies (zy, =74, Ro
=10%m).

Yac penakcamii BakaHCIi TaKOXX BIUIMBA€ HA MaKCHMAJbHUM 3HAYCHHS PO3MIpPY IOpH.
OCKUTBKH PO3MOJIUT BaKaHCIH y nuy3iiHIi 30H1 3aI€KUTh HE TUTBKU BiJl BEJIMYMH YaciB peiakcarii
BaKaHCiH, anme Takox i Bil 7,,/7y, TO MOXIUBO B LLOMY KPUETbCA NPUYHHA HEMOHOTOHHOTO

XapakTepy oTpuManoi 3anexHocTi (Puc.5).

4. BucHoBKH
Pe3ynbTaTh KOMIT'IOTEPHOTO MOJICNIOBaHHSA IOKa3yl0Th, 1[0 Ha KIHETUKY TPOLECY
MOPOYTBOPEHHS CYTTEBO BIUIMBA€E €(EKTUBHICTh POOOTH JKEpes/CTOKIB BakaHCi. YuM Kpalie BOHU

NPALIOITE (YMM MEHIIMMH € 3HAYEHHS MapaMeTpiB 7y, Tyy.), TAM IIBUAIIE POCTYTh MOPH, TIPH

I[bOMY ICHYE JIIHIMHA 3aJIeKHICTh MK KyOOM pajilyCcy IOpH 1 4acoM, IPOTITOM SIKOI'O TPUBAE ii pICT.
MaxkcumanbHHUIA po3Mip, IKOTO JJocArae mopa MpoTATroM Yacy CBOTO iCHYBaHHS ( BiJ MOYATKY ii MOSIBU
1 10 3HUKHEHHS) TaKOX 3aJIe)KUTh B1J] MapaMeTpiB, K1 BU3HAYAIOTh pOOOTY JKEpesl/CTOKIB BaKaHCIi
B 1u(y3iitHil cuctemi.
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MODELING OF VOID FORMATION DURING THE PROCESS OF REACTION
DIFFUSION IN A BINARY SYSTEM

Summary. Numerous experiments demonstrate that processes of reaction diffusion are
followed by void formation quite often. At the interdiffusion and reaction diffusion which happens on
the vacancy atomic diffusion mechanism, the inequality of atoms fluxes is caused by their differential
mobility, give rise to a directional flux of vacancies. This flux of vacancies causes an appearance of
areas in a diffusion zone with supersaturation and deficiency in vacancies, where sinks / sources of
non-equilibrium vacancies act. Dislocations, interphase and grain borders, microvoids may be sinks
/ sources of non-equilibrium vacancies. Therefore voids may be considered as a sinks of non-
equilibrium vacancies that act in the area of a diffusion zone where there is vacancy supersaturation
during modeling of reaction diffusion. The model of void formation for a binary system during the
process of reaction diffusion is suggested. This model allows to investigate the kinetics of void
growth, and their motion in a volume of sample. The model takes into account the effect of sources /
sinks of non-equilibrium vacancies on void formation in different parts of diffusion zone. The
numerical modeling has shown that the better work effectivity of vacancies sources/sinks, the more
rapid growth of voids. At the same time the cube of void radius has linear dependence on time.
Maximal size of void also depends on efficiency of vacancies sources / sinks.

Keywords: reaction diffusion, binary system, nonequilibrium vacancies, sources/sinks of
vacancies, void formation.
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BJAUSAHUE JIETUPOBAHUA )KEJIE3OM CIIJTABOB HUKEJIb - MOJIUB/IEH HA
ITAPAMETPBI UX OKUCJIEHUA

DKCnepuMeHmanrbHo UCCIe008AHO GIUSHUE JIe2UPOBAHUSL HCETIe30M HA CKOPOCMb OKUCLEHUs U
arcapocmotikocmv  cnaasos Ni-Mo 6 3asucumocmu om  kowyemmpayuu owceneza. Memoodamu
mepmocpasumMempuly. U PeHmeeHOOUPPAKYUOHHO20 AHAIU3A NOKA3AHO, 4mo d¢hhekm enusus
0obasox 0o 20 mac. % oiceneza Ha CONpoOMuUGIeHUE OKUCTAEMOCMU CNIABO8 HUKENb-MOAUDOeH He
HOCUM NPAMOU 3A8UCUMOCMU OM KOJUYecmea aueamypsl. Ycemawnoeneno, umo 5% oobaska dicene3a
obecneuusaem MakCUMAanbHyio scapocmotikocms Ni-Mo cniasos. Onpedeneno, umo s¢hghekmugrnomy
HOBBILUEHUIO CONPOMUBTLEMOCMU OKUCIEHUIO CNAAB08 HUKENb-MOIUO0eH cnocobcmesyiom 000asKu

29


mailto:shmatko@imp.kiev.ua
mailto:Vronska@ukr.net
mailto:zaitseva@imp.kiev.ua
mailto:zakharov@imp.kiev.ua
mailto:urico@ukr.net
mailto:igorshmatko989@gmail.com

ISSN 2076-5851. Bicuux Yepkacskoro yHiBepcutery. Bumyck Nel. 2018

aoceneza 6 konuwecmeax 0o 15 mac. %. Jlobasxa 6onvwe 15 mac. % owceneza npusooum k
OMPUYAMeENbHOMY GIUAHUIO Ha dcapocmoukocms Ni-Mo cniasos. Ananusz npogeden ¢ yuemom
KouKypenyuu obpaszosanus oxcuoos MoO2, NiO u Fe203 6 nosepxnocmuuix crosx cniasos.

Karouosbie ciaoBa: Ni-Mo cruiaB, Fe nerupoBanue, 0o0Opa3oBaHHE OKCHIOB METAJIOB,
KaPOCTOMKOCTH CILJIABOB, TEPMOTPABUMETPHSI, PCHTTCHOAU(DPAKIIMOHHBIN aHAIIN3.

1. BBenenue

CrnaBbl Ha HUKEJb-MOJIMOAEHOBOI OCHOBE ¢ I0OaBKaMH kKejes3a, Xpoma, BosibppaMa IIUPOKO
MPUMEHSIIOTCSI B MPOMBIIIJICHHOCTH B Ka4eCTBE >KapOIPOYHBIX U KApPOCTOMKHUX Marepuaiosn [1, 2].
XKapocroiikocts OuHapHBIX ciutaBoB Ni —Mo, coaepxamniux q0 15% Mo, Obuia uccnenoBana [3] B
untepBasie remnepatyp 1073-1473 K. Ilokazano, uro no6aBku MO MOHIKAIOT CTOMKOCTh HUKENS K
okucineHuto. B [4] ycraHOBiIEHO, YTO TOJNBKO TpH cojaepxkaHuu okoimo 30 % wmaccer Mo
YKAPOCTOMKOCTH CILJIaBa MPEBHIIIAET 3Ty XapaKTEPUCTUKY ISl YUCTOrO HUKens. M3BecTHO Takxke |5,
6], uro mob6aBku xkeme3a a0 10% CHOCOOCTBYIOT TOBBINICHUIO OKATMHOCTOWKOCTH HUKEIh-
MOJINO/ICHOBBIX CIIABOB.

Lenbto pabOTHI €CTh AKCIEPUMEHTATIBHOE HCCIIEIOBAHUE BIMSIHUS Pa3IMYHBIX KOHIICHTPAIHA
JKelle3a Ha CONPOTUBICHHE OKUCICHHMIO CIUTaBoB Ni-Mo, HOCTpoeHHE KHHETHYECKHX KPHUBBIX
OKHUCJIGHHUS TIISITH CIUIABOB Pa3jIMYHOTO KOHLEHTPALMOHHOIO COCTaBa. OKCIIEPUMEHTAJIbHBIC
UCCJICIOBAHMSI  OMBITHBIX ~ OOpaslloB  TPOBEACHBI  METOJAMH  TCPMOTPABUMETPUU |
pEeHTreHoIM(PPAKIIMOHHOTO aHAIIN3A.

2. UccnenoBanue oxkucaenus ciiasos Ni-Mo ¢ 3amemaomumu 1o00askamu Fe

Mamepuanvl u memoouka IKcnepumenma

B Hacrosmeilt paboTe ucCCleAOBAaHO BIMSHHE YAaCTMYHOW 3aMEHbl HMKENS JKEJIe30M Ha
OKHcIIeHHe ciutaBa HUKenb-30%momnbaeHa. CocTaBbl HCCIEIOBAHHBIX CIUIABOB HA OCHOBE HUKEIS
npuBeneHsl B Tabnuue 1.

Tabmuma 1
CocTaBbl HCCIIEAOBAHHBIX CIUIABOB HA OCHOBE HUKEIIS.

Cruas Coneprkanmne djieMeHTa, % macc.
Mo Fe

1 HM 28 0

2 HM 30 5

3 HM 30 10

4 HM 30 15

5 HM 30 20

Kunetnka OKHCIEHMS YKa3aHHBIX CIUIABOB MCCIIEJOBaHA METOJOM TEPMOIPaBUMETPHM Ha
mpubope «Derivatograph MOM» [7] B urTepBaie temmeparyp 1073-1473 K.

Pentrenorpaduyeckoe ucciaeoBaHUE OKUCIOB, OOHAPY)KEHHBIX Ha HUCCIIEJJOBAaHHBIX CILJIaBaXx,
nposeneHo Ha audpakromerpe JIPOH-1 ¢ Fe-K, nznyuenuem.
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3. Pe3yabTaThbl M UX 00CyKIeHHE

B pesynpraTe aHanmsza m3MeHEHHS Macchl oOpasmoB cmiaBoB 1 HM-4 HM or Bpemenu
OKHCJICHUsI YCTaHOBJIEHO, YTO Mpolecc okuciaeHus cruiaa 1 HM B untepBasie Temmneparyp 1323-
1473 K momuuHsETCS 3aKOHY KBaJIpaTUYHON mapaOojibl. DTOT PE3yabTaT KOPPEIUPYET C JTaHHBIMHU
[4]. JdobGaBxku >keine3a H3MEHSIOT 3aKOHOMEPHOCTh OKHCIIEHHS CIUIABOB HHKEIb-MOJIMOICH.
Okucnenue ciiaBoB 2-4 B unreppaiie 1223-1473 K yxe onuchiBaeTcs CTEIIEHHBIM 3aKOHOM:

B

rae N =2,5, T - Bpems OKHuclieHus, Am - U3MEHEeHHe Macchl o0pasla Npyu OKUCICHHUH, S - IJIOLAIb
oOpa3ua, K - KOHCTaHTa OKUCIICHHUS.
3aBUCHUMOCTH W3MEHEHHUsT Macchl 00OpasnoB cruiaBoB 1| HM-4 HM ot BpeMeHU OKHUCIICHUS,
NpPEICTAaBICHHbIE B JBOWHBIX JIOTapU(PMUYECKHX KOOPIMHATAX, HOCAT JIMHEHHBIA Xapakrtep.
Am
TunnyHele 3aBUCHMOCTH |g?-|gr s temneparypsl 1423 K npusenensl Ha Puc.l. U3

yKa3aHHBIX 3aBUCHUMOCTEH IS MCCICIOBAHHOTO HMHTEpPBAJIa TEMIICPATyp OIPEACIICHBl KOHCTAHThI
okucieHnus ciiaBos 1-4 (cm. Taom. 2).

a5 1 2 3 4 6 8 10 y
T T T T T T T 7T T T T T TT707T
Y 60F ‘
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N3 L
-
(%5}
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Puc. 1. 3aBucumocTtu nsmenenus maccel criasos 1 HM — 4 HM ot Bpemenu okucieHus
pu 1423 K.
Fig. 1. Dependences of mass change of 1 HM — 4 HM alloys on time of oxidization at 1423 K.

Tabmumna 2

3HavyeHHs] KOHCTAHT OKUCIICHUS JJis ciyiaBoB 1-4 B nHTEpBasie Temmepatyp 1223-1473 K.

T, K K - 108

kr?® . mP . ¢l
Cruas = 1 HM 2 HM 3HM 4 HM

1223 - 0.11 - -

1273 - 0.28 0.18 0.26

1323 1.05 0.56* 0.74 0.93*

1373 1.66 - 1.11 -

1423 3.64 1.66 2.35 3.32

1473 7.27 2.49 5.27 5.91
*-mpu 1333 K.

ITo JaHHBbIM TaGJII/II_II:I 2 MMOCTPOCHBI 3aBUCUMOCTU K I HUCCICOOBAHbIX CIIJIaBOB OT

temriepatypbl T, mpencraBieHHble Ha puc. 2. JIerko 3aMeTUTh, YTO JAaHHBIE 3aBUCUMOCTH MOTYT
OBITH OMHCAHBI YPABHCHUEM:
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K=K, exp(— %) (2)

rae Ko - MpeadKCIOHEHIUAIbHbI MHOXHTENb, a £ - TemmepaTypHbId KOA()(HUIIMEHT CKOPOCTH
npoiiecca okuciaeHusi. 3HadeHuss Ko u E, omnpeneneHHble U3 STHUX 3aBUCUMOCTEH IO METOMIY
HaWMEHBIIINX KBAJAPaTOB, MpuBeAcHBI B Tadmnwuie 3. Tam sxe npuBeaeHbl KOAOPHUITUEHTH KOPPETSITUT
(r) 3aBucuMOCTH (2) C 3KCIIEPUMEHTAILHBIMU TAHHBIMH.

1200 1700 wo T°C

ék T T T T T :

-25 -

'8,0 =

-85 |

-90

70 25 T %k~
A

Puc. 2. TemneparypHbie 3aBUCUMOCTH TTOCTOSIHHON CKOPOCTH OKHclieHus ciuiaBoB 1HM 4HM.
Fig. 2. Temperature dependences of constant-speed of oxidization of alloys 1HM 4HM.

Tab6mumna 3

3HaueHUS MPEASKCIIOHCHIIUAJIIBHOTO MHOXKHUTCIIA Ko, TEMIICPATYPHOI'O KOS(p(l)I/H_II/IeHTa

CKOPOCTH OKHCIeHHs E 1 koo dHImenTa Koppeasanuy nureitHoi 3asucumoctu Ig K=f(T1).
Crunas Ko KI[)K/M(])EJ;L R
1 HM 2,51 213 0,992
2 HM 0,10 185 0,997
3 HM 28,18 246 0,987
4 HM 24,55 240 0,997

Kuneruka okucnenus crnnasa S HM npu 1223 K onuceiBaeTcs TeM ke CTENEHHBIM 3aKOHOM,
KaK 1 JPYTHX CIUIaBOB ¢ JoOaBKaMH xene3a. Jms sroro crmasa K =0,94 108 kr?® M ¢ npu 1223 K.
Opnaxo B untepsane 1073-1173 K nponecc okucnenus cruiasos 2 HM-5 HM nporekaer 10BOJIBHO
HepaBHOMepHO. Ha HawanbHOM cTaguM OKHUCIIEHWE HWIET C BBICOKOH CKOPOCTBIO, 3aTeM
yCTaHABJIMBACTCS TMOCTOSIHHAS CKOPOCTh OKHCJICHHA. Uepe3 HEeKOTOpoe BpeMs HaOII0aeTcsl HOBBIM
Y4YacTOK IOBBIIIEHHON CKOPOCTH OKHUCIIEHHMsI, I1OC]IE YEro BHOBb PETUCTPUPYETCS Y4acToK ¢ Oosee
HU3KOH TOCTOSHHOW CKOPOCTBHIO OKHUCIIEHHs. VI3MEHEHUS CKOpOCTH IMPHPOCTa MAacchl 0Opas3loB
NEPUOANYECKH MTOBTOPSIIOTCS BO BPEMS OKUCIICHUS.
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CloXHbIe KMHETHYECKHE KpuBble okucieHus ciiaBoB 2 HM-5 HM B ykazaHHOM HHTEpBaie

Am
TeMIIEpaTyp HE CHPSAIMIIAIOTCSI B KOOpJWHATax Ig?—lgr, B CBSI3M C YEeM MaTeMaTU4eCKOe

OIHCaHHE UX 3aTPYIAHEHO.

ITpu okucnenuu cruiasa 5 HM Beime 1223 K kuHeTHUECKHE KPUBBIE TAKKE UMEIOT JOBOJIBHO
CIOXHBIN BuI. TunuuHas kpuBas okuciieHus ciuiaBa 5 HM mpencraiena Ha puc. 3. Ha ganHou
kpuBoil mpubnusurensuo mocie 1,2.10° ¢ oxucienus HaOmIOmaeTcs MUK, CBA3AHHBIN C PE3KHM
BO3pacTaHMEM Macchl 00paslia U NOCIe YoM e€ yMeHblIeHneM. JlanbHeiiee yBeaIuueHne Macchl
obpasia ujet 6oiee miapHo u nocie 7,2°10% ¢ okucieHUs ONATh NPOUCXONUT NAEHHE €€ BETMUKHBL.
Taxoli X0/ 3aBUCUMOCTH AM OT BPEMEHH OKHUCJIEHUS TAKXKe TPYIHO OIKMCATh KAKUM-THO0O0 OJHUM U3
M3BECTHBIX 3aKOHOB.

17+
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<
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Puc. 3. Kunetnueckue kpuBble okuciaenus cruiasa S HM mpu 1173 K—1u 1473 K- 2.
Fig. 3. Kinetic curves of oxidization of alloy 5 HM at 1173 K—1 and 1473 K — 2.

bbulo yCcTaHOBJIEHO, YTO MPH B3aUMOAEMCTBMM MCCIEIOBAHHBIX CIUIABOB C KHCIOPOJIOM HX
MIOBEPXHOCTh IOKPBIBAETCS CIOEM TEMHO-CEPON OKalnMHbl. OXJIaXJEHHE CIIJIaBOB CONPOBOXKIACTCS
oTKanbiBaHUeM oKainuHbl. B crutaBax 1 HM u 2 HM okanuna oTcTaer OT MOBEPXHOCTH POBHBIMU
CJIOSIMH, cOXpaHsommMu Gpopmy obpaszia. C MOBBIIEHHEM COJEpkKaHUA JKene3a B 00pa3le oKaluHa
otnensiercs pparMeHTaMu, AUCIIEPCHOCTh KOTOPBIX pacTeT ¢ KOHLEHTpalueH xenes3a B ciase. [lox
OTKOJIOBIIMMCS CJI0OEM HaOIro1aeTcs, o KpaifHel Mepe, J1Ba PhIXJIbIX MOACIOS YEPHOTO IIBETA.

Kak BepxHuil ci0il OKaJWHBI, TaKk M HIWKHUHM, O00JagalOT  SPKO-BBIPAKEHHBIMU
(beppoMarHuTHBIMU CBOWCTBaMH. [IpH 3TOM OHHM MpPOSBISAIOTCS 3HAUUTENIHHO CUJIbHEE B CILIaBax C
00JBIINM coZlepIKaHueM kene3a. B cruase | okannHa HedeppoMarHuTHa.

Ha mudpakrorpaMMax OTAETUBIIMXCS OKHUCIOB, OKHCIIOB, OCTaBIIMXCS Ha IOBEPXHOCTH
00pa3IoB ¥ MOBEPXHOCTH 00PA3IIOB, OUMIIIEHHBIX OT OKUCIIOB, HAOIIOAI0TCS pedIIeKCH 1IEJI0T0 psia
coenmunenuit: NiO, Fe203, FeMo00Os3, M0O2. Kpome Toro, mo Haauuuio HEKOTOPBIX pedieKcoB, HE
COBMAJAONIUX C pedrekcaMu JPYruX OKHCIOB, MOXKHO MPEINOJOKUTh MPUCYTCTBUE B OKHCHBIX
CJIOSIX TakuX OKUCIOB, Kak M04011, M0gO23, M09O26, KOTOpBIE, KaK M3BECTHO, 00pa3yroTCs IMpH
MOBBINICHHBIX TemMmeparypax [8].

WHTEpecHO OTMETUTh, YTO MPUBECH HAa €AMHHUILY TUIOIAAN 00pasiia /Uis CIIaBOB, COJAEPKAIIUX
xene30 10 15%, B Teuenne 1200 c. OKWCIEHUS BBIIIE, YeM MPUBECH HA €AUMHUILY TUIOMIAJH IS
criaa 1 HM (em. puc.l). Onnako, nocne 2400 ¢ oKucIeHUs NMPUBECH HA €IMHUILY ILIOIIAIN IS
KEJIe30CoIeprKallluX CIUIABOB YK€ MEHBbIIIE, 4YeM Yy CIUIaBa 0e3 jkese3a. JTO CBA3aHO € TEM, YTO 3aKOH
OKHCIICHHsI CILJIABOB, COJEpIKAIIMX XKele30, UMEeeT MOoKaszarenb 2,5, Torjna Kak crjiaB 0e3 skenesa
OKHCIISIeTCS [0 3aKOHY KBaJpaTUYHOU Mmapadoibl.

bnaronpusiTHOe BiHMsSHUE NOOABOK jKelle3a Ha jKapocTOMKOCTh cruiaBoB Ni — MO cBsizaHO
Y4acTHEM JKeJle3a B PEaKIHHU:
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Fe + NiM0oO4 — FeMoO3 + NiO (3)

JlanHasi peakuusi MPEnsTCTBYeT HakomuieHHto pbixsoro moacios NiIMoOs u crnocoOcTByeT
bopmupoBanuio 3amuTHOro okucHoro ciost NiO, obGecreunBaroIero MOBBIIICHHYIO KapOCTOMKOCTh
UCCJIEJOBaHHbIX CIIJIaBOB.

PenTreHoBckue uccieoBaHUS TaKKe MOKa3ajiH, YTO C MOBBIIIEHHEM COJEp)KaHUs Kele3a B
CIUIaBe U3MEHsETCs cooTHolIeHue KonmuecTBa okuciioB NiO u Fe,O3 B o3y HoOCIIeIHero.

[To-BuIMMOMY, COOTHOLIEHHEM KOJMYECTBAa ATHX OKHCIIOB M HaJMYHMEM JAPYTUX OKUCIIOB Ha
IIOBEPXHOCTU HCCJEIOBAaHHBIX CIUIABOB OIPENEISIOTCS aHOMAJIUU KMHETHKH OKHCIIEHUS CIUIaBOB 2
HM-5 HM B untepBaiie 1073 — 1173 K, a takxke cruiaBa S HM Beime 1223 K.

Hanuune y4acTkoB pe3Koro BO3pacTaHUsl CKOPOCTH INPUPOCTa Macchl 0Opas3LoOB CIUIABOB 2
HM-5 HM B wuntepane 1073 — 1173 K (puc.3) ciaeayer OOBACHUTH IOHUKEHUEM CKOPOCTH
nporekanus peakimu (3). Hakoruienue pwixioro okucia NiMoOs 00yciioBIMBaeT MEpUOIHUYECKOS
paspylieHre BepXHEW 3alllMTHON OKHUCHOM IUICHKH; BCIEACTBHE Yero HaOJI0JaeTcsi BPEMEHHOE
YCKOpPEHHUE OKHUCIIEHUS UCCIIEA0BAHHBIX CILIABOB.

Anomainuu B okuciiennu criaBa 5 HM Beimie 1223 K (puc.3) o0ycnoBiaeHs! 1ByMs (akTopamH.
C TOBBIIIEHHEM TEMIIEPaTyphl BO3PACTaeT CKOPOCTh OOpa30BaHMs JIETyYero OKHCIa MOJUOIeHA
MoO3 o cxeme:

MOxOy + 02 — M003 (4)

BoJplioe KOJMYECTBO JKeje3a MPUBOAUT K CYIICCTBEHHOMY MOHIDKeHHIO koimuectBa NiO,
o0Jajarolero 3aluTHEIMUA cBolcTBaMu [9]. B pe3ynbrare CHM)KAETCS MPOYHOCTH 3alllUTHOTO
OKHCHOTO CJI0s1, KOTOPbIi npopeiBaeTcst n30biTkoM M0O3. B MOMEHT npopbiBa MJIEHKH MPOSIBIISAETCS
pocT Macchl 00pasia, CBA3aHHBIA ¢ WHTCHCH(UKAIUEH okucieHus. YieryunBanne MoOsz Bemer k
CHI)KEHHIO TpouHocTH. Ha Xosnoanbix gertanmsx mpubopa Derivatograph Obutn oOHapy eHbI
MOJTYTIPO3payHble HMrOJbYaThle KPHUCTAIUIBI COSNWHEHUS, WACHTU(PHUIIMPOBAHHOTO PEHTT€HOBCKHM
ciocobom kak M0Os. B pabote [9], rae uccnemoBano okucienue coeaunerus NisMo, mokasaHo, 9to
noz cinoem NiO Benencreue peakimu MoO; ¢ kucinopogom odpasyercs M0oOs, KOTOpBIiA, pearupys ¢
3akuchbto Hukens NiO, oopasyer monubaat Hukenst NiMoOs :

NiO + MoOz — NiMoOx4 (5)

Agtopsl [4, 5] cuntesupoBanu NiM0oOs, nytem HarpeBanus cmecu M0Os, 1 NiO Boimie 823 K.
Heob6xoauMo 3aMeTHTh, OJHAKO, 4TO B Hacrtosmiel padote moacion NiMoOs He OOHapyKeHbBI B
CIIaBaX, COJAEpPKAIIUX XKeJle30. DTO MOATBEPXKIaeT JaHHbIe padoThl [9], rie B criaBax ¢ Jo0aBKaMH
xenes3a takxke He ObuT oOHapykeH NiM0O4. Bepositaee Bcero NiM0O4, B Hamiem citydae, sBIsETCS
IPOMEXYTOUHBIM MPOAYKTOM, KOTOPBIN BCTynast B peakiuio (3) ¢ xkene3oM, o0pa3yeT coeuHEeHHe
FeMoOs.

4. BeIBOABI

MOo>HO cenaTh BBIBOJI, YTO OKUCIEHUE HUKEIb-MOJINOIEHOBBIX CIUIABOB C J100aBKaMH xkeJe3a
IpoTeKaeT 1o cieayromeid cxeme. Benencreue Oornee BrICOKOTO cpoactBa MO k Kucimoposy, 4eM y
JIPyTUX KOMITOHEHTOB criiaBoB [10], Ha HaYaNBHBIX CTAJMSAX HAa TIOBEPXHOCTH CIUIaBa MPOUCXOJUT B
OCHOBHOM 0Opa3oBaHue okucioB Mo (rnaBHbIM 00pazom M0O2). B pesynbsrare atoro gpopmupyercs
MOJICIION TBEPAOrO pacTBOpa Kejie3a B HUKeNe, MPAKTUYECKH CBOOOAHBIH OT ModubJeHa.
JHanbHeiimee B3auMojeiicTBre ¢ atMmocepoii mpuoaut k okucienuto Ni u Fe ¢ oopazoBanunem NiO
u Fe203. M0oO2 takxke okucisercs 10 MoOz. 3atem uaer peakius (5), mpoaykt koropoit (NiM0oOa)
ydacTBYyeT B peakuuu (3).

Jlerupoanue xene3oM cruiaBoB Ni-MO oka3biBaeT pa3invHOE BIUSHUE HA UX KAPOCTOHKOCTD
B 3aBHCHMOCTH OT BEJIMYMHBI [00aBKH JKene3za. ONTUMaIbHOM [00aBKOH, 00eCIeunBaroIiei
MaKCUMAJIbHYIO JKapOCTOMKOCTh, OKa3biBaeTcs 5% xene3a ( Tabn. 2). OaHaKo, CKOPOCTh OKHCIICHHS
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CIUJIaBOB, cojepkamux a0 15 % xeme3a, octaeTcs HEDKe, 4eMm JBoWHOro cruiaBa. Jlob6aska 20%
KeJe3a J1aeT y)Ke OTPULATEIbHBINA AP QEKT.

Kak yka3bIBaJOCh BBIIIIE, 3TO CBSI3aHO C TEM, YTO XKEJe30, aKTUBHO y4yacTBys B peakimu (3),
CHOCOOCTBYET BOCCTaHOBICHHUIO 3anuTHOrO ciiosi NiO, paspyiaromierocs B pe3yibrare peakiuuu (5).
Korna xe no6aBka xene3a mpesbiaer 15 %, 3ameTHO Bo3pactaeT KoiuuyecTBo okucia Fe;0z mo
cpaBHeHuto ¢ konmdectBoM okucia NiO. B pesynbrare ckopocts peakuuit (3) u (5) CylecTBEHHO
CHU)KAETCH.

CrnenoBaTenbHO, C II€JbEO  TOBBINICHHUS KapOCTOMKOCTHM JBOWHBIX ciutaBoB  Ni-Mo
1enecoo0pa3Ho X JIerupoBaHue Jo0aBKaMHU Kejes3a B KojndecTBax a0 15 %.
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INFLUENCE OF A DOPING BY IRON OF NICKEL - MOLYBDENIUM ALLOYS ON
PARAMETRES OF THEIR OXIDIZING

Summary. Influence of alloying by iron on rate of oxidization and heat-resistance of Ni- Mo alloys
depending on the concentration of iron has been experimentally investigated.

On the diffractograms of detached oxides, oxides that remained on the surface and surfaces of
samples that were cleaned from oxides are observed reflexes of a number of oxides: NiO, Fe>Og,
FeMoOs, MoO>. The X-rayed researches showed that with the increase of iron concentration in the
alloy the amount of NiO and Fe203 oxides changes in favor of the last. Presumably, interrelation of
these oxides amounts and presence of other oxides on the surface of investigated alloys determine the
anomalies of the alloys oxidization kinetics.
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The presence of areas of a sharp increase in the mass gain rate of samples of Ni-Mo alloys with
iron additives in the range of 1073 - 1173 K should be explained by a decrease in the reaction rate of
iron with NiMoO4, which leads to the formation of a mixture of NiO and FeMoO3. The accumulation
of loose NiMoO4 oxide stipulates periodic destruction of the overhead protective oxide film, as a
result of which a temporary acceleration of the oxidation of the studied alloys is observed.

It is taken into account that the oxidation of Ni-Mo alloys with iron additives flows according to
the following scheme. Due to the higher affinity of Mo to oxygen than that of other components of the
alloys, mainly MoO2 is formed on the alloy surface at the initial stages. As a result, an underlayer of
a solid solution of iron in nickel, practically free of molybdenum, is formed. Further interaction with
the atmosphere leads to the oxidation of Ni and Fe with the formation of NiO and Fe203. MoQO2 is
also oxidized to MoO3. Then there is the reaction of NiO and MoO3, the product of which is
NiMoO4. Most likely NiMoO4 is an intermediate product, which as a result of reaction with iron
forms FeMoO3.

When the addition of iron exceeds 15%, the amount of Fe203 oxide increases visibly compared with
the amount of NiO oxide. As a result, the rate of reactions leading to the formation of FeMoO3 is
significantly reduced. Consequently, in order to increase the heat resistance of Ni-Mo double alloys, it is
sensible to alloy them with iron in amounts of up to 15%.

Thus, using the methods of thermogravimetry and X-ray diffraction analysis, it was shown that
the effect of additives is up to 20 mass % iron on the resistance to oxidation of nickel-molybdenum
alloys is not directly dependent on the amount of ligature. It is established that 5% iron additive
provides maximum heat resistance of Ni-Mo alloys. It was determined that an effective increase in
the resistance to oxidation of nickel-molybdenum alloys is promoted by the addition of iron in
amounts up to 15 mass %. Addition of more than 15 mass % leads to a negative effect on the heat
resistance of Ni-Mo alloys.

Keywords: doping, oxidizing, Ni-Mo alloys, Fe doping, oxide formation, heat resistance,
thermogravimetry, XRD analysis.
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BJIUAHUE YACTUUYHOM 3AMEHBI BOJIb®PAMA MOJHUBJIEHOM HA MTPOIIECC
OKUCJ/IEHHSA CIINTABOB HUKEJIb-XPOM-BOJIb®PAM

Ilokazano enusinue 000aAB0OK dHcene3d HA OKANUHOCHMOUKOCMb CHIAB08 HUukKens ¢ 000asKkamu
MonubOoena, onvpama u dicenesd, Ymo NpuBOOUm K psdy AHOMAIUU 6 KUHemuke npoyecca ux
oxucnenus. B pabome skcnepumeHmanbHo UCCie008aHO GlUAHUe YACMUYHOU 3aMeHbl 80bghpama
MOIUOOEHOM HA OKATUHOCOUKOCMb CHAAB08 HUKENsA, cooepaicaujux okono 14 -15 mac. % xpoma u
oxono 5 mac. % ocenesa. Ilposedeno ucciedoganue wecmu CHAA808 C pa3IUdHOlU KOHYeHmpayueu
00b6asok. B xauecmee smanonnoeo uccnedosan ounapruwviii cniaé Ni — 35 mac. % W. Codeporcanue
xpoma u ocenesa 6 cniasax aexcum 6 uumepsane 14,1-154% u 5% coomeemcmeenno, a
konyenmpayus Mo yeenuuugaemcs, 6 mo epems kax konyenmpayua W ymenowaemca. Cymmaphas
konyeumpayusi Mo u W cocmasnsem 12,9 — 14,1 mac. %. U3 uccredo8anHvix cniagos, cooepicaujux
Xpom, yduell OKIUHOCHOUKOCMbIo 001adaem cniag, Komopwli codepaicum 15.4 mac. % Cr, 5.7 mac.
%W, 7.7 mac. % Mo u 5.1 mac. % Fe. Ilpu 1473 K ckopocmb oKkucieHus 3mo2o Cniasa Hudice, yem y
npouux. Xpom 6 Koauvecmeax oOonee 15% okazvieaem Oaaconpusmuoe 8ozoelicmeue Ha
OKAIUHOCMOUKOCMb CNIAB08 HA OCHOGe HUKeNs. YCMmAaHO8IeHa ONMUMANbHASL ONisi NOBbIUEHUs
OKANUHOCMOUKOCMU UCCIE008AHBIX CNIABO8 000ABKA JHcene3d 8 Koauyecmee okono 5 mac. %.
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Kawuosi cioBa: Ni-Mo-W-Cr cmias, Fe nerupoBanue, o0pa3oBaHHE OKCHIOB METAJLIOB,
KapOCTOMKOCTH CIIJIABOB, OKAJTMHOCTOMKOCTh, PEHTTCHOAN(PPAKIIMOHHBINA aHAJIH3.

1. BBenenue

B kadecTBe XapoONpOUYHBIX W JKAPOCTOMKHUX MATEPHAIOB B IMPOMBIILICHHOCTH IIHPOKO
NPUMEHSFOTCSl CIUIaBbl HA HUKEJICBOW OCHOBE C J00aBKaMU pa3nuYHbIX 3ieMeHToB [1]. B
MCCJICIOBAaHUH BIIMSHUS J00ABOK JKejie3a Ha OKAJIMHOCTOMKOCTh CIUTaBOB HUKens ¢ 28 — 30 mac. %
MonnOieHa [2] oOHapyKeH psiJl aHOMAJIUK B KHHETHKE MPOIecca UX OKUCIICHHUS. Y CTAHOBJICHO, YTO
ONTUMAJIBHOM, B TJIAHE TIOBBIIIEHUS OKAIIMHOCTOMKOCTH, JaHHBIX CIJIABOB SBIICTCS J00OABKa XkKeye3a
B KOJIMYECTBE OKO0JIO 5 Mac. %.

[enpto naHHOK PabOTHI €CTh UCCIIEIOBAHKE BISIHUSA J00OABOK BoJIb(pama, MOJIMOICHA U JKelle3a
Ha OKAJMHOCTOMKOCTh W >KapONPOYHOCTh CIUIABOB HHUKEIIb-XPOM SIBIISIOIIMXCSA, KaK HM3BECTHO,
OCHOBOMH 1IE€JIOTO PsAJia MPOMBIIUIEHHBIX JKapOCTOMKHUX M KapOoINpOYHbIX CI1aBoB [1,3].

2. HccaenoBanme OKMCJICHNA CILIABOB Ni-Mo-W-Cr c 3aMelAI MU
nodoaskamu Fe

Mamepuanvt u memoouka IKcnepumenma

Hccnenyem BinusiHME 4YaCTUYHOW 3aMeHbl BosibpamMa MOJMOJEHOM Ha OKAJIMHOCTOHKOCTD
CIJIaBOB HUKEJIA, cojaepkamux okoyio 14 -15 mac. % xpoma u okono 5 mac. % sxene3a. B xauecte
STAJOHHOTO MCMoNb3yeM OuHapHbii criaB Ni — 35 mac. % W. PeanbHble cOCTaBbl MCCIICAOBAHHBIX
criaBoB mnpezactaBieHsl B Tabmuie 1. Copepkanue Xxpoma M Kejne3a B CIulaBax 3-0 JEKHUT B
unrepBaie 14,1-15,4% u 5% cooTBeTcTBEHHO, @ KOHLIEHTpauus Mo yBeJIMYUBaeTCs, B TO BpeMs Kak
koHueHTpauuss W ymenbiaercs. CymmapHas koHuentpanus Mo u W cocrasisier 12,9 — 14,1 mac.
%.

Tab6muma 1
CocTaBbl UCCIICIOBAaHHBIX CINIABOB HA OCHOBE HUKEJIS
No ConeprxaHue 3J€EMEHTOB, % MacChl
CIUTaBa

Cr W Mo Fe
1 - 35 - -
2 26,9 - 5,3
3 14,9 11,3 1,6 5
4 15,1 8,6 4 51
5 15,4 5,7 7,7 51
6 141 3,6 10,5 5

KuHeTrnka OKMCIIEHHs yKa3aHHBIX CIIABOB MCCIIEIOBaHA TEPMOTPABUMETPHUECKUM METOIIOM B
uHTepBane Temnepatyp 1223-1473 K B teuenue Bpemenn 1 = (10,8-21,6) - 103 ¢ (3 — 6 wacos).

PentrenoBckue uccienoanus BeimoiHeHBl B Fe K, m3mydenun. [lonydensr audpakrorpammsl
OTJENUBIIMXCS OKUCIOB M OKHCIIOB, OCTaBIIMXCSl Ha IOBEPXHOCTH oOpasua (T.e. BEPXHEro M
BHYTPEHHETO CJIOEB).

Ha ocHose 3KCHepI/IMeHTaHLHLIX KMHETHYECKUX KPUBBIX OKHCIIEHUS MOCTPOEHBI 3aBUCUMOCTH

— OT \/; T/ OT —— , HOCAIIUEC JIMHEHHBIN XapaKTep AJid CJIy4acB, KOTAa KWHCTHUKA ITpoIeccca

OTHCHIBAETCS  3aKOHAMU KBanpaTHquﬁ napabonbel, KyOudeckoil mapabonbpl W JUHEHHO-
napaboJIMIECKUM 3aKOHOM, COOTBETCTBEHHO, S ¥ M — IIJIOMIA b TOBEPXHOCTH M Macca obpasima, T —
BpeMs OKHCIIeHUs. M3 TaHHBIX 3aBHCUMOCTEH MO METOJy HAMMEHBIIUX KBAJpPaTOB U IO 3HAUYCHHUIO
kod(durmenta koppensauu () OIEHEHa CTEMEeHb COOTBETCTBHUS SKCIEPUMEHTAIBHBIX JaHHBIX
JIMHEWHOU 3aBUCUMOCTH.
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3. Pe3yabTaThl M UX 00CyKIeHHE

Cnnas 1.
Kuneruka oxucnenus cmmaBa 1 nmpu 1223 K onuceiBaeTcs B TEUEHHUE BCETO BPEMEHU

OKHUCJICHUS TUHEHHO-TTapad0JIMueCKUM 3aKOHOM (3aKOH DBaHCa):
2
1 /(Am 1 (Am
Ko\ S K .U S

. . Am Am
OO0 3TOM CBUAETENIbCTBYET JIMHEHHBIN XapaKTep 3aBUCUMOCTH T ? oT ? (3aBUCHUMOCTD

a Ha Puc. 1), U3 KOTOPOH MOKHO JIETKO pacCYMTaTh 3HAYEHUS KOHCTAaHT napabosmdeckoro (Kp) u
nuHenHOoro (K1) KOMIIOHEHTOB KUHETHYECKOM KPUBOIl OKUCIICHHUS.

[Tpu Oosee BBICOKMX TeMIepaTypax Ha KMHETUYECKUX KPHUBBIX OKHCICHMs HaOIIONAIOTCS
YYaCTKU PE3KOr0 BO3paCTaHKs CKOPOCTH MPUpPOCTa Macchl 00pa3ioB (3aBrucuMocTh b u € Ha Puc. 2) ¢
HOCJIEIYIOIUM IJIaBHBIM ee MoHMkeHueM. Ilocie 3Toro u3menenue Maccbl 00pasLoB cO BpEMEHEM
CTAHOBHTCS ONM3KHM K JuHeitHOoMy. Ilpubmmsurensno mocme 10,5 - 10° ¢ okucneHms cHoBa
HaOJI0Aal0TCS TaKKue ke ydyacTkH. KnHeTHka OKMCIIeHHUs] JaHHOI'O CIljlaBa Ha HayaJlbHOW CTaJuM 110
MOMEHTA IMOSIBJICHUS 3THX YYACTKOB ITOMYMHSICTCS 3aKOHY DBaHca (3aBucumocTH C u d Ha puc. 2). U3
3aBHCUMOCTEH D 1 C, mpuBeieHHBIX Ha Puc. 2, Takke BUIHO, YTO aOCONIIOTHAS BEJIMYMHA U3MCHCHHUS
Macchl o0paslia W JUIMTEIbHOCTh BPEMEHHOI'O MHTEpBala J0 TOIO MOMEHTa, KOrja Ipolecc
OKHCJICHUsI CTAHOBUTCSI IMHEWHBIM, BO3PACTAIOT C ITOBBILICHUEM TEMIIEPATYPBhI.

ITpu temmneparype 1323 K Ha KHHETHYECKOW KpUBOM OKHCIIEHUS HaOJIOIAIOTCS
NEPUOJIMYECKHE OTKJIOHEHHMS OT HAuyaJbHOTO XOJa KPHBOM B CTOPOHY CHH)KEHUS MAaccChl
(3aBucumocth d Ha Puc. 2). Eciiu He yuuThIBaTh 3TH OTKJIIOHEHHS, TO KHHETHYECKass KpuBas 10 7,2 -
10% ¢ mpakTHYeckH ONMHMCHIBAaeTCSA 3aKOHOM JBaHca (3aBHcMMOCTh D Ha Puc. 1). amee cKopocTb
OKHCJICHUS TOHU)KAETCSl.

3HavyeHus1 KOHCTAaHT Kp 1 KL ipuBesieHb! B Tabnule 2.

A:'IUQ(K‘Z,/Mzi (8,2)

3 0,5
=) _
=
= 2
e <
= e
ol | wis
45
2
3,5
115
25
4 I
alx '

! - &-lﬂztszzl&}i(a,ﬁi
5
Puc. 1. 3aBucumoctr 7S/Am ot Am/S st crutasa 1 npu temmeparypax: 1223 K (a), 1273 K
(b), 1323 K (c), 1373 K (d).
Fig. 1. Dependences zS/Amon Am/S for an alloy 1 at temperatures : 1223 K (a), 1273 K (b),
1323 K (c), 1373 K (d).
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Puc. 2. Kunernueckue KpuBble OKHCIIeHHs ciuiaBa 1 mpu temneparypax: 1223 K (a), 1273 K

(b), 1323 K (c), 1273 K (d). Hyss st kpuBbix b, C 1 d cmerieH oT Hayaaa KOOPMHAT.

Fig. 2. Kinetic oxidization curves of alloy 1 at temperatures : 1223 K (a), 1273 K (b), 1323 K
(c), 1373 K (d). Zero for the curves of b, c and d are displaced from the beginning of coordinates.

L

1% 1072 ¢

Cnaas 2.
B unrepBane temnepatyp 1223-1473 K kuHeTHKa OKHUCIEHMS CIUIaBa 2 MOAYHUHAETCS 3aKOHY

KBaﬂpaTHqHOﬁ Hapa60J'IBIZ
2
Am
[?j = KPT (2)

Am
3aBI/ICI/IMOCTI/I ? oT \/; JJIA OTOTO CIlJIaBa l'IpI/I paBHBIX TeMnepaTypax HpeI[CTaBJ'IeHBI Ha

Puc. 3. 13 3TUX 3aBUCUMOCTEHN MOJTyuyeHbl 3HAUEHUsI KOHCTAaHT OKHMCIICHUs, IPUBEACHHBIX B Talnuie
2. Ha ocHOBaHMM MOTyYeHHBIX AAaHHBIX TOCTpoeHa 3aBucuMocth IgKp ot T7', mpejcTaBnenHas Ha

Puc. 4. Jluneiinbiit XapaKTep 3aBUCUMOCTH MMO3BOJIICT OIMMUCATh €€ YPABHCHUCM:

K, =K, exp(—%) : ©)

rae Ko — NpeIdKCIOHEHIUAIbHBIE MHOXUTENb, a E — TeMmmepaTypHbIH KO3(P(GUIUEHT CKOPOCTH
IpoLecca OKMCIEHUS.
[To MeTony HaMMEHBIIMX KBaApaTOB paccuuTaHbl 3HaueHuUd K, U E, a Takke paccuuTaH

KO QHITMEHT KOPPESIIUH I SKCIIEpUMEHTAIBHBIX TaHHBIX ¢ 3aBUcuMocThio IgK, = f(T ’1). B
sToM ciydae K,=32,36- 10* kr*m™* ¢t E=311,7 kJx/monb u r=0,999.
CrnenyeT oTMeTHTb, 4To mpu Temmeparype 1373 K mocme 10,8 - 10% ¢ okucrnenus Ha

KHHETHYECKOW KPUBOM PETUCTPUPYETCS YCKOPEHUE TIPOIIecca OKUCICHUSI, 00YCIOBICHHOE Pa3phIBOM
OKHCHOM IIJIEHKU.
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Puc. 3. 3asucumocti AM/S ot /7 s
cruiaBa 2 npu temneparypax: 1223 K (a),

1273 K (b), 1323 K (c), 1373 K (d).

Fig. 3. Dependences zS/Amon ~/z for an
alloy 2 at temperatures : 1223 K (a), 1273

K (b), 1323 K (c), 1373 K (d).
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Fig. 4. Dependences IgKp on T for

Tabmuna 2

3nauyeHus koHcTaHT okucieHus (Kp, KL), koadduunenta koppensnuu 3KCnepuMeHTaIbHbIX
JAHHBIX C KWHETUYECKUMU 3aKOHAMU OKHCIIeHUs (I) 1 BpeMEHU OKHCIIeHUs (T), B TEYEHHE KOTOPOTo

C06J'IIOI[aeTC51 COOTBGTCTBYIOH_II/Iﬁ 3aKOH.

CrzaB Ne T.K Kp-108, Ki-10%, r T,¢
kromc?t Krm2c?

1 1223 5,68 0,38 0,995 12000

1 1273 16,7 0,69 0,986 o 3600
1 1323 11,72 0,47 0,998 Ho 7200
1 1373 23,36 0,76 0,979 1o 4200
2 1223 1,46 - 0,995 12000

2 1273 4,2 - 0,994 12000

2 1323 14,1 - 0,997 12000

2 1373 41,2 - 0,988 12000

3 1373 - 0,163 0,999 ITocne 1200
3 1423 - 0,249 0,998 ITocne 6900
3 1473 - 0,467 0,999 ITocme 3900
4 1373 5,16 - 0,997 12000

4 1423 39,1 - 0,997 Jo 4800
4 1473 14,1 4,83 0,998 o 3600
5 1373 14,4 0,88 0,997 o 8400
5 1423 16,8 1,06 0,996 Jlo 8400
5 1473 93,6 - 0,997 1o 10800
6 1373 11,8 1,97 0,999 12000

6 1423 49,7 1,57 0,990 o 8400
6 1473 130 - 0,997 12000
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Cnaag 3.

Oxucnenne cmnaBa 3 B uHTepBane Temneparyp 1373-1473 K Ha HauvanbHBIX CTagusIX
IpPOTEKaeT BechbMa MeEUIEHHO. M3-3a ManblX MPUBECOB YCTAHOBUTHh 3aKOH OKHCIICHUS He
IIPEJICTaBIISIETCS BO3MOXHBIM. 3aT€M IIPOLIECC OKUCIEHUSI PE3KO YCKOPSIETCS U KUHETUYECKash KpuBas
OKHUCJICHHS Ha JIaHHOM Y4aCTKE HOCHUT SIPKO BBIPA)KEHHBIM CUTMaualbHBIN XapakTep (3aBUCUMOCTD
Ha Puc. 5). Dra cragus OKHUCIEHHs CBsA3aHa, IMO-BUAMMOMY, C (Da30BBIM IIPEBPAIICHUEM,
MPOUCXOMSIIMM B OKHCHOM TuieHKe [4]. OmgHako Bpewms, MOCJIE€ KOTOPOro MpPOILECC OKUCICHUS
HA4YMHAET PE3KO YCKOPATHCSA, HE MMEET YETKO BBIPAXKEHHOM 3aBUCHMOCTH OT Temmeparypbl. Ecnu
npu 1373 K mpotecc yckopeHus: OKUCISHHUsT HaOI01aeTCsl B OJJHOM M3 3KCIIEPUMEHTOB Cpasy Mocie
HECKOJIbKUX MHUHYT OKucieHusi, To npu 1423 K sto Bpems coctasisier 3900 ¢, a mpu 1473 K — 1200
c.

B nanbHeleM KHHETUKA OKUCIEHUS IOIYMHSIETCS TUHEUHOMY 3aKOHY:

[A?m) =K.z 4)

KoHCTaHTHl OKMCIeHHs TpuBeieHsl B Ta6muie 2. 3asucumocts IgKL or T™' omuckiBaetcs
ypasrenneM (3). Ilpu atom K, = 9,046 kr-m?-ct u E = 177,6 xJI/Monb. 3Hauenne kodpdHIrenTa
koppemsiuu I = 0,992.

OxucreHue 1Mo JUHEHHOMY 3aKOHY CBUJETEIbCTBYET 00 OTCYTCTBMM 3alUTHBIX CBOMCTB
OKHCHOM IIeHKHU. Takum 00pazom, cijiaB 3 HU3KO KapOCTOEK.

Cnnas 4.
Kunernka okucinenuss cruaBa 4 mnpu temneparype 1373 K mnopuuHsiercs 3akoHy
KBaJpaTUYHOM mapaboibl B TeYeHHE Bcero BpemMeHM okuciaeHus. Ha Puc. 6 npencraBiena

Am .
3aBUCUMOCTH (@) 5 ot r , KOTOpasi HOCUT JIMHEHbIN XapakTep. C MOBBIIEHUEM TeMIEepaTyphbl

OKHCJIEHHS 110 UCTEYEHHH NepBOro yaca Habito1aeTcs 3ameiieHre npouecca okucienus. [Ipu 1423
K B Teuenne 4800 ¢ KMHETMKAa OKHUCIEHHs OIMCBHIBACTCS 3aKOHOM KBaJpaTHUHOW MapaloJibl
(3aBucuMocThb b Ha Puc. 6). [TogoOHbI# pe3ynbraT moayueH u npu 1473 K. B atom ciryuae, ogHaxo,
Ha Ha4yaJIbHOM CTaJMM MPOLlecC OKUCICHUS MOTUMHACTCS 3aKOHY DBaHca (3aBUCUMOCTh C Ha Puc. 6).

B Tab6unuue 2 nansl 3HaueHus: KOHCTaHT Kp u KL 14 ciutaBa 4 Tipy pa3HbIX TeMIepaTypax Juis
yKa3aHHBIX MHTEPBAJIOB BpeMeHU. TaM Takxke NMpUBEAEHBI 3HaUCHUs KO3 (UIMEHTa KOppeIsuuu I
AKCIEPUMEHTAJIbHBIX TaHHBIX C COOTBETCTBYIOIIUMH ypaBHeHUsAMH (1) u (2).

Am, M2

25}

20t

15 /

10¢

12 24 36 48 60 72 84 96 1:107% ¢

Puc. 5. Kunernueckuie KpuBbIe OKHUCIICHUS ciutaBa 3 npu temreparypax: 1373 K (a), 1473 K (b).
Fig. 5. Kinetic oxidization curves of alloy 3 at temperatures: 1373 K (a), 1473 K (b).
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Puc. 6. 3aBucumoct Am/S ot \/; s crutaBa 4 npu temrepatypax: 1373 K (a),
1423 K (b) 1 mns cimaa 5 npu 1473 K 1o 10,8 - 10 ¢ (¢), mocne 10,8 - 103 ¢ (d).
Fig. 6. Dependences Am/S on Jr foran alloy 4 at temperatures: 1373 K (a),

1423 K (b) and for an alloy 5 at temperature 1473 K up to 10,8 - 10° ¢ (c),
after 10,8 - 10° ¢ (d).

Cnaas 5.
[TonmHOCTBIO OMHUCATh KWHETUYECKHE KPUBBIE OKHCIEHHUS CIUIaBa 5 OJHUM M3 HM3BECTHBIX

3akoHOB B Teuenue 12 - 10° ¢ okucnenus He ynaercs. HauanpHas cramust okucienus npu 1373 u
1423 K mo 8400 c omuchIBaeTcsl 3aKOHOM JBaHCa (3aBUCHMOCTH a Ha Puc. 7 u b Ha Puc. 8). 3atem
IIPOLIECC OKMCIIEHUS 3aMeIsIeTcs, a yepe3 HeKkoTopoe BpeMs BospacTtaeT. Ha Puc. 8 mpueneHsr:

Am Am
3aBHCUMOCTH AM OT 7 (@) ¥ 3aBUCUMOCTh T 5 oT < (b) mpu 1423 K. BuaHo, 94TO OTKJIOHEHHE

OT 3aKkoHa DJBaHca (3aBucumocth b Ha Puc. 8) coorBerctByer Touke C Ha KMHETHYECKOIl KPUBOIL
OKHCJIEHHS, HAaUMHAasl ¢ KOTOPOil oOHapyKMBaeTcs 3aMe/JIeHHe OKHMCIEHUs (3aBUCUMOCTh a Ha Puc.
8). Ilocnemyromiee Bo3pacTaHUE CKOPOCTH OKHCIEHHs YKa3blBaeT Ha TO, YTO B LEJIOM KHHETHKa

nporecca MoA4YNHAETCS BO BPEMEHU Pa3IMYHbIM KMHETUYECKUM 3aKOHaM.
ITpu Temneparype 1473 K Ha HavanbHOW CTaguu KHHETHKA OKHUCIIEHUS OIIMCBIBAETCS

. Am
3aKOHOM KBajpaTu4HoW mapadonsl. Ha Puc. 6 mpencrasiena 3aBucumocTts (d) 5 or 7 . Cnycta

10,8 - 10% ¢ oxmcnenms Habmromaercs, Kak M TIpH Oojee HU3KHX TEMIEpaTypax, 3aMeJUIcHHe

Am  Am
OKHCJIEHHUA. 3aBUCUMOCTD (? — 3 ° | (Mo — HavanpHast Macca) ot 37 —7,, rae o = 10,8 - 108 cwu

Am ) ) . .
©=9,65 - 102 kr-M? HOCHT NMHEHHBIH XapakKTep, B CBA3M C UYeM KMHETHKA OKWCJIEHMS HA JTOH

CTaaruu MOXKET OBITH OMKMCaHa KY6I/I‘{CCKI/IM 3aKOHOM!

(A?m] _K,r 5)

B stom ciydae K, = 1 - 10 kr® - M® - ¢t ur =0,996. B Tabnuue 2 npuBencHb 3HAUCHUS
koHCTaHT Kp M Ki, a Taike Kod(QQUIMEHTHl KOPPENAIMM I SKCIEPUMEHTANBHBIX JAHHEIX C
ypaBHeHusmH (1) u (2).
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7Y )
—-1073(m%c/xr)
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Puc. 7. 3aBucumoctu 7S/Am ot Am/S s crutasa 5 npu 1373 K (a) u au1s ciutasa 6 npu

temneparypax: 1373 K (b), 1423 K (c).
Fig. 7. Dependences zS/Am on Am/S for an alloy 5 at temperature 1373 K (a) and for an

alloy 6 at temperatures: 1373 K (b), 1423 K (c).
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Puc. 8. Kunernueckas kpusast (a) u 3aBucumocts 7S/Am ot Am/S (b) mst criasa 5

mpu 1423 K.
Fig. 8. Kinetic oxidization curves (a) and dependences zS/Am on Am/S (b) for an alloy 5 at

temperature 1423 K

Cnaag 6.

ITpu temneparype 1373 K kuHETHKAa OKHMCIEHUS CIUIaBa 6 OMMCHIBAETCS 3aKOHOM ODBaHCa B
TEUCHHE BCEro BPEeMEHH OKHUCICHHUs (3aBucuMocTh b Ha Puc. 7). Kuneruka okucnenus npu 1423 K
COrIacyeTcsl ¢ KWHETUKON OKMCIICHHMs CILIaBa S IIPU JaHHOM Temieparype. B 1aHHOM cilydae 3aK0H
DBaHca cobmoaeTcs ik B Teuenue 8,4 - 10° ¢, 3aTeM, Kak M 114 CIUIaBa S5, CKOPOCTh OKHCIICHHS
cHIKaeTca (3aBUCUMOCTh C Ha Puc. 7). C moOBBbILIEHHMEM TeMIepaTypbl KHHETUKA OKHCICHHS
n3mensiercss U npu 1473 K omnuceiBaeTcss 3aKOHOM KBaJpaTUYHOW Mapadosibl. 3HAYCHUS KOHCTAHT
OKHCIEHHS U K03 umeHTa Koppesuu I JaHbl B TadIuIe 2.
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Cocmas okanumbl.

Ha nmugpakrorpammax cruraBa Nel wadmogatorcst Tonbko peduiekcsl okuciaoB NiO u NiWOa4.
B 3TOM ciydae okajiiHa OTKaJIBIBAC€TCS OT IMTOBEPXHOCTU 00pa3iia JUIlb Ipu oxyiaxaeHuu ot 1373 K.
CoorHomenne uHTeHCHBHOCTEH pediekcoB okucinoB NiO u NiIWOs wu3MeHseTcs B IOJb3Yy
MOCJIEHETO C MEPEeX0J0OM OT BEPXHEr0 OKHUCHOTO CJIOsl K HIbKHeMY (Tabi. 3). Bepxuwuii cioit umeer
TEMHO-3€JICHBIN 1IBET, a MIOJCIONU — CBETJIO-CEPBIM.

Tabmuua 3
Coornomenne uaTeHcHBHOCTEH pediekcos (1) okucaoB NiO u NiWO4 BepXHEro U HHYKHETO
CJI0€B B cIuiase 1.

I nio ipu 1273 K lyiwo, PH 1373 K
Bepxnwuit 1,73 2,96
Hwxuuii 0,208 0,166

Jlns crimaBa 2 BEpXHHE CI0M OKaIWHBI (OTISIUBIIUICS OT MOBEPXHOCTH 00pasiia) COCTOUT B
ocHoBHOM U3 NiO u He6onbmoro konnuectsa NiWOa, a moacioit coctout us cmecu NiO u NiWOa.
Bepxnuii cioii umeer GnecTaunil TEMHO-CEpBIN LBET, a MOACION — TEMHO-KOPUYHEBBINA. Peduiexcsl
COCMHCHMH Keje3a He HaOJIF0JatoTCsl.

CornacHo ¢ JaHHBIMH PEHTT'C€HOBCKOTO aHaJM3a OKHUCHBIE CJIOM OOOWX CILJIABOB COCTOSIT W3
NiO u NiIWO4. Onnako BepXxHHUii ClI0i B cruiaBe 2 Toiiie, 4eM B civiaBe 1 u cogep:kanue NiO B Hem
6onbmie. CooTHoIICHHE Hanbojee HHTEHCHBHBIX pediekcoB okuciaa NiO, oOpasoBaBimerocs B
BepXHMX CJ105X cruaBoB 2 u 1 mpul223 K B teuenne 10,8 - 10° ¢, cocrasnser 3:1. Oxanuna crnasa 2
dbeppoMarHuTHa.

KoHeuHbIH cOCTaB OKHMCHBIX CIIOeB B cruiaBax 3-6 mocie 10,8 + 10% ¢ okucnenus moutu
0JIMHAKOB. B 3THX crutaBax BepXHUil clioi okaiuHbl cocTouT B ocHoBHOM U3 NiO, a moacioi u3 NiO
u NiCr,04. Ha mudpakrorpammax crutaBoB 3 u 4, comepkamux Oonee 8% W HaOmogaroTcs
oTaenbHbIe pediekcsl Takux coenuHeHni, kak WO3 u Cr2WOe.

4. O0cy:xkneHue pe3yibTaToB
B crumaBax Ni-W B pe3ynbrate OKUCIEHHS BOJb(paMa 00pa3yercs psj yCTOHUHUBBIX OKHUCIIOB:
WO2, W18049, W200ss, WO3. T[locnennuit, mo-BuaumMomy, GopMupyeTcst Mo peakinu:
W,0, +0, - WO, (6)

Boime 1273 K okucen WO3 cranoButcs netydnuM [5]. OqHaKo CKOPOCTh YIAETYYHMBAHUS 3TOTO
OKHCIIa B CIUIaBe | 3HAYMTEIbHO IMOHIKEHA M3-3a mpoTekanus peakiuii Mexay NiO u WOs, B
pesyabTare Kotopoir obpasyercs NiIWOs. DTO coemuHEHHE CHHTE3WpOBaHO B pabore [6] myTem
narpesa cmecu NiO u WOs3 nipu remmiepatype 973 K.

Bemme 1273 K oOpazoBanne WOs cymiectBeHHO wuHTeHcupuuupyercs. C  3Tum
OOCTOSITENIbCTBOM CBSI3aH XapaKTEPHBIA XO0JI KHHETUYECKUX KPUBBIX OKHCIEHHs cruiaBa 1. PaspwiB
samuTHOM okucHO#M mieHkH NiO u30pitkoMm WO3 MpUBOIUT K PE3KOMY BO3PACTaHUIO MPUPOCTA
Macchl 00pasia, a mocnenyromee yneryunBanne WO3 — K MIaBHOMY TaJIeHHIO 3aBHCUMOCTH AM OT
BPEMEHH OKHCIICHMS.

C yMeHbIIIEHHEM co/iepKaHMs Boslb(pama B cIuiaBe 2 U ¢ go0aBieHueM 5% jxene3a BepXHUil
cimoii NiO craHoBUTCS OoJiee TOJNCTBIM W MEHEE TMOPUCTBIM, YTO CIOCOOCTBYET 3aMeIICHHIO
CKOPOCTH OKHCIIEHHS, TPOLIECC KOTOPOTO OMHUCHIBAETCS 3aKOHOM KBaIpaTUYHOM MapadoJIbl.

Xpom B KkommuecTBax Ooznee 15% okaspiBaeT  OmarompusTHOE  BO3ICHCTBUE  HA
OKaJIMHOCTOMKOCTh CILJIaBOB HAa OcHOBe HuUKeld [7]. [Ipu Takux KOHLEHTpauusx BIOJb OCHOBAaHUMA
okanmuHbl (popmupyercs crionmHoi cioi okuciaa Cro0O3, Ham koTopeiM pacmonaraercs cioir NiO ¢
srioyenueM mmnuHend NiCr.04 [8]. C atuM, Mo-BHIUMOMY, CBA3aHO XapaKTEPHOE IS CIIIaBOB 4-6,
CoJIepKaINX XPOM, 3aMeJICHHE Tpoliecca OKUCIIEHHUS MOCIe TOro, Kak copMupoBanachk noJo0Has
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CTPYKTypa OKHCHOro cios. Hamuuue B cruiaBe MonmOpaeHa yilydlliaeT ajre3uto U CTaOuiIbHOCTb
OKaJIMHBI pu TemmnepaTypax Boie 1273 K [9].

5. BeiBoanl

B pabore »sKcnepuMeHTaNbHO MCCIEAOBAHO BIMSHHE 4YacTHUYHOM 3aMeHbl BoJb(pama
MOJIMO/ICHOM Ha OKAJIMHOCTOMKOCTH CIJIABOB HUKEIsS, coaepkamux okoyio 14 -15 mass. % xpoma u
0K0JI0 5 Mass. % xene3a. [IpoBeneHo Mccaen0BaHNe IECTU CIUIABOB C PA3JIMYHON KOHIIEHTpaLUe
no6aBok. B kauecTBe sTaioHHOrO M3y4eH OnHapHbIi criaB Ni — 35 mass. % W. Coaepikanue xpoma
Y KeJesa B ciuiaBax 3-6 jgexut B untepBaie 14,1-15,4% u 5% cooTBeTCTBEHHO, a KOHLIEHTparus Mo
YBEJIMYUBACTCS, B TO BpeMsi Kak KoHleHTpaius W ymenbpmaercs. CyMMapHasi KOHIIEHTpanus Mo u
W cocrasiser 12,9 — 14,1 mass. %.

W3 nccienoBaHHBIX CILIABOB, COACPIKAIIMX XPOM, JyUIIed OKIMHOCTOMKOCTBIO 00J1aJaeT CIijiaB
5, xotopslii conepxkut 15.4 mac. % Cr, 5.7 mac. % W, 7.7 mac. % Mo u 5.1 mac. % Fe. ITpu 1473 K
CKOPOCTh OKHCJICHHSI TOTO CIIaBa HUXKE, YeM Yy Mpounx. KHMHETHKa ero OKUCIICHUS OIUCHIBACTCS
3aKOHOM KBaJPaTUYHOW MMapadoibl B TEYCHHE 3 YacOB, a B JAIBHEHUIIEM — KyOMYECKUM 3aKOHOM.
[Tpu Gonee ke HUZKUX TEMIEpaTypax MOAUMHSACTCS 3aKOHY DBaHCA.

XpoMm B KomuyectBax Oomee 15% okaspiBaeT OnarompusATHOE BO3JCHCTBHE Ha
OKAJIMHOCTOWKOCTh CIUIABOB HAa OCHOBE HUKeENsA. [Ipw TakuX KOHIICHTpAIMSIX BJOJb OCHOBAHHMA
OKaJMHBI opMuUpyeTcst crutolmHon cioi okucia Cra0s, Hax koTopeiM pacnoiaraercst cioid NiO ¢
sriroueHueM mmuaen NiCroO4. TTokaszaHo, 4TO B KapOCTOMKHX CIUIaBaX HUKEINS ¢ KOHIIEHTpAIUeH
xpoma okojio 15% onTumanbHBIM ABIISETCS coaepkanue MoaubaeHa ~ 8% u Bonbdpama ~ 6%.

YcTaHOBIIeHA ONTHMANbHAS JUIS TOBBIMICHUS OKAJTMHOCTOMKOCTH HCCIICIOBAHBIX CILJIABOB
no0aBKa jkene3a B KOJIM4ecTBE OKoJIo 5 mac. %.
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INFLUENCE OF PARTIAL REPLACEMENT OF TUNGSTEN BY MOLYBDENUM
ON PROCESS OF OXIDATION OF ALLOYS NICKEL-CHROME-TUNGSTEN

Summary. Influence of additions of iron on oxidation resistance of nickel alloys with additions
of molybdenum, tungsten and iron is shown which. This is leading to a number of anomalies in
kinetics of process of their oxidation.

Influence of partial replacement of tungsten with a molybdenum on oxidation resistance of
nickel alloys, containing about 14 -15 mass. % chrome and about 5 mass. % iron was investigated in
this work. A study of six alloys is undertaken with the different concentration of additions. The binary
alloy of Ni - 35 mass. % W is studied as an etalon. Contents of chrome and iron in alloys 3-6 resides
in the interval of 14,1-15,4% and 5% accordingly, and the concentration of Mo increases, while the
concentration of W decreases. The total concentration of Mo and W makes 12,9 - 14,1 mass. %

From the investigated alloys that are containing chrome, the best oxidation resistance is
possessed by an alloy 5, that contains 15.4 mass. % Cr, 5.7 mass. % W, 7.7 mass. % Mo and 5.1
mass. % Fe. At 1473 K the rate of oxidization of this alloy below, than at other. Kinetics of that
oxidization is described by the law of quadratic parabola throughout 3 hours, and after that- by a
cube law. At lower temperatures it obeys the Evans law.

Chrome in amounts more than 15% creates a beneficial effect oxidation resistance of nickel based
alloys. At such concentrations the continuous layer of oxide of Cr203 is formed along the grounds of oxide
over which the layer of NiO is situated with including spinels of NiCr204. It is shown that the concentration
of molybdenum ~ of 8% and tungsten ~ of 6% is the most optimal in the heat-resistant nickel alloys with the
concentration of chrome about 15% .

The optimal amount of iron for the increase of resistance of investigational alloys is set, in an
amount about 5 mass. %.

Keywords:. Ni-Mo-W-Cr alloys, Fe doping, oxidizing, heat resistance, oxidation resistance,
XRD analysis.

Ooepoicano pedakyiero 18.09.2018
Ipuiinsamo oo opyxy 23.12.2018
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CTPYKTYPHHMI CTAH I'AJIbBAHOOCAI)KEHUX ITPOIIAPKIB MIJIT®

Memooamu penmeeHi6cbk020  OUDPAKYILHO20  aHANIZY  OOCHIOHCEHO MIKPOCMPYKMYPY
npowapkie Mioi, wo OMPUMAHI eleKMPOOCAONCEHHAM MIOi 8 CMAYIOHAPHOMY, PeBepCHOMY
IMRYTbCHOMY MA CMOXACMUYHOMY PelCUMax Ha MIiOHi niOknaoxku. Becmawnoeneno cymmesuil 6naug
Gopmu cmpymy na meKkcmypy O0caodiceHux npowapkieé mioi. bByno ecmawnoeneno, wo Oinvu
nPOCmMopo8o 0OHOPIOHY CIPYKMYPY MA€E 0Ca0, Wo OMPUMAHUL 8 PEBEPCHOMY IMRYIbCHOMY PEHCUMI
e1eKMpPOoOCa0NHCeHHs. 3a NOCMIIHO20 CIMPYMY eNeKmMpPOOCAONCEHHS POPMYIOMbCA KpUCMAU 3 Oinbul
depekmuoo cmpyKmypo. 3a 00nomMo2or0 auanizy YWUpeHHs Ou@pakyiuHux JaiHil 6U3HAYEHO
po3mipu obracmeu KO2epeHmMHO20 pPO3CIl08AHHA 6 NPOULAPKAX, WO OMPUMAHI 34 DI3HUX PeHCUMi8
cmpymy. Takooic 6cmano6neHo, wjo NiCas enleKmpoNiMmuUYHO20 OCAONCEHHS MIOl po3Mip 3epeH
3MEHULYEMBCS, NOPIBHAHO 3 POIMIPAMU 3ePeH 8 NONIKPUCTANIYHIL MIOHTU NIOKIAOYI.

KuarouoBi ciioBa: enexkTpoocajkeHHS, PEHTTEHOCTPYKTYpPHHMM aHaii3, Mifgb, o0jacTi
KOTE€PEHTHOT'O PO3CiIOBaHHS, TU(PpaKkTOrpama.

1. Beryn

JletanbHe NOCHIIKEHHS CTPYKTYpOBaHUX MaTepialiB y MOpPIBHAHHI 3 MOJIKPUCTAIIYHUMHU
aHamoramMu [1] BuUSBWIM iX TEXHOJIOTiYHI BIMIHHOCTI, IO XapaKTEePHU3YIOTHCS OCOOIUBUMHU
TEPMOJIMHAMIYHUMH Ta MEXaHIYHMMHU BJIACTUBOCTSAMH Ta CTPYKTYpHO-(a30BUM CKJIagoM. MigHi
KOHTAKTH, SK TPaBUJIO, OTPUMYIOTh IUIIXOM E€JIEKTPOJITHYHOTO OCA/DKEHHS. TOMYy OTpUMaHHS
OpoIIapKiB MiAl 3 OJHOPIAHOI Ta O0e37e(EeKTHOI CTPYKTYpPOIO € BaKJIMBOIO 3a/au€l0 B
MiKpoeneKkTpoHini. JletanpHuit  omwc  Teopii Ta  TEXHOJIOTii  CTalllOHAPHOTO  PEKUMY
€JIEKTPOOCa/DKEHHS MPUBEIEHO B HAyKOBIM JiTeparypi, Hamp. [2]. Aje eneKTpoOCaJKeHHS B
CTalllOHAPHOMY PEXHUMI Ma€ psi HEJOJIKIB, 30KpeMa HEPIBHOMIPHICTh TOBIIMHHU €IEKTPOOCAKEHUX
mapiB. 3acTOCyBaHHS HEOJHOPIAHMX B dYacli PEXHMIB €INEeKTPOOCaKeHHsS [3-7], Takux sK
IMIYJIbCHUH, KOJMBAJIbHUHM, pEBEpPCUBHUN (IHBEPCHHUN) PpEXHMHU EIEKTPOOCAKECHHS JO3BOJISIE
YHUKHYTH HEJOMIKIB CTAIlIOHAPHOTO PEXKUMY €JIEKTPOOCAKECHHSI.

* CTaTTIO HANMCAHO 3TiJHO 3 MPHMKIAIHOIO AEPHKOIOMKETHOIO TeMoo “CHHTe3 HAaHOCTPYKTYPOBAaHHX CIIIABIB 32
OCIIWITIOIOUMX HAaIpPYXeHb Ta IX 3aCTOCYBaHHS B HOBiM TEXHOJIOTIi 3’€IHAHHSA MIKPOEIEKTPOHHUX KOMITOHEHTIB” (HOMEp
neprxkaBHoi peectpanii 0117U000577).
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B pobGorax [8, 9] omnmcaHo TEXHOJOTII0 3aCTOCYBaHHS CTOXaCTHYHHX PEKUMIB
€JIEKTPOOCAPKEHHS Ta MPOBEJICHO MOPIBHIHHS 1X 3aCTOCYBAaHHS 3 1HIIUMH pekUMamMu. BcraHoBiieHO
0COOJMBOCTI YTBOPEHUX TEKCTYp OCAKEHUX IMPOMIAPKIB Ta JOCHIIKEHO BIUIMB PI3HUX PEXHMIB
OCa/KCHHSI Ha HACTYITHY TBepAo(da3Hy peakIlito MiJib/0JI0BO.

Mertor maHoi poOOTH € JOCHIDKEHHS METOJaMU PEHTTEHIBCHKOTo JU(PaKIiifHOTO aHami3y
CTPYKTYPH €JIEKTPOOCAHKEHUX B CTAaIllOHAPHOMY, PEBEPCHOMY IMIYJIHCHOMY Ta CTOXaCTUYHOMY
peKUMax MPOIIAPKIB Mifi, 0 OTPUMAaHI 3 3aCTOCYBaHHSM OPUTIHAJIBLHOTO amapaTHO MPOrPaMHOTO
komruiekcy (mami ATIK) [10].

2. MeToa OTpMMAaHHS NPOMIAPKIB €J1eKTPOOCAIKEHOI B HEOJHOPITHUX YACOBUX pPeKUMAX
miai

[Ipolec eIeKTPOOCAKEHHsT NPOBOAMBCA Ha Iigkmaakd wmigi posmipamu 15x10 mm.
[ToBepxHi IIACTHHOK Mif[i YaCTKOBO 130JIF0OBAJIM TAKMM YHMHOM, 1100 3a0€3MEeYUTH IOy OBEpXHi |
cM?.  TImacTMHKM Mimi, IIO BHMKOPHCTOBYBANHCh Ui €JIEKTPOOCA/KEHHS Ta I00YIO0BH
NOJISIpU3aliiHOI KpUBOi, MPOXOAWIM eTanm HuTihyBaHHS Ta TMOJIPYBaHHA 13 BHUKOPUCTAHHSIM
nutipyBanpHuX KpyriB (P180, P1200, P2400). Ilicns mosipyBaHHs IUIACTHHKU MiJl OYHINAIKNCH B
ynbTpa3BykoBiid BaHHi npotsarom 100 cekynn. Ilicns ynbTpa3ByKOBOI OUMCTKM IJIACTMHKH Miji
Ii/IaBaIMCsl TOMOTEHI3yrouoMy Binnany 3a temneparypu 550 °C mpotsrom 2 roguH B armocdepi
aprona. I[lepexn enekTpoocapkeHHSIM 3pa3KH JI01aTKOBO OYHINAIN 32 JOIOMOTOI0 €JIEKTPOXIMIYHOTO
TpPaBJIICHHA B €JEKTPOdITi, BUTPUMYIOUM BIJCTaHb MIDK aHOJOM 1 KaTogoM 5 cMm. 3pas3ok
nigTpaBmoBaBcst nporsrom 10 xwimH 3a Hanpyrm U=0,21 B (ryctmHa cTpyMy CTaHOBHIJIA

. 2 ) .. ) )
] =0,022 A/ CM ). TloTiM TUIACTHHKU Miai NMPOMHUBAIMCS IiJ CTpyMEeHeM Boau. Ha ouwmmieni
IUTACTUHKH MiJl MOMEPEeIHBO OCAKyBalM MPOIIAPOK MiAl B CTAI[lOHAPHOMY PEKUMI 3a TYCTHHH

ctpymy  j =0,022 A/ oM’ nporaroMm 10 xBuuH. I  €IEKTPOINITHYHOIO OCAIKEHHS OyB
BUKOpHUCTaHui enekTpouit ckiaay 0,36M CuSO4*H20 +1,22M H2SO4.

2.1, ITo6yoosa nonspusauiitnoi kpugoit

BinmoBinHo 10 3a7aHUX YMOB eNeKTpori3y (poboda mioia 3pas3kiB (10*10 MM) Ta BificTaHb MiX
KaTo/IOM 1 aHOZIOM 5 cM) y rajbBaHOAMHAMIYHOMY pexumi 3i mBuiakictio 0,02 B/C Oyno nmobymoBaHo
noJisipu3aniiny kpuBy. [loOymoBaHa mosnsipu3aiiiifHa KpuBa XapakKTEepU3ye OCa/PKEHHS MiJl Ha MijHI
TUIACTHHKY 3 33/1aH01 KOHIIEHTpallii Ta TeMIlepaTypH eJIeKTpOoJITy Ta npuBeeHa Ha Puc. 1.

Ha ocHoBi mnoOynoBaHOi moyigpu3alliiHOI KpHUBOI BU3HAYEHO I1HTEPBAJIM HAmpyr, II0
BIJINIOBIAAI0Th AKTHBOBAHOMY Ta AUQY31IHHOMY pexuMy enekTpoocakeHHs. CTalioHapHI peXUMH
€JIEKTPOOCAPKEHHSI IPOBOJMINCS 3a mapaMeTpamMu To4dok 1 Ta 2 Ha Puc. 1. CroxacTuyHi pexuMu
€JIEKTPOOCaPKEHHS MTPOBOJWINCA 3 3aCTOCYBaHHSIM MOJEJl FeHepaTopa HeNlHIMHUX KosinBaHb Yya,
KOJIM HeNiHIWHI KOJMBAaHHS HamNpyrd 3[iHCHIOBAJIMCS B OKOJaxX TOYOK | Ta 2 3 BUNAJKOBUMHU
HeTlepepBHUMH Tiepexoamu Mk Humu [8]. B 1mpoMy Bumaaky MiHIManbHE 3HAUCHHS HAIPYTU
cranoBuiio 0.17 B, makcumanbue 0.56 B. bing nepmoi (0.24 B) ta npyroi (0.49 B) crauionapuux
TOYOK MaKCHMaJIbHI BIAXUJICHHS aMILTITY ¥ KoJiuBaHb Hanpyru ctaHoBwm 0.07 B (nuB. Puc 2 a, B).
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2 /

fi" ..'A'-ull-ll..\.. o
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- !
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0014 .~
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Puc. 1. I[lonspusaniiiHa KpuBa MpoLecy eIeKTPOOCAHPKEHHS.
Fig. 1. Galvanodynamic polarization curve obtained at Cu electrodeposition.
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KonTponb ocamkeHHs 3iHCHIOBaBCA 3a JOMOMOror dikcarii cymapHoro 3apsmy. B
NPOBEICHUX EKCIepuMeHTax Oyjo oOpaHO 3Ha4YeHHs cyMmapHoro 3apsay ( = 86,54 K. I3
BpaxyBaHHSM BHUXOJy 3a CTPYMOM (E€KCIEPUMEHTAIIBHO BCTAHOBJICHO, IO /IS JJAHOTO EIEKTPOIITY
BUXI1Jl 32 CTPyMOM CTaHOBUB ONU3bKO 55 %) Takuil cymapHUid 3apsij BiAmoBigaB Maci ocaxy m = 33
MT, III0 B CTAaIllOHAPHHUX PEKUMAX E€JIEKTPOOCAKCHHSI BiAMOBiAae TOBIIHMHI MpuOImM3HO 10 100 MKM.
[TapameTpy €IEKTPOIITHYHOTO OCAKEHHS B CTOXAaCTUYHOMY, IMIYJBCHO PEBEPCHOMY Ta
CTaI[lOHAPHOMY pEXHUMax eIeKTPOOCaPKCHHs HaBeaeHo B Tabmui 1.

Tabmuus 1
[TapameTpu eneKTPOIITUIHOTO OCAHKCHHS
Ne PexxuMm ocamxeHHs Hampyra U, B I'yctuna Yac ocamKeHHS, XB
cTpymy j,
Alcm?
3pazok 1 Cramionapuuii Nel 0,24 B 0,0113 110
3pa3ok 2 Cramionapuuii Ne2 0,499 B 0,0431 47
3pa3ok 3 [oBinbHUI Umin=0,17 B, Jmin= 55
croxactuunui ( t=1c) | Umax=0,56 B, 0,0138,
(Xo = 0,2, Ust:0,49 B, jmax: 0,031
a=17,=10s Us=0,24 B
mojerni Yya [8])
3pa3ok 4 IIsuaxuit Umin=0,18 B, | jmin= 0,010 58
croxactuunuii ( t=20 Umax=0,56 B, | jmax= 0,042
MC) Us=0,49 B,
(x0=10,2, Us=0,25 B
a=17,4=10s
mozerni Yya [8])
3pazok 5 IMoynbcHUM -0,119B -0,0171 120
peBepcHuit +0,367 B +0,0338
(xoedirieHT
sanosHeHHsa D =0,66,
7=3c)

B KOXHOMY peXnMi eJIeKTPOOCaPKEHHS! BHOCWIIMCS BiJIOBIHI 4aCOB1 3aJIE)KHOCTI HAIIPYTH 1
BUMIpPIOBAJIUCS BIANOBIAHI 3HaUeHHs cuiau cTpymy. Ha Puc.2(a-e) mpuBeneHo ¢pparMeHTH 4acoBUX
3aJIeKHOCTEH HAIPyTH Ta CTPYMY B BHITAJIKy HEOTHOPITHUX CTOXaCTUYHHUX PEKHUMIB.

52



Cepis «dizuko-maremMaTnydHi Haykn», 2018

0,60 0,040
0,55
_ 0,035
0,50
0,454 0,030
0,404 0.025 -
aa] e
= 031 5 0,020
] RURLE
= 030 '
0,25 4 00151
0,204 0,010
0,15
0,005 4————F——F——1——1—1T"—F—F—
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
t,c t,c
a §
0,551
0,501 0,031
0,45 4
0,04 4
0,40
0,354 0.03 4
m o
- 030 =
025 0,02
020 0,01
0,15
0,10 — v —— 0,00 — v —
0 20 40 60 80 100 0 20 40 60 80 100
t,c t,c
B r
0,5+ 0,08
04
0,06
0,3
0.2 4 0,04 4
0,14
& < 0021
= 00 =
-0,11 0,00
-0,24 0,02 1
0.3 . . v . . . . v . .
0 2 4 6 8 10 0 2 4 8 10
t,c t,c
pit €

Puc.2. dparmMeHTH 4acoBHX 3aJI€KHOCTEH HANPYyTH Ta CTPYMY B BUIIAAKY HOBUIBHOTO
CTOXAaCTHYHOTO (a, 0), MIBUJIKOTO CTOXaCTUYHOTO (B, T) Ta IMITYJIbCHOT'O PEBEPCHOTO (11, €) peXUMIB
CJIICKTPOOCAAKCHH.

Fig. 2. Fragments of voltage and current time dependencies in the case of: a, b - slow
stochastic; c, d - fast stochastic; e, f - pulsed reverse modes of electrodeposition.

Jlns peamizaiiii CTOXaCTHYHUX DPEKUMIB €IEKTPOOCAKEHHS HAMH 3aCTOCOBYBAIUCA MOJEIb
rereparopa Yya, a came, MOJe/Ib JUHAMIYHOI CHCTEMH 3 IMOBEIIHKOIO JMBHOTO arpakrtopa [5-7].
3acTocyBaHHA L€l MOJENi JA03BOJII€E OTPUMATH HETIEPEPBHI MEPEXOU HANPYTH eNEKTPOOCAHKECHHS
MDK JBOMa CTalllOHAPHUMHU PEKUMaMH Yy BHUIIQJKOBI MOMEHTH 4Yacy. XiJ CTOXaCTHYHOTO IPOIECy
PO3paxoBYBaBCs CIIOYATKy METO/aMU MaTEeMaTHYHOTO MOJICNIIOBAHHS, SIK Ha0lp 3HaUY€Hb BUIAJIKOBOI
GyHKIII B MOCTIIOBHI MOMEHTH 4Yacy. Po3paxoBaHmii TakMM YWHOM MpOQijb BUMAIKOBOI (yHKIIIT
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peamizyBaBcst B AIIK B aBox pi3HuMX MacmrTabax dvacy. /[Ba BIAMOBIZHI CTOXACTHYHI PEKUMHU
(MOBUTBHUH Ta MIBUAKUN) BIAPI3HUTUCS JIMIIE IIKAJIOK0 Yacy, B pO3MNIIHyTOMY BHUNaaky B 500 pasis.
[ToBiTbHUIN CTOXACTUYHUN PEKUM BIIOBIAB TaKii 3MiHI HANpPyTrW Ha €JIIEKTPOJaxX 3 4acoM, KOJIH
NoJIsIpU3alliss  €JIeKTPOJiB BimOyBamacs IIBUALIE 3MiHM Hampyrd B 4Yaci. B mpomy BHIaaky
(yHKIIIOHAJIbHI 3aJIGKHOCTI HANpyT 1 CHJI CTPYMY IIOB’si3aHI BH3HAUYEHOIO 3a CTAI[lOHAPHUX YMOB
NOJSPU3ALIAHOI0 KpUBOKO. [, HaBmaku, B PEeKWUMi IIBUJKOTO CTOXAaCTHUYHOTO DPEXHUMY MpOIEC
HECTaIlIOHAPHOTO EJIEKTPOOCA/PKCHHS BifOyBaBCs 0O€3 TAKOTO IMiJIAIITYBaHHS CHJIM CTPyMY ITiJl
MUTTEB] 3HAYCHHS HAIIPYT.

2.2. IIpoyedypa po3paxyHKy yuiupernnsa nikie ougppaxmozpam

OuiHka po3MipiB 3epeH 3IIMCHIOBAjacsid IO PO3IMIUPEHHI0 IudpakimiiHuxX JiHIK Ha
TudpakTorpaMax, Mo OTpUMaHi BiJ €JIeKTpoocaKeHux mnpomapkiB Mifi. [llupuna nikiB o6epHEHO
MIPOTOPITiiHA KUIBKOCTI pO3CIFOI0OUHX IIEHTPIB B3A0BXK JaHoro HanpsMky [11]. Bei i dhakTopu naroTh
BKJIQJIM B PO3IIUPEHHS IMiKiB 1, BiAMOBIIHO, JO3BOJSIOTH OIIHUTH PO3MIPH KPUCTAIIYHUX 3EPEH
ocajy, III0 PO3paxoBYEThCs 3a BimoMoro ¢opmynoro Censikosa - Llleppepa [12]:

A
b-cosé

ne b — HamiBmMpuHa JiHil, A — 10BXKHUHA XBUII, € — KyT nudpakirii.

KpiM TOr0, OCKUIbKH, KOXKEH KPUCTAIIT 0Caay MOKE MaTH OJIOYHY CTPYKTYpy, TO Ha IiJICTaBi
pe3ynbpTary, OTPUMAHOrO 3a jJonoMoror Bupazy (1), MoxHa OIIHUTH po3Mipu objacreit
korepeHTHoro poscitoBanHs (OKP).

(1)

3. JocainkeHHsI BATOTOBJIEHUX 3pa3KiB

OTtpumani 3paszku OyJu ociikeHi Ha peHTreHoaudpakromerpi JJPOH y MoHOXpoMaTnaHOMY
FeKq-BunpomintoBanHi. B sikocTi etanona Cu Gpanacsa audpakrorpama BiNalIeHOro MOPOLIKY Miji
(muB. Puc. 3a).

Ta6mumrs 2

BitHOCH1 IHTEHCUBHOCTI TU(PAKIIHHUX MAKCUMYMIB €IEKTPOOCADKEHUX MPOIIAPKIB Miji
Kpucranorpadiuni ingexcu cimetricts | (111) (200) (220) (311) (222)
ATOMHUX TUIOIKH (iHAekcu Mimiepa)
3pasoxk 1 100 34 74 35 10
3pa3ok 2 100 30 82 31 8
3pa3ok 3 100 36 44 32 11
3pa3ok 4 100 34 28 30 11
3pa3ok 5 37 9 100 20 6
Etanon (Binnanenuii mopomok Mifi) 100 43 30 S7 21
Etanon 100 43 17 16 5
(I tpux-miarpama 6a3u PDF-2)
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Puc. 3. ludpakrorpamu 3pa3kiB Miji, 110 €JIEKTPOOCAHKEHA Y PI3HUX peKUMax 3a KyTiB
audpakii 50*=140°(a, 6) Ta 135%-138°(8, 1).
Fig. 3. Diffractograms of the samples with different modes of the copper electrodeposition for
diffraction angles: a, b - 50-140°; ¢, d - 135-138".

SkicHui po3rnaa AudpakTorpaM Ta aHali3 JaHUX Ta0dAMIi 2 TOKaszye, M0 B YMOBax
CTOXaCTUYHOTO  PEKUMY  CTPyMYy  €IEKTPOOCA/DKEHHS  (OpPMYeThCS  ONM3BKHA [0
«TIOJIIKPUCTAJIIYHOTO» OCaJl 3 HE3HAUYHOIO TEHJICHIIIEI0 10 TEKCTYPYBaHHS B3JIOBX HanpsMmky <110>.
[Ipy 1bOMy, MOXKHA KOHCTaTyBaTH BIJACYTHICTb CYTTEBOTO BIUIMBY Ha OpIEHTALIMHI CTPYKTYpHI
XapaKTePUCTUKHN YaCTOTU CTOXAaCTUYHMX KOJIMBaHb. Y BUIMAJKY OCAJUKEHHS B CTAallIOHAPHUX YMOBax
(TmoCTIMHMM CTpYM), HE3AIEKHO BiJ] MOTEHIIATy KaTtoay, TekcTypa (110) ocaxy crae roctpiiioro, mo
BUJIHO 13 30UIBIIEHHS BIAHOCHOI iHTEHCHBHOCTI mudpakiiiinoi ninii (220) migi. 3a iMITyJIbCHOTO
PEBEPCHOTO PEXHUMY EJIEKTPOJITHYHUHA Ocaj] Ma€ SCKpaBO BUPAXKEHY aKCiallbHY TEKCTYpYy B3JIOBXK
Kpuctanorpagiunoro Hampsamky <110> mnepneHAuKyJIspHO [0 TOBEpxHi 3pa3ka. MoxHa
NPUITYCTUTH, 10 Bapiallis MmapamMeTpiB (aMIUIITYIU 1 TPUBAJIOCTI) IMITYJIbCIB CTPyMY y HpPSIMOMY Ta
3BOPOTHOMY HarmpsiMKax, Oyse BIUIMBATH Ha CTYIIHb OPI€HTALIHHOTO BIOPSAKYBAaHHS KpPUCTAJITIB
Mi.

Binomo, mo cyOMIKpOHHI poO3MipHM KpHUCTAJIITIB, MIKpPOHANpyrH Ta JeeKTHa CTPYyKTypa
NPUBOJATH 10 YIIMPEHHs MUpakmiiHuX JiHiA 3pa3ka. Ha Puc.3B HaBeneHi HOpMOBaHI MO BHUCOTI
MakCUMyMH (222) eneKTpONITUYHHUX OCajiB, II0 OTPHUMaHI 3a IOCTIHHOTO CTPyMY OCAQKEHHS
(3pazok 1), 3a peBepcHOTO IMIYJbCHOTO PEXKHMY Yy CITIBCTaBICHHI 3 €TaJOHOM (BlImajieHUI
nopomok Mifi). Ilo crynenio «posmenienns» K-anbga ny6mnery BHIHO, 1[0 OUIBII JTOCKOHAITY
CTPYKTYpY Ma€ ocajj, 1[0 OTPUMAHUN B PEBEPCHOMY IMIYJIBCHOMY PEKHUMi. 3a MOCTIHHOTO CTPyMy
€JIEKTPOOCAPKEHHS (POPMYIOTHCSI KPUCTAIH 3 1e(EKTHOIO CTPYKTYPOIO.

B Tabn. 3 momano iHdopmariito mpo po3paxoBaHi MIKPOCTPYKTYPHI XapaKTEPUCTUKHU 3Pa3KiB.
[Tpu po3paxynky po3mipiB OKP nomyckanocs, 1o MikpoHanpyru B 3paskax 1-5 BiICyTHI.
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Tabmuus 3
MiKpOCTPYKTYpPHI XapaKTepUCTUKH 3pa3KiB
Haspa Kytn Hamipmmpuna | ®@isuune | Po3mip OKP Dhky,
TQpakiiHIX B YIIUPEHHS HM
miKiB 26, rpaj. b
Eranon Cu 136,19 0,22

3pazok 1 136,22 0,36 0.182 163,3
3pa3ok 2 136,24 0,58 0.408 72,9
3pa3ok 3 136,19 0,39 0.214 139,1
3pa3ok 4 136,15 0,37 0.15 198
3pa3ok 5 136,2 0,3 0.117 253,2

Ha Puc. 4 mpuBeneHo ricrorpaMu po3mipy obJsiacteli KOrepeHTHOTo po3citoBaHHA 3pa3KiB 1-

Po3mip OKP, am

3pasok 1 3pasok 2 3paszok 3 3paszok 4 3paszok S5

Puc. 4. I'icrorpama po3mipiB obsacTeif KOrepeHTHOT0 po3citoBaHHs 3pa3kiB 1-5.
Fig. 4. Histogram of coherent scattering regions of Samples 1-5.

3 ricrorpam BuaHO, 10 po3mipu OKP B enekTpoocakeHHX MpolIapkax, 10 OTpUMaHi 3
BUKOPHUCTAHHSAM IMITYJIbCHOTO PEBEPCHOTO PEKHUMY, OUIbIIT HIK 3a 1HIIUX pexkuMiB (Puc. 4). Takox
BCTAHOBJICHO, WLIO TICJIA €JIEKTPOJITHYHOTO OCAKEHHS Mill po3Mip 3€peH 3MEHUIYEThCS, B
MOPIBHSIHHI 3 pO3MipaMH 3epeH B MOJIKPUCTATIYHIN MiTHIN T1AKIa 1.

Ocan, 10 OTpUMaHUN B CTOXACTHUHUX PEKUMAaxX €NEKTPOOCAKEHHs, Ma€e MPUOIU3HO TaKi K
po3mipu OKP, mio i ocan, oTpuMaHuil B cTalloOHApHOMY peXuMi HaHeceHHs 3a Hanpyru 0.44 B, Ha
BIJIMiHY BiJl IHIIIUX PEXKUMIB OCAKEHHS.

4. BUCHOBKHM

B pob6oTi yAOCKOHaJIEHO TEXHOJIOTII0 OTPUMaHHS MPOUIAPKIB E€JIEKTPOOCATKEHOI B
HECTAIlIOHAPHUX PEeXKUMax MiJi Ha MiJHI MIKIaIKUA. 15 KOHTPOIIO Mpolecy eIeKTPOOCcaKEeHHS
BUKOPHUCTAHO PO3POOJICHUI aBTOMATH30BaHUN MTPOTrpaMHO-aapaTHUi KoMIuiekc [8].

MeTtoaaMu peHTI€HIBCHKOTO IU(PAKIIIIMHOTO aHaNi3y JOCTIKEHO BIUIUB €IEKTPOOCAHPKEHHS B
pI3HUX peXUMax Ha MIKPOCTPYKTYpY TIOBEpXHEBUX MporiapkiB Mimai. [IpoBeaeHi po3paxyHKH
MOKA3aJM, M0 YIIUPEHHs TUGPAKIIHHUX JTiHIN BiJ 3pa3KiB, 10 OTPUMAaHI MICIs €IEKTPOTITHYHOTO
OCaKEHHSI Mi/Il Ha Mi/IHI TUTACTUHKH, 3B’ 3aHO 31 3MEHIIICHHSIM PO3MIpiB 3€pEH.

OTtpumani pe3ysbTaTi PeHTI€HOCTPYKTYPHOTO aHaNi3y J03BOJISIOTH 3pOOUTH TaKi BUCHOBKH: B
YMOBaX CTOXAaCTHUYHOTO CTPyMY (DOPMYETHCS ONMM3BKUHN /10 «IOJIKPUCTAIIYHOTO» OCaa 3 HE3HAYHOIO
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TEHJICHIII€I0 0 TEKCTYPyBaHHs B3JI0BX HampsaMmky <110>. V Bumanky ocamkeHHS B CTaIllOHAPHHUX
yMoBax (TIOCTIMHUK CTpyM), HE3aJIeXKHO BiJ MOTeHIiany Katomy, Tekctypa (110) ocamy crae
TOCTPIIIOIO, 110 BUJIHO IO 30UIBIICHHIO BITHOCHOT IHTEHCUBHOCTI audpakmiitHoi miHii (220) mixi. 3a
IMITYJIbCHOTO PEBEPCHOT0 PEXHUMY CIEKTPONITUYHUNA OCaJl Ma€ SICKPaBO BUPAXKEHY aKCiaJdbHY
TEKCTYPY B3JI0BXK KpHcTasorpadiunoro Hanpsmky <1 10> nmepneHauKyIspHO 10 MOBEPXHI 3pa3ka.
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STRUCTURAL STATE OF ELECTRODEPOSITED COPPER LAYERS

Summary. The aim of this work is a systematic application of hardware software for the
production of cooper electrodeposited in stationary, reverse pulse and stochastic modes.
Investigation of the influence of different modes of electrodeposition on the microstructure of the
surface layers of copper by x-ray diffraction analysis is conducted.

The microstructure of copper layers obtained by electrodeposition in stationary, reverse pulse
and stochastic modes on copper substrates was studied by X-ray diffraction analysis. The significant
influence of the current form on the texture of the deposited copper layers is established. The size of
coherent scattering regions in layers obtained under different current regimes is determined by
analyzing the broadening of diffraction lines.

In work the technology of reception of layers of electrodeposition in stationary, reverse pulse
and stochastic modes of copper on copper substrates is fulfilled. The control of electrodeposition
process, an automated software and hardware system were developed.

The influence of electrodeposition in different modes on the microstructure of the surface
layers of copper was studied by X-ray diffraction analysis. The calculations showed that the
broadening of the diffraction lines from the samples obtained after electrolytic deposition of copper
on copper plates is associated with a decrease in grain size.

The obtained results of structural analysis allow us to draw the following conclusions: under
the conditions of stochastic current, a precipitate close to "polycrystal” is formed with a slight
tendency to texturing along the direction <110>. In the case of stationary deposition (direct current),
regardless of the cathode potential, the sediment texture (110) becomes sharper, as can be seen from
the increase in the relative intensity of the copper diffraction line (220). Due to the pulsed reverse
mode, the electrolytic precipitate has a pronounced axial texture along the crystallographic direction
<110 > perpendicular to the surface of the sample.

The size of coherent scattering regions in electrodeposited layers obtained using the pulsed
reverse mode is larger than in other modes. It was also found that after electrolytic deposition of
copper grain size decreases compared to the grain size in the polycrystalline copper substrate.

Keywords: electrodeposition, x-ray diffraction analysis, copper, region of coherent scattering,
diffraction pattern.
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NUCLEATION IN METASTABLE SOLID SOLUTION - STOCHASTIC KINETIC
MEAN FIELD APPROACH VERSUS CLASSICAL NUCLEATION THEORY™

The application of Stochastic Kinetic Mean Field approach to the kinetics of nucleation at the
decomposition of supersaturated binary solid solution is presented. The dependencies of incubation
time on the noise amplitude and the supersaturation are obtained. SKMF modeling demonstrates the
validity of Classical Nucleation Theory. The logarithm of nucleation time is inversely proportional to
the squared supersaturation. The logarithm of nucleation time is a linear function of the inverse
squared noise amplitude.

Keywords: SKMF approach, mean field, binary solid solution, decomposition, nucleation,
incubation time.

1. Introduction

Nucleation stage of the first-order phase transformations in alloys is crucial for prediction of
mechanical, electrical, magnetic properties of multiphase materials. During last decades the new
experimental possibilities have been developed enabling direct observation of nuclei formation
during aging and solid-state reactions — for example, 3D TAP, HR TEM, AFM [1-3]. Yet many
details of the nucleation stage still remain the mystery. For example, nucleation of the new phase
means the change of composition, size and (often) structure. It seems strange but in many cases, we
still do not know the sequence in changing these properties. In general, Classical Nucleation Theory
(CNT) takes for granted that the nuclei at once appears with optimal composition and structure and
then changes only the size during precipitation. On the other hand, Schmelzer and Abyzov
demonstrated by numerical solving of Master Equations that initially the undercritical embryo may
change the size and only later it changes the composition [4, 5]. In the case of intermetallic
compound nucleation, the situation is more interesting because, besides composition change, the

* This paper is supported by grant of Ministry of Science and Education of Ukraine, project “Multiscale modeling of
competitive nucleation, growth and coalescence of phases in isothermal reactions and SHS reactions” (0118U003861),
and by EXMONAN EU FP7 project (Ref. 612552).
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nucleation includes also ordering. As far as we are informed, the sequence of ordering and
composition changes in most cases is still unknown. Two most widespread methods of the nucleation
kinetics investigation are Fokker-Plank approach and Monte Carlo (MC) simulation [6]. Fokker-
Plank approach seems a good solution but it contains a number of not very well determined
parameters (attachment and detachment frequencies) and not very well proved phenomenological
assumptions (for example, steady state diffusion around precipitate). Monte Carlo is more direct and
atomistic, but the level of fluctuations in this method is so high that it is very difficult to distinguish
the structures in small volumes. So, we need some transient method between atomistic MC and
mean-field phenomenological approach. Recently, our group, jointly with the group of Debrecen
University, developed the new method called Stochastic Kinetic Mean Field (SKMF) [7-9]. This
method combines George Martin’s mean field atomistic approach with the noise of local atomic
fluxes. This method is not far from Khachaturyan's approach [10]. Khachaturyan's approach is based
on linear thermodynamics and fluctuation-dissipation theorem introducing the noise of concentration
and local order. SKMF approach is inherently nonlinear and therefore applicable to the early stages
of solid-state reactions under sharp concentration gradient. In this approach, the probability of atomic
exchanges is proportional to the difference of exponents of chemical potentials, instead of a
difference of just chemical potentials. Moreover, noise is introduced directly into atomic jumps
quantity, instead of the noise of composition. Also, no special order noise is introduced. The
fluctuation of local order at any site is determined by the change of atomic probabilities at each site at
the atomic scale. Recently we proved rigorously [11] that without noise Martin’s equations and their
3D modification [12] may lead only to decrease of the free energy. For overcoming the nucleation
barrier one may introduce the noise of frequency with some amplitude A [7]. For the particular case
of the ideal solid solution, we proved that the introduction of the noise of amplitude A is equivalent
to averaging over finite number M copies of the canonical ensemble with
1

Mo @

where c is the average composition of the solution.

In [11] we proved that equation (1) can be also applied to the regular solid solution. In [7] we
only indicated the possibility of nucleation modeling with SKMF and presented movie of such
process. Here we analyze the nucleation in the metastable solid solution on a more regular basis. We
limit ourselves only to nucleation of new solid solutions in parent solid solution. Nucleation of the
ordered phases will be discussed elsewhere. The plan of this paper is the following. In section 2 we
resemble the algorithm the SKMF model and formulate the criteria of successful nucleation. In
section 3 we present the main result of nucleation modeling of the SKMF method. First of all, we
determine the dependence of incubation time on the inverse squared noise amplitude and on
supersaturation. In section 4 we suggest the application of CNT to nucleation kinetics with an
account of composition dependence of the surface energy between parent and nucleating phases. We
compare the results with the SKMF approach.

2. Basics of SKMF

We investigate the diffusion-controlled processes at rigid lattice with face-centered cubic
(FCC) structure. Technically, FCC structure is realized as a sublattice of the simple cubic lattice with
lattice constant a/2 with the odd sum of indexes i+ j+k along axes x, Yy, z. To simplify the
notations, everywhere below we use the symbol i as the abbreviation of 3 indexes and symbol in as
the abbreviation of one of z =12 nearest neighboring sites. Each site of this lattice is characterized
by so-called “concentration” ¢, which is, in fact, the probability of finding species A at this site

((1—ci) is the probability of finding species B). Mean field approximation means that this
probability explicitly does not depend on the neighborhood (but implicitly, it depends). The main
equations for the array of concentrations, in case of direct exchange mechanism, are
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¥ (10 (Mo + 0T )+ X (1-a) (M +07E2). @)
in=1 in=1

Here the exchange frequencies 77, and I

are determined by the Boltzmann-like

exponential expression containing energy before the jump, which self-consistently depends on the
concentrations in the neighborhood of both sites making the problem substantially non-linear:

Ei,in
I, = Foexp[—ﬁ} ©)
= :(M—v)icm+(|\/| +v)icjn, (4)

where M =(V,, —Vg5)/2, V =V,g —(Va, —Vgs )/2 are diffusion asymmetry and mixing energy, V,, ,
Vg, Vg — pair interaction energies for nearest neighbors. The noise of atomic jumps is realized here
as a noise of jump frequencies 67 . Noise distribution can be chosen in various forms, including

i—in

Gaussian. For simplicity we choose stepwise distribution within interval (— Aﬁ/\/a Aﬁ/\/a)

i—in

providing the dispersion <(§FL3”9 )2> = A?/dt:

Sr™e = ATf (2-random-1). (5)

The system of equations (2) was numerically solved for the cubic sample 30x30x30 sites
containing 13500 atoms.

3. Results of SKMF Modeling
In [7] we checked that the phase diagram for the binary system in the KMF approach coincides
with the regular solid solution model. The binodal and spinodal for reduced temperature KT/V are

presented at figure 1.

For nucleation study, we took initially homogeneous solid solutions with compositions and
temperatures in the metastable region (between binodal and spinodal). For each set of parameters
(reduced temperature, composition, noise amplitude) we executed 1000 runs, each time waiting of
nucleation of the first viable nucleus and then making an average of waiting times over all runs.
Apparently, waiting time depends on the system size (the larger the size — the smaller should be
waiting time for the first successful nucleation). Therefore, for correct comparison, we made all
simulations for the same size (the size effect on nucleation and possible suppression of nucleation by
the small size was discussed, for example in [13-15]). We checked several different criteria of
nucleation and chose the following one: we calculate the average concentration over each cluster
containing 13 sites (1 central and 12 nearest neighbors). We checked that in case of reaching the
concentration in one of the sites some value the decomposition becomes inevitable and irreversible.
So, in our simulations, we stop calculation of any run just after reaching the average concentration of
value 0,5 at any site of the system.
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Fig. 1. Phase diagram of a binary solid solution calculated with regular solid solution model.
The binodal and spinodal are shown with solid and dashed lines accordingly.

3.1. Dependence of incubation time on the noise amplitude

We measured the logarithm of incubation time as a function of inverse squared noise
amplitude. The results are presented at figure 2. One can see that logarithm of incubation time
increases linearly with increasing inverse squared noise amplitude. Similar dependences were

obtained for 5 supersaturations AC = C—Cy;,.q : 0,1396; 0,1391; 0,1386; 0,1381; 0,1376.

3.2. Dependences of incubation time on supersaturation
We fixed some noise amplitude and varied the supersaturation within some interval which was
not very wide since the decreasing supersaturation increases drastically the incubation time. At that,
the computation becomes unreasonably long. Dependence of the logarithm of incubation time versus
inverse squared supersaturation within the mentioned concentration interval is close to linear as

shown at figure 3.

In(t)
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5,4
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y=|0,1571x+ 2,4375
>
15 17 19 21 23 25 27
A-z

Fig. 2. Dependence of logarithm of incubation time on the inverse squared noise amplitude at
reduced temperature kT/V =4 and supersaturation Ac =0.1376.
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Fig. 3. Dependence of logarithm of incubation time on inverse squared supersaturation at fixed
noise amplitude A=0,25 and reduced temperature kT/V =4.

4. Predictions of Classical Nucleation Theory

According to CNT, waiting time should be proportional to the exponent of reduced nucleation
barrier. In its turn, the nucleation barrier is proportional to the cube of surface tension and inversely
proportional to the squared driving force per atom of the nucleus. Using the theory of regular solid
solution, it is easy to show that the interface surface tension along the coherent interface (100) is
equal to:

8 a\? — 8Vmix a\?

r=2(er e o -t Pl e (o ). ©)

a 2 a

Here C“ and C” are determined by the rule of a parallel tangent (not to confuse with the well-
known rule of common tangent). The driving force can be reduced to the expression:

2
Ag = _(Ckﬁnodal _C!f;nodal )%AC : (7)

In CNT, the nucleus of the new phase appears as the result of heterophase nucleation with
composition determined by a parallel tangent. Difference between two tangent points is practically
independent on supersaturation. So, the surface tension of the nucleus is practically constant. On the
other hand, the driving force is proportional to the supersaturation. Thus, the nucleation barrier in
CNT should be inversely proportional to the squared supersaturation. This prediction coincides with
SKMF results at figure 3.

5. Conclusions

Stochastic Kinetic Mean Field modeling on nucleation in supersaturated solution demonstrates
the validity of Classical Nucleation Theory:

1. The nucleation process consists of two main steps: at first, the embryo of the new phase
appears with almost optimal composition and then this embryo increases its size at almost constant
composition.

2. The logarithm of nucleation time is inversely proportional to the squared supersaturation.

3. The logarithm of nucleation time is a linear function of the inverse squared noise amplitude.

Direct comparison with Monte Carlo simulation of nucleation will be presented elsewhere.
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3APOJAKOYTBOPEHHA Y METACTABIJIbHOMY TBEPAOMY PO3YMHI —
INOPIBHAHHA CTOXACTUYHOI'O KIHETHUYHOI'O CEPEJJHBOITIOJIBOBOI'O
METOJY 3 KJIACUYHOIO TEOPIEIO HYKJIEAILIIT

AHorauis. Cmaodisa 3apookoymeopents npu (azosux nepemeoperHHsx nepuio2o pooy & CHiaeax
Mae  eupiwianbHe 3HAYEHHA 0N NPOSHO3VEAHHA  MEXAHIYHUX,  eNeKMPUYHUX,  MASHIMHUX
enacmusocmeti bacamoghasnux mamepianis. [lpomscom ocmanrix oecsamunime 6yau po3pooaeHi Hosi
eKCnepuUMeHmanbHi Memoou, wo 003804A10Mb De3n0cepeOHbo cnocmepieamu QOpMy8aHHsa 3apooKie
nio yac meepoogasznux peaxyii. [Ipome 6acamo demaineil 3apoOKOYMEOPEHHS 8Ce e 3ATUUUAIOMbCS
He3 sicosanumu. Hatibinbw nowupenumu memooamu O0O0CNIONHCEeHHs KIHemuKu Hykaieayii € nioxio
Doxxkepa-Ilnanka ma modenrosanns memooamu Moume-Kapno. 1lioxio @oxkepa-Ilianka micmums
PAO HesU3HAUeHUX napamempis i Hedogedenux ¢henomenonoziunux npunywens. Monme-Kapno
Memoou € NpAMUMU | AMOMICIMUYHUMY, alle PiéeHb (DIVKmyayiti Y HUX HACMIAbKU BUCOKUU, U0
documsv 8ANCKO I0eHMUpIKysamu CmpyKmypu HO8UX (as y HegeauKux 0o’ emax.

Y pobomi npedcmaeneno 3acmocysanus CmoxacmuuHo2o KiHEMU4HO20 CepeoHbONnO0lIbOB8020
memooy (SKMF — Stochastic Kinetic Mean Field). Lleii memoo noconye amomicmuynuii nioxio
Koporca Mapmena 3 6s6edennsam wymy aokanvhux amomuux nomoxis. 11ioxio SKMF € neninitinum i
MoMy Modice Oymu 3acmoco8aHum 00 ONUCY PAHHIX cmaditi meepoopasHux peaxyit y pi3KOMY
epadienmi konyeumpayii. Ilpu maxkomy nioxooi tiMoSipHICMb AMOMHUX 0OMIHI6 NPONOPYIUHA PI3HUYT
EeKCNOHeHm XIMIYHUX NOMEHYIaNis, a He pi3Huyi Ximivnux nomenyianie. Kpim moeo, 6600umuvcs wym
yacmom amoMHUX CMpUOKie 3amicme wymy KoHyeHmpayit. Modenoeanusa HyKieayii memooom
SKMF npu po3nadi nepenacuuerHoco OIHApHO20 MEepo020 PO3YUHI C8I0UUMb NPO 8i0NOGIOHICMb
Knacuuniti meopii’ nykneayii. Ilpoyec Hyxneayii ckraoaemscsi 3 080X OCHOBHUX emanis. CHO4amky
3apo0oK HOBOI ¢ha3zu 3'aenaemves 3 mavdce ONMUMATLHUM CKIA0OM, 1 30i1bulye ceill po3mip npu
Mmatdce nocmiunomy cknadi. Jloeapugm uacy wuykneayii obepHeno nponopyiunuill Keaopamy
nepenacuuenus. Jloeapugm inxkyoayiinozo wacy € JniHiUHOW @QYHKYIEID 00epHeH020 Keaopamy
AMIAIMYOoUu uwymy.

KmrouoBi caoBa: SKMF wmeton, cepenne mosne, OiHapHH TBEpAud pO3YHMH, pO3MAa,
3apOJIKOYTBOPEHHS, 1HKyOaIiifHuii Jac.

Ooeporcano peoaxyiero 18.09.2018
Ipuiinsamo oo opyxy 20.12.2018
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ME3OCKOIIIYHA MOJIEJIb JU®Y3IHHOI B3AEMO/II TA POCTY ®A3 B
CUCTEMI Cu-Sn*

B pobomi nposedeno mooentoganus 63aemHoi ougysii 6 cucmemi Cu-Cu 8 am.% Sn 6
3anexcnocmi 6i0 ¢opmu midxcghasnoeo inmepgpeticy. MooenvHuil 3pazox npedcmasisie cobow
oughysitiny napy Cu i Cu 8 am.% Sn, axuil gionanoemocs 3a memnepamypu 741°C. B nposedernomy
MOO€N08AHHI  BUKOPUCMAHO KIHEMUYHO-MEPMOOUHAMIYHULL NIOXI0, WO BKIIYAE PO3PAXYHOK
Oughy3itinux nomoxis, Ximiynux nomenyianie ma xoegiyicnmie Onzazepa 011 ¢gaz cucmemu Cu-Sn.
s yvozo 3a mexnonozieto CALPHAD 6ynu npogedeni pospaxynku nomenyianie 1i66ca 0ns yucmux
KoMnoHenmie ma meepoozo po3uuny cucmemu Cu-Sn. Mooenosanns ougyzitinoi esonroyii 6
00CNI0AHCYBAHOMY 3PA3KY 00380JIAIE PO3PAXYBAMU KOHYESHMPAYILIHI NPOQINi, NONONCEHH MidchazHux
Mmedxnc, WUPUHY OU@y3itiHOI 30HU, OYIHUMU 3MIHY UWOPCMKOCMI MIdHc@asHoi medxci 8 X00i Ouy3itiHoi
peaxuyii.

Kurouosi cioBa: B3aemHa nudysid, notenmian ['1060ca, MixkdazHa Mexa, AMPy31HHUNA TOTIK,
XIMIYHHHI ITOTEHITIA.

1. Beryn

B mikpoenekTpoHiri 3 20 CTONITTS aKTUBHE BUKOPHCTAHHS OTPUMAaB MpHIiid Ha ocHOBI Ph ta
Sn. 3 yacoM CBUHIIEBOBMICHI MPUMOi CTaJd MEHIIE BUKOPHUCTOBYBAaTHCh 4epe3 iXHIO E€KOJIOTiuHY
IKi[UTHBICT. 1X 3aMiHIOIOTH MIPHUITOSIMA HA OCHOBI SN 3 monmaBaHHsAM AQ. OCKITBKH JUIS KOHTAKTIB
BUKOPUCTOBYIOTh Mijib, TO MpolecH (a30yTBOpeHHs, MUdy3ii Ta mopoyTBopeHHs B cuctemi Cu-Sn
aKTHBHO JOCTKYIOThCS. OHa 3 HAWOLIBIN YacTHX MPUYMH BIIMOB MIKPOCXEM IOB’s3aHa SKpa3 3
HASBHICTIO MAassHUX KOHTAKTiB Ha OCHOBI Mi/ib/0J10BO [1-2] 1 BUKIMKAHO IIe, 30KpeMa, 0COOTUBOCTSIMH
pOCTY TPOMDKHUX (Pa3 Ta MOPOYTBOPEHHSM B KOHTAKTHIH 30HI.

[Tonmepennss o6poOka moBepxHI Miai abo 3acTOCyBaHHS PI3HHX CIOCOOIB  OCaIKEHHS
JOJIATKOBUX MPOLIAPKIB MiJl MOKE BIUIMBAaTH Ha pe3yibTaT peakiii MiJli Ta osnoBa. Pi3Hi Tumnm
00pOOKHM MPUBOIATH 10 Pi3HOI MIOPCTKOCTI 1HTEpdeicy, 30KkpemMa cepeIHIO aMIUTITYy Ta CepeaHIo
JIOBXUHY «BUTHHIB» MailOyTHBOI MikdazHoi mexi. B poboTti [3] onucano tBepmodazHi peakiii mMiai
3 OJIOBOM Ta EKCIEPUMEHTAIbHO JOCIIPKEHO MOPHUCTICTh MPOIYKTIB peakiii B 3aJeXHOCTI BiA
MoTNePeTHhOI 0OPOOKH MITHOT TAKIAAKA. MiTHI TIKIA KA TOTYBAIMCS MUISIXOM €JIeKTPOOCaPKEHHS
npoIapkiB Miji ToBuMHOK 10 100 MKM Ha MpOKAaTHUX MiJHUX IUIacTHHKaX. [lokazaHo, 110
TOBIIMHU NMPOMIKHUX (a3, IX CMIBBIIHOLIEHHS, KUIBKICTh 1 TPOCTOPOBHI pO3MO/ILI OP Y MPOITYyKTaxX
peakiii CyTTEBO 3aJIEKHUTh B PEeXHUMY €IEKTpoocaKeHHs. JleeKTHICTh MiaKiIaJoK BHU3HAYAIaCh

* . .
CTarTiO HAKMCAHO 3TiHO 3 NPHUKIAJHOI0 AEPKOIPKETHOI TeMor “CHHTE3 HaHOCTPYKTYPOBAHUX CILIABIB 3a
OCIIWJTIOIOUMX HAIPYXEeHb Ta iX 3aCTOCYBAaHHS B HOBil TEXHOJIOTIi 3’ €IHAHHS MIKPOEJIEKTPOHHUX KOMITOHEHTIB” (HOMep
neprxkaBHoi peectpanii 0117U000577).
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3aCTOCYBaHHSM PI3HUX PEXKHUMIB €lIeKTpoocaKeHHs. B poboTax [4, 5] BiAmpamboBaHO TEXHOJIOTIIO
OTPUMAaHHSI TPOLIAPKIB EJIEKTPOOCA/HKEHOI B CTAlllOHAPHOMY, IMIYJIbCHOMY pEBEPCHOMY Ta
CTOXaCTMYHOMY PEXHMMax Mijl Ha MiTHUX Migkiaakax. OnucaHo 3aCTOCYBaHHSI MOJEJNi reHepaTopa
HENiHIHHNX KonuBaHb Yya mis moOylOBH 4YacoOBOTO PANYy CTOXACTHYHUX KOJIMBAaHb HANpPyrd Ha
€JIEKTPO/Iax B OKOJI JABOX CTAaI[lOHAPHUX 3HaueHb. [|Jis eKCIepUMEHTIB 3aCTOCOBAHO JBa 3HAYCHHS
HANpyTd EJIEKTPOOCADKECHHS, IO pPO3paxoBaHI 3 MOJISPH3ALIWHOI KPUBOi A 3aJaHUX YMOB
eJNeKTpoocapkeHHs. JlJis mpoBeleHHST KOHTPOJIbOBAHUX IPOIECIB EJIEKTPOOCAIKEHHSI CTBOPEHO
anaparHo-niporpamamii  koMruiekc (AIIK). Mertogamu  peHTreHoAu(pakiiifHOro aHamizy Ta
€JIEKTPOHHOI PacTPOBOi MIKPOCKOIMII MPOBEICHO aHaji3 BIUIMBY CTAI[lOHAPHOTO Ta CTOXACTHYHOTO
PEKUMIB EJIEKTPOIITUYHOIO OCa/PKEHHS Ha CTPYKTYpy OTPHMaHUX MPOLIAPKIB Mili HAa MIIHHUX
migkiIagkax. AmsHam3 audpakTorpaM IOKazaB, IO B OTPUMAHUX IICIAS  CTalliOHApHOTO
€JIEKTPOOCA/DKEHHST MIJl 3pa3kax pO3Mip 3€peH MEHIIMH, MOpPIBHAHO 3 BHUXIJHUMHU 3pa3KaMu
TEKCTypOBaHOI MpokaTaHoi MiAl. BcTaHOBIEHO, 10 B CTAI[lOHAPHUX PEKHUMaxX eNeKTPOOCAIKEHHS
YTBOPIOIOTHCSI KPUCTAJIITH 3 MEPEBAXKHOIO opieHTaniero TonH (111) Ta mpucyTHICTIO KPUCTATITIB 3
opienTartiero (220) ta (200), mo po3MilieHi napaieiabHO MOBEPXHi 3pa3Kka. 3a eleKTPOOCaHKEHHS B
IMIIYJIbCHOMY PEBEPCHOMY PEXKHMi BCTAHOBIICHO, IO B IIMX 3pa3Kax MMEPEeBaKa€ Opi€HTAIisl TUIOIIUH
3epeH (220). B cTOXacTHMUHUX pEXKHUMax eJNeKTPOOCAKEHHS (OpPMY€ETbCS Mailke CTPYKTYPHO
iIeaTbHUIA TOJIKPUCTAIIYHANA TPOIIApOK Miai. B mux 3pa3kax HasBHHI NMOBHUU CIIEKTP Opi€HTAILiH
wiomuH KpuctamTiB (111), (220) ta (200) B oAHAKOBUX MPOTOPIIAX, IO € TOAIOHIM A0 CTPYKTYpH
MOPOLIKOBOI MiJIi.

3acobamMu pacTpoBOi €IEKTPOHHOI MIKPOCKOIIT MOKa3aHo, 10 3epeHHI CTPYKTYpU HAHECEHUX B
BUMAQ/IKaX CTAI[lOHAPHOTO Ta CTOXACTUYHOTO PEKUMIB €NEKTPONITUYHOTO OCAHKEHHS IMPOIIApPKiB
MiJli CYTTEBO BIAPIZHAIOTHCS 3a CBOEK Mopdooriunoo 0ynoBoro [4, 5]. YV BUMaAKy 3aCTOCYBaHHS
CTOXAaCTUYHOI HANpYTd OCAHKEHUH MPOIIAPOK MiJi CKIANAETHCA 3 OKPYIIMX MOHOIHMCIIEPCHUX
3epeH. 3a MOCTINHOI HANIPYTH eNEeKTPOOCAIKEHHS (OPMYIOTHCS K 3epHA JIAMEJISIPHOT CTPYKTYPH, TaK
1 3epHa HeNpaBUIbHOI (QOPMHU 3HAYHO OUIBIIOTO pPO3MIPY, HIK Yy BHIAJIKYy 3aCTOCYBAaHHS
CTOXAaCTUYHUX PEXKUMIB 3MiHM Hamnpyrd. Kpim toro B [5] Oyno BigMIu€HO, L0 THI CTPYKTYpH
€JIEKTPOOCa/PKEHUX NPOLIApKIB MiAl BIUIMBAE Ha pe3yibTaT POCTY MPOMDKHUX (a3 B XO0jl
TBepAodazHux peakiliii B cuctemi Cu-Sn.

Takum uymHOM, pe3ynbTaT TBepAO(dA3HUX peaklidi MOXKe 3aJeXxaTd BiJ HIOPCTKOCTI
MOYaTKoOBOro iHTepdelicy Miab-onoBo [3]. OmHHM 3 METOZIB OIIHKM BIUIMBY IIOPCTKOCTI Ha
CTPYKTYPY KOHTAKTHOI 30HH € MPOBEACHHS YMCEIILHOTO MOJIEIIIOBAHHS IUX IMPOIECIB, MO JTO3BOJISE
OILIIHUTH CTPYKTYPY Ta ckiaj nudy3iiHOT 30HH, TOI0KEHHS MIXK(Pa3HUX MEX.

Meroto pobotu € po3poOka B3aeMOY3TO/keHOi 2D KIHIIEBO-PI3HHUIIEBOI YUCEIBHOI CXEMHU
po3paxyHKy pocty (a3 B audysiiHiii mapi cuctemu CU-SN B 3alneXHOCTI BiJ] IIOPCTKOCTI
MIOYaTKOBOTO 1HTEp(EHCYy.

2. YucejbHi po3paxyHKH, po3B’si30Kk NpsiMoi 3aga4i qudys3ii
Judysiiini mpouecu ta (asoyrBopeHHs B cuctemi CU-Sn 3Mozenb0BaHi B JIBOXBUMIPHOMY
3pa3Kky. BiH CKIlaaeThcs 3 CHCTEMH KBAJPaTHUX KOMIPOK 3 TIEBHOIO KOHIIEHTPAIEO Ci OTHOTO 3
IBOX KOMIMOHEHTIB. JudysiiiHa eBomomisi B KOXKHIA 3 KOMIPOK 3alie)KUTh BiJ] KOHIICHTpAIlii B
YOTUPBOX CYCIAHIX KOMIpKaxX (BEpXHbOi, HMIKHBOI, mpaBoi 1 JiBoi). KoHIeHTpauiiiHi MOTOKH
(bopMyIOTh 3MiHY KOHIIEHTpAIlil IEHTPAJIbHOT KOMIPKH, sIKa B1I0YBAETHCS 3T1AHO PIBHAHHS:
6c(x,t) oJ.

X X @

e C;(X,t)— xoHueHTpauis i-ro kommnoHenTa (Sn), J; — 3araibHUi MOTIK KOMIIOHEHTA | 4epe3 Mexy
KOMIPKH 3€pHa, 1[0 PO3PaXOBYETHCS 3T1THO BHPA3y

Ji=3'+3+3+37 (2)
ne J',3°%,3!,0" — moToxm BiAMOBIAHO 3 BepXHBOI, HMKHEOI, JTiBOI Ta MPaBOi CYCiTHIX KOMIpOK B

HEeHTpalIbHy KOMipKy (M, n). Jlns po3s’s3ky npsmoi 3amadi qudysii Oyna BUKOpUCTaHa KiHIEBO-
pI3HHIIEBA CXeMa:
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At
o™ =c == (1 +J +J +J])
Ay ! (3)
ne ¢~ koHIeHTpallis B HACTYNHMII MOMEHT 4acy B Komipui (M, N), ¢/ — KOHIEHTpalis B
nonepeHiii MOMEHT 4acy B koMipii (M, N), At — Kpok 1o yacy, Ay — po3Mip KOMipKH.
Jlis po3paxyHKy TOTOKIB 3 KOKHOI CyCiJHbOI KOMIPKH B PO3IJIALyBaHy BUKOPHCTOBYIOTHCS

ycepenHeHi koeginientn OH3arepa L Ta nmpuBeeHi XIMIUHI HOTCHIIAIN i

— i
Ji=-L= 4
. A (4)
B cBotO uepry fi po3paxoBYeThCS 3a BUpa3aMU: JUIsl TBEPIUX PO3UHHIB
e
_9 5
fi=— ()

ne g“ —norenmian ['i60ca Ha oauH aTOM /1S TBepaoro po3unHy Cu-Sn.

Y BUITAJIKY IOIIaJlaHHA pOSpB,X}’HKOBOT TOYKH II0 KOHHGHTpaHﬁ B IIBOX(l)aSHy o0Jracte BHUpa3
1A IPUBEACHOTI'O XIMIYHOTO HOTCHI_IiaJ'Iy anﬁMae BUIJIAL
r r | |
gi (Ci )_gi (Ci )
: (6)
r Al

C —C

fi=
ne g', 9. — norennianu I'i66ca Ha oxuH aToM 1s a3, mo GOpMyIOTh ABOX(a3Hy 30Hy.

VYcepenneni koedimientu Onzarepa L (n, m) JUTSL KOJKHOI 3 TIap KOMIPOK MOJISJILHOTO 3pa3Ka

BU3HAYAIOTHCS 32 IPaBUIIOM [6]:
C(n,m) = E(n,m)+§(n,m—1)’ @)
Koedirientu On3arepa [*# nst koxHOT 3 (a3 po3paxoByrOThCs 3riHO BUpasy
c,D¢” +¢,DI7 <. @)
KT

ne ¢,,C, — aTOMHi KOHIIEHTpallii KOMIOHEeHTiB B (a3i 3 ypaxysammsam C, =1-c,; DI/ D’ -

6 =

BiacHi koedimieHTn audy3ii KOMIOHEHTIB y BignoBimHiii ¢asi; kK — crama Bombimana; T —
temnepatypa B K.

3. Po3paxynok motenmiaay I'io6ca B pa3ax cucremu Cu-Sn

Po3paxynok eneprii ['i66ca TBepaoro pozunny o(fcc) Sn 8 Cu Ta pinkoi ¢aszu nmpoBoamnu B
paMKax MOJeNi 3aMIllIeHHs], sKa BKIIOYAE IMOBHY B3a€MHY pO3YMHHICTH KOMIOHEHTIB [8-11].
MonsipHa eneprist 'i66ca po3paxoByBajiach 3a BUPA30M:

GP = Gg, +C4,G +RT (Cg, In(ce, )+ IN(c, ) + “G (9)
ex~p _ oy p 1 p 21 p 2
Gm - CCuCSn( L Ceu + L (CCu _CSn)+ L (CCu _CSn) )' (10)
ne C.,, Cq, — MOJIIpHI YacTKH BIANOBIJHUX KOMIIOHEHTIB B TBEPAOMY pO3uuHi, R — yHiBepcaibHa

razosa crajia, 1 — temmeparypa, Gf, ta G — eneprii I'i66ca uncTux KommoHentis, “G;! omucye

eHeprito 3minryBanus, L° — mapamerp, 1o BiamoBigae 104aTKOBiM B3a€MO/Iii eleMeHTIB y GiHapHii
cucTeMi.

4. Pe3yabTaTH i 00roBopeHHs

Byno nposeneno moaentoBanHs B3aeMHoi audys3ii B cucremi Cu/Cu 8 mac. % Sn st niHiftHOTO
Ta TPHOX MIOPCTKUX MOYATKOBHUX 1HTEpPEHCiB, 10 € mapanenapbHUMu Bici X (moxaeni 1-4 Ha Puc. 1).
3aranpHi pO3MipH MOJICIBHOTO 3pa3ka npuiiManucs piBHUMH 1050 MkM Ha 70 MKM, pO3Mip KOMipKH
3aCTOCOBYBaBCS PiBHUM 3.5 MKM. Po3Mipy KOHTaKTHOT 30HM BU3HAYAIUCH SK BIICTaHb MK KpaHIMU
TOYKaMH iHTep(eicy 1o Bici Y.
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Tabmuns 1
Tumu i popmu mogaTKOBOTO iHTEpdEiicy B po3paxyHkoBiii cucremi Cu/Cu 8 at. % Sn
Table 1
Types and forms of the initial interface in calculation system Cu / Cu 8 at. % Sn
No Po3mipu Posmipu Yac, ¢
MoJieni KOHTAKTHOT 30HH, BUCTYIIIB, MKM
MKM

1 0 — 2450

2 7 7*7 2450

3 14 14*14 2450

4 28 28*35 2450

(R . con . . e * *
Jlist po3paxyHkKy nudy3idHOT B3aeMOJIiT BUKOpUCTaHO KoedimienTu camoaudysii D sy ta D ¢y,
SIK1 00YHCITIOBAIIMCH 3a BUpa3amu [ 12]:
* V

DCu = DCu — F(l_WCu) ) (ll)
VSn
<V
Ds, = Dy, V_m FL+W,) . (12)

Cu

Jlns mpoBeneHHST 0OpaxyHKIB B3STO Taki MapaMeTpu: MOJSPHI 00’€MU YUCTHUX KOMIIOHEHTIB
(Vsn, Vcu), Monsipauii 00’ €M crutaBy 3anaHoi konueHtpauii (Vm), TepmoanHamivyanii MHOKHUK (F) Ta
napaMmeTpH, 1110 MOB’si3aHi 3 BIUIMBOM BakaHciiiHoro BiTpYy (Wcy, Wsn) [12]. [Tapianbhi koediieHTH
mudy3ii Ut pisHEX KOHIICHTpaIlii 3actocoBano 3i ctarti [13]. Ll mapamerpu Oyiin ekcTpanoaboBaHi
Ha MPOMIXKOK KoHIeHTparii Bix 0 1o 8 at. % Sn iHTepBaly iCHyBaHHSI HETIEPEPBHOTO PALY TBEPIUX
po3unHiB B cuctemi Cu-Sn. TakuM 4YMHOM, OTpPHMaHO 3aJEKHOCTI MapIiaibHUX Koe(]ilieHTIB

Tudy3ii Bl KOHLEHTpALIii:
D,, =1.867598*10** +4.747036*107*° * ¢, +9.640273*107** *(c,)?, (13)

D, =1.186953*107" +2.296875*10** *c,, +7.8125*107"° *(c,,)’. (14)

—2

200- 3
1801 — =
160-
140-
120-
900 — L[ 1|
80
60
40-
20-

0

[[Tupuna 3pa3ka, MKM

0O 10 20 30 40 50 60 70
JloBxkuHa 3pa3ka, MKM
Puc. 1. ®opmu Ta po3Mipu HOTUPHOX [MOYATKOBUX 1HTEp(EiciB B MoemsIX qudy31iHOT
B3aEMOIII.
Fig. 1. Forms and sizes of the 4 initial interfaces in models of diffusion interactions.

MopemoBanus B cucremi Cu/Cu 8 at. % Sn nmpoBoauiocs s temneparypu 741°C. Ha ocHoBi

IPOBEICHOT0 MOJIENIOBaHHS Oyno moOymoBaHO KOHIEHTpauiiHi npodimi Sn (Puc. 2). Ha Puc. 2
BKa3aHa yCepeIHeHa KOHIICHTPAIIisl 110 MTUPHHI 3pa3ka
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_ 1%, .
Q=HZNLD, (15)
j=1

ne ¢(1, ]) — KOHIIEHTpaIlish B KOMIpIIi; N — KIIBKICTh KOMIPOK B MOJAEILHOMY 3pa3Ky I10 IIHPHHI 110 Bici

y.

Cepennst KOHIIGHTpaIlis, aT. %o

520 540 560 580 600 620
JloBxk1HA, MKM

Puc. 2. 3anexxHoCTi ycepenHeHeHoi KoHueHTpaii (B aT. % Sn) B nudy3iiHiii 30Hi.
Fig. 2. Dependencies of the average concentration (in at. % Sn) in the diffusion zone.

byma po3paxoBana mupuHa TUQY3iHHOI 30HM B YOTHPHOX MOJEISAX 3 PI3HUMH THIIAMA
noyaTtkoBux iHTepdeiciB it yacy 2450 c. JudysiliHa 30Ha BU3Hayanach K 00JacTh 3paska, Je
cepeHs KOHIICHTpAIlisl 3Haxoauiiachk B Mexax Bin 0.5 1o 7.5 ar. % Sn (mus. Puc. 3).

1 2 3

Tun iaTepdeiicy
Puc. 3. llupuna nudysiitHoi 308K B 3pa3kax 1-4.
Fig. 3. The width of the diffusion zone in the samples 1-4.

(®))

o
ENENE
B wN o

(&)
(&)

A O
o O

o

[upuna nudy3iitHOT 30HA, MKM
W w A
S O

4

Byna mpoBeieHa OIiHKA IIOPCTKOCTI modatkoBuX inTepdeiicie (R°) Ta imTepdeiicip micms
mudysiiiHoro Bianany (nuB. Ta6u. 2). B pesynbraTi MoJentoBaHHs OTpuUMaHO Tu(y3iiiHiI 30HH, 110
CKJIAJIAalOTHCS 3 HEMEPEPBHOTO HAOOPY TBEPAUX PO3UMHIB PI3HUX KOHIEHTparii cucremu CU-Sn (Bix
0 mo 8 at. % Sn).

[TapameTpu MIOPCTKOCTI pO3paxOBYBATUCH JUISL IBOX MIXK(A3HUX MEX, 10 BU3HAYAINCH 32
KoHuenTpariit 0.5 at. % Sn (R%%) ta 7.5 at. % Sn (R®) BixmosiaHO. PO3paxyHKH MPOBOININCE

72



Cepis «dizuko-maremMaTnydHi Haykn», 2018

. e e . o1
BiJTHOCHO TIOJIOXKEHb CEPEHBOT JIiHIT Y U KOXKHOT 3 MibK(a3HUX MEX 32 BUPa3oM Yy = —z y,.B
i=1
pe3yibTaTi PO3PaxOBYBAIKCH HACTYITHI MapaMeTPH IMIOPCTKOCTI MDK(DA3HUX MEXK:
Cepenne apudmMeTnyHe BIIXWICHHS BiJl CEpeIHBOT JTiHIT

1
Ra=HZ|yi|’ (16)
i=1

BigxunenHs Bix cepeaHboi JiHii
Ayi =Y,-Vy. (17)

CepenHe KBaipaTUYHE BIIXWICHHS Bl CEpeIHbOI JTIHIT

R, =,/%Z y; - (18)

MakcumaibHa riIuOMHa BIIAJUHU BIIHOCHO CEPEIHBOT JIiHIT

R, =minAy;,. (19)
MaxkcumarnbHa BUCOTA MiKiB BITHOCHO CEPeAHbOT JIiHiT
R, =max Ay,;. (20)
MakcumanbHa BUCOTa IpOodiis
R=R,—R,. (21)
KoeoimienT acumerpii inTepdeticy
1 n
R, =—= Y AY’. 22
sk nRg ; y| ( )
Koedoiuient excrecy intepdericy
1 n
R, = Ay’ 23
ku nR4 z y| ( )

q i=L

B Tabn. 2 npuBeneHO po3paxoBaHI HapaMeTpH IIOPCTKOCTI, sSKI BKa3ylOTh Ha Te, IO
HIOPCTKICTh  MbK(a3HOT Mexi micnd audysiiHOro BiAmady 3aJaHOTO MOJENBHOIO 3pa3Ka
3MEHIIYETHCS JIJIS1 BCIX TUIIB 1IHTEpdECy.

Taomus 2
[TapameTpu mopcTkocTi iHTEpdeiiciB A0 1 micas nudys3iiHol B3aeMoai B Mojensix 1-4
Table 2
Roughness parameters of interfaces before and after diffusion interaction in models 1-4
Ne Roa Roq ROV Rop Rot Rosk Roku
1 0 0 0 0 0 0 0
2 3.5 3.5 -3.5 3.5 7 -0.04762 1
3 7 7 -7 7 14 -0.09 1
4 14 14 -14 14 28 0 1
R%5, R%54 RO5y RS, RO5¢ RSk RSy
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
3 14 2.21 -3.5 3.5 7 0 2.516
4 9.52 10.3 -13,65 10,85 24,5 -0,302 1,364
R"%, R"%q R"S R"% RSt RSk R”%ku
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0
4 1.68 1.76 -14 2.1 3.5 0.3775 1.051
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Jnst Mmozenti 3 mo4aTkoBUM iHTepdercoM 2 mapaMeTpH MIOPCTKOCTI MpsAMYIOTh 110 0, 110 BKa3ye
Ha Te, 0 MbKda3zHa Mexa micns audysiiHoro Bignamy crae miockoro. B moneni 3 ogna mixkdaszHa
Meka 3a KOHILIeHTpaii 7.5 at. % Sn cTae miockoro, MOPCTKICTh Mexi 3a KoHueHntpaii 0.5 ar. % Sn
3MEHIIyeThes. B Mozeni 4 mopcTKicTh 000X MikK(pa3HUX MEX 3MEHIITY€THCH.

5. BucHoBKH

Po3po6isieHo 1BOBUMIpHY Mozenb AUQy31HHOT B3aeMOAIl B MOJACIBHUX 3pa3zkax audy3iiHOl
napu Cu-Cu 8at.% Sn 3 mouatkoBumu iHTepdelicaMu pi3HOI MOPCTKOCTi. B OCHOBI Mo/emi JIEKHUTH
TEPMOJIMHAMIYHO-KIHETHYHUI MeToa omnucy audy3iiHoi B3aeMofii Ta po3polseHa KIHIEBO-
pi3HHUIIEBa cxemMa OOpaxyHKY 3MiHM KOHIIEHTpalii B KoMmipkax. J[OCHI/KeHO 3aleXHICTb IIHMPUHH
nudy3iitHoi 30HM Ticis AuQYy31HHOTO BIANATY B 3aJIEKHOCTI BiJl (POPMH ITOYATKOBOTO 1HTEpQEHCY B
YOTHPHOX MOJENBHUX 3pa3kax. JlochimkeHo BIIMB AuQy3iiiHOI B3aeMOJii Ha 3MiHY HIOPCTKOCTI
MDK(}a3HOT MeXi B JOCHIDKEHUX MOJEIbHUX 3pa3Kax. 3a aHali3y TECTOBHX MOJICIbHUX 3pa3KiB
BCTAHOBJICHO, IO 31 30UIBIICHHSM pPO3MIpiB BUCTYIIB, a caM€ MaKCHUMaJbHOI BHCOTH IIIKIB Ta
rUOWMHU BHaAuH MiK(a3zHOI Mexi, 30UIBIIYETHCS IIMPUHA Pe3yNbTyrudoi audy3iiHOI 30HH.
Hudysilinuii Bimnan 3riaamkye MiK(pazHI MeXi Ta 3MEHIIyE iX MIOPCTKICTh, Ha IO BKa3ye
3MCHIIICHHS CEpPEAHBOrO apu(METHUYHOTO BIAXWJIEHHS BIJ CepeaHbOl JIiHII, CepeaHbOTO
KBaJPaTUYHOTO BiAXWIICHHS BiJ] CEpEIHBO] JiHIl Ta MAKCHMAJILHOT BUCOTH IIIKiB Ta pO3MIpiB BIIaUH
(Momeni 2-4). 3a HHU3BKOI MIOPCTKOCTI MOYATKOBOro iHTepdeiicy (Momens 2), micis audysiitHOro
Biamanmy Mik¢asHi MeXi cTaloTh iockuMu. B mozeni 3 mikdasna mexa B Bumagky 7.5 ar. % Sn
CTa€ TMIOCKOI0, MIOPCTKICTh Mexi 3a 0.5 ar. % Sn 3MmeHmryetscs. B mopneni 4 mopcTkicTh 000X
MiX(pa3HUX MEK 3MEHITYEThCS TICHs qudy31HHOTO Biamaty.

B maiibyTHROMY mlaHyeThes po3poOka ABOBUMIipHOI Moaeni nudysiitHoi B3aemoii B mapi Cu-
Sn 3a mpucytHocTi B nudy3iiiHilA 30HI poMibkHEX (a3 cuctemu CU-SN Ta HASIBHOCTI MOYATKOBUX
iHTepdeiiciB pi3HOI MOPCTKOCTI Ta CTPYKTYPH.
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Jonatok 1. Eneprii I'io6ca uyucrux xommonentiB CuU, Sn Ta mapamerpu B3aeMopii
KOMIIOHEHTIB /151 TBepaoro po3uuny a(fce) [8-11].
Enepris ['166ca Cu B fcC rpartiii, B pi3HHX iHTepBaJiaX TEMIIEPaTyp.
298.15 K< T<1357.77K
Gl =-7770.458+130.485403x T —24.112392xT In (T ) —0.00265684 xT? +

7 3 1 (1)
+1.29223%x10 " xT°+52478xT "~
1358.01 K< T <3200 K
Gcfff =-13542.026+183.803828xT —31.38xT In (T ) +3.642x10° xT° @)

Enepris ['166ca Cu B fcc rpartiii, B pi3HHX iHTepBaJiaX TEMIIEpaTyp.
298.15 K< T <505.078 K

GJ® =-1705.135+60.243315x T —15.961x T In (T ) —18.8702x10°%xT? +
+3.121167x10° xT® -61960xT (3)

505.078 K < T <800 K
GJ* = 6674.724—1.194731xT —8.2590486 x T In (T ) —16.814429x10° x T % +

+2.623131x107° xT® —1081244 xT "+ —1.2307 x10% x T ° (4)

800 K < T <3000 K

Gg =—4106.959+133.79688 x T —28.4512x T In (T )—1.2307 x10%° x T ° )

[TapameTpu B3a€MO/IiT KOMIIOHEHTIB B PO34HHI: IS TBepAOro po3unHy a(fCC) onosa B mizi
oL =-10672.0-1.4837xT (6)

usn

e — _15331.3+6.9539xT (7)

usn
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MESOSCOPIC MODEL OF DIFFUSION INTERACTION AND PHASE GROWTH IN
Cu-Sn SYSTEM

Summary. The model of interdiffusion in system Cu - Cu 8 at.% Sn depending on the form of
interface was made in this work. The model sample is a diffusion pair of Cu and Cu 8 at.% Sn, which
was thermally annealed at the temperature of 741°C. In this simulation was used the kinetic-
thermodynamic approach, which included the calculation of diffusion flux, chemical potentials and
Onzager coefficients for the Cu-Sn system phases Calculations of Gibbs potentials for pure
components and a solid solution of the Cu-Sn system were carried out using CALPHAD technology.
Simulation of diffusion evolution in the sample allows us to calculate the concentration profiles, the
positions of the interphase boundaries, the width of the diffusion zone, to estimate the change in the
roughness of the interphase boundary during the diffusion reaction. The following roughness
parameters are calculated: arithmetical mean deviation of the assessed profile, root mean squared,
maximum valley depth, maximum peak height, maximum height of the profile, the skewness and
kurtosis.

We investigated influence diffusion interaction on the change of roughness of the interphase
boundary in model samples. As the size of the projections increases, namely maximum valley depth
and maximum peak height, the thickness of the resulting diffusion zone increases.

The diffusion annealing smoothes out the interphase limits and reduces their roughness (sample
2-4).

In the future we plan to develop a two-dimensional model of diffusion interaction in the Cu-Sn
pair in the presence of intermediate phase Cu-Sn in diffusion zone and the presence of initial
interfaces with different roughness and structure.

Keywords: diffusion, Gibbs potential, interphase boundary, diffusion flux, chemical potential.

Ooeporcano pedaxyicro 12.05.2018
Ipuiinamo oo opyxy 19.12.2018
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HABJIN)KEHU METO/ IOBY10OBU MHOXKWHU JOCSIKHOCTI KEPOBAHOI
CUCTEMU
Y eTaTTi po3nagaaeThed HAOMHKeHHH MeTO TOOYI0BH MHOKHHH JTOCAMKHOCTI
KepPOBAHOT CHCTEMM HA OCHOBI ANPOKCHMAITT MHOMKHHN JIONVCTHMHUX KepyBaHb. 3alii-
CaHO JIBl anpOKCHMAIll MHOKHHN JIONYCTUMHX KepyBaHb, /U8 SKUX OTPHMAaHO 3aJie-
JKHOCTI ONTHMAJBHAX KePYBaHb BT HOBUX MapaMeTpiB. MeTon onucano MOKPOKOBO

Js JIHITHOT cHeTeMi, HABETIEeHO NMPHKIaI.

1 BCTVII

3ajiadi oNTHMAJBHOTO KEPYBAHHSA BHHHKAIOTh V PI3HUX 0OJACTAX HAYKH 1 TEXHi-
K1, eKOHOMIKH, MeXaHiki Ta (biHaHCOBOT MaTeMaTHky. 3a3pudail HeoOXI1IHO nepeBo-
JIHTH CHCTEMY 13 OJTHOTO CTaHy 0 JeAKOTO KIHIEBOTO CTAHY, 3aCTOCOBYIOYH MeBHE
KepyBaHHA. 7KIiCTh TAKOTO neperoy (BHOIp KEPVBAHHA) OMIHIETHCA KPUTEPIEM -
dyHKIED, AKY Tpeda MaKCHMI3VBATH ab0 MIHIMIZYBATH Ha MHOYXKHHI JONVCTHMHX
KepyBaHb. JACTOCOBYIOTH HEOOXLTHI YMOBH ONTHMAJBHOCTI ¥ (pOpMI TPHHITHTA Ma-
kenmymy J1.C. TloHTpsarina, 3HAXOMATH MHOKIHY KepyBaHb, cepejl 4KUX € ONTH-
MaTbHI KepyBaHAdA, a A4 JHITHAX 32729 TPHHIAT MaKCHMyMa € 1 JoCTaTHIMH
yMOBaMit onruMaibHocTi. Haffuactime jgonyetnmi KepyBaHHSA 00MparTh 13 Kiacy
KYCKOBO-HenepepBHAX ab0 BIMIpHUX (DYHKITI, M0 NPHBOJNTE 10 KpailOBHX 3a7a4
3 PO3PHBHOIO MPABOIO0 YacTHHOW. B po6oTi [1] o6rpyHTOBAHA MOKIHBICTH TEPEXOIY
JIO0 HEepepBHOro KepyBaHHd HLISAXOM allpPOKCHMAalll MHOKHHE JIONYCTHMHX Kepy-
BAHb. JaBAAKH NMHOMY, KpaifoBa 3a7Tava MPHHIHITA MAKCHUMYyMa BKe OVIe MAaTH Heme-

pPepBHI Npapl YacTHHH.

MHOKIHA 10CAAKHOCTI Tpae dhyHIAMEHTAJIBHY pOJib B Teopii KepyBaHHs [2]. 3na-
HHSl MHOYKMHH JIOCHKHOCT] JIa€ MOKJIHBICTH PO3B’A3aTH 3aja4i HIBHIKO/IT, CHCTe-
3y Ta iami. [TobynoBa MHOKHHN JOCAKHOCTI 9acTO MOTpedye BETHKOTO 00cATY 00-

JHCJIeHb [3| Ta BUKOPHCTOBYE MeTO/ ANHAMIYHOTO MPOrpaMyBaHHA, po3pobiaeHunii
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P.Bemvanom [4]. Tnmmm miaxomoM 10 moOyI0BH MHOKHHHA JOCAYKHOCTI € HOro OImin-

Ka 38 J0TOMOTOK0 MHOKHH GLibin mpoctol ¢gopmu [5).

Sanpomonosannii B pobGOTI ATOPHTM CTIHPAETHCA HA BHKOPHCTAHHA ATAPATY
onopHnx hyHKI [6] JIUTA TIOOYI0BH MHOXKWHH JI0CSIZKHOCT1 Ta, 3a0e31euye Henepeps-
HICTH KepvBaHHA. [11a pi3HAX ampoKCHMAIli MHOKHHHA JOMYCTHMHAX KepyBaHb T0-
MoMizKHOT 38,1491 OTPUMAHO SBHHIT BUITIA ONTHMAJIBHOTO KepyBaHHs 114 NMO0Y/I0BN
TOYOK TPAHATI MHOYKHHH JOCAYKHOCTI.

2 TIOCTAHOBKA 3AJAYI I HEOBXIIHI OBHAYEHHA
Pozrnanaethes JiHiiiHA 3871494 ONTHMAJTBHOTO KepyBaHHA 00’ €KTOM, PYX sSAIKOTO

OMMCYETHCS CHCTeMOTO M epeHIianbHIX PIBHARDL BH/IY:
= Alt)x + B(t)u, wel (1)

Tyrax e R" ,u e ll C R - MHOXHHA HONYCTUMHX KepYBaHb € ONYKJIHM KOMIIa-
KTOM, MO MICTHTH TO9IaTOK KoopanHat; A(f), B(t) - maTpui, mo 3a10BOIBHATOTH
VMOBH:
Al) marpuni A(t), B(t) amamituuni, { € iy, ool;
A2) matpuna B(t) - mae obepueny, { € [tg, 00|

Honyerumi KepyBaHHA 00HPAIOTHCA 13 Kaacy BUMIPHIX oOMe:keHHX (DyHKII u(l),

mo 3adeKaTh Bi vacy [ € R i npuitvaiots snauenna B V. Byaemo posraamarn

po3e’a3ok cucremu (1) Ha inteppani [0, L

c e Lo> 0 - neaxuii BijioMuil mapaverp.
[lToctapumo y BinnosiaHicTs cncremi (1) HACTYITHY cHCTeMY:
U Ay + Blt)u, uely (2)

je MuovknHa Uy 38/10BOJIbHAE YMOBH:

B1) muoxkuna [/} - cHIBHO ONYKJHH KOMIAKT, 10 MICTHTH NOYATOK KOOD/IHHAT;
B2) rpaunng U, MuoxNnEN U, HECKIHYEHHO TV1aJIKA;
B3) nng aeskoro 3 > 0 sukonyerbes h(lUy, U) < =4 (h(-,-) -Bigcranb no Xaycmop-

by MK MHOKHHAMIN).

Posrasnemo GyHKIIOHAIH

AR e | - »’L‘.- 5
g Sl = L), 2
max Jp|ul cTy(L) (4)
‘Lf.k‘f-_b"’k
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80

Ta BLANOBLIHI 3884l onTnvaibHoro kepysanua (1),(3) 1 (2),(4).

Poss’askom 3a1a4i (1),(3) 6yaemo nasusatu napy (x*(t), u* (1)), axmo u*(t) -
nonyernve kepysands i J|ut| — max Jlu], a 2*(t) - TpaekTopis, MO BiANOBLIAE Ke-
' wel/ )

pyBaHHIO u*(1).
Anagoriuno posymiemo poss’a3ox (2),(4).

B pototi Tunanckoro H.T. i Cokona B.A. [7] nokazano, mo aaa cucremn (2), mo
3a,10B0OsbHAE yMoBaMm Bl), B2) (g MHo)KiHN nonyceTiMux kepyBanb) i Al), A2)
(st marpunte A(t) 1 B(1)), onTuMasbHe KepyBaHH, 3a JOTIOMOTOI AKOTO 3/iHCHIO-
€ThCA Tepexisl 3 TOYKH I) B MOUATOK KOOPAWHAT, HeCKIHYeHHO midepenIiiiopane 1mo
L.

Hexaii MHOKIHA JONMYCTUMIX KepyBaHb cuctemi (1) Mae BUIIA:

U= |—ay, o] X [—ag, as] X oo X |—ay, o), > 0,i = 1,...,s. (5)

B pobori [1] HaBeJIeHO NMPUKJIAT ANNPOKCAMAIl MHOKIHHYU JONYCTUMHUX Kepy-
Banb (5) 3amaqi (1) 1 (3), aka mo3sosse nepefitn 10 3a71a4i (2), (4) 3 menepepsroO-
JuchepeHIioBAHIM ONTHMAIBHIM KeDYBaHHSM.

Teopewma 1. [1]

Hexail das cuemem (1) i (2) euwonani ymosu Al) i A2), a mmoncuna 17, sado-
soavhac ymoeam B1) i B2).

Todi dasa 6ydv-awuz 11 > 0 i L > 0 icryroms mawi 0(1. L) > 04 kY0, 1. L) > 0,
wo das ecix k> kY i 0 <t < L enpasedausi Hacmynti Hepienocmi:

() —y(t) < (6)

L(D(L, o, xo), Di(L. Lo, o)) < 0, (7)

de x(t), y(t) - mpaekmopit cucmem (1) © (2), sidnosidni wepysarna u € U 7wy, € Uy
gionosiono, D(t, to,xo) @ Dp(t. to, yo) - MHONCURG JOCANCHOCTE 6 MOMEHTL wacy |
cucmem (1) i (2) sidnosidno, npu o = yo 7 h(U, Uy) < 4.

dna cuerem (1) 1 (2) sukonani ymosa Teopemn 1, TOMY MHOXKHHH JOCAZKHOCTI
MUY cuereM OVAYTh OJM3bKI NpH JeAKNX 3HAYEHHAX MapaMeTpip 3aja4.
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3 IIOBYAOBA MHOKWHMUW JOCAZKHOCTI HA OCHOBI AITPOKCH-
MALII MHOKUHU JOIIYCTUMUNX KEPYBAHD.

3.1 Hobydosa muostcuru JOCAHCHOCTNE Y BUNAGIRY, KOAU MHONCUHG, WO ANPOKCUMYE
U, mae 2aadky epanuyio.

3HaiiieMo BUpa3 I ONTHMAJbHOTO KepyBaHHdA B 3ajadi (2), (4) v Bunajiky, ko-
m B(t) = I - onuunana matpung, U C R? i maoknna Uy, 3a1aH0 B BN [1]:

AUy, = (aqwy (1 —sin®* ), agws (1 — cos™ p)) (8)

ne p obupaerbea 3 |0, 27

@ un wa
(0; ﬂ-/2] 1 1
("fo. 7] -1 1
(7‘_1 ";?{-/2] -1 -1
(3o, 2] 1 -1
Ha Puc.1 306pakeH0 MHOKHHH JIOMYCTAMEHX KepyBaub [z ta U/ = [—1, 1| x[—1,1].
054
R ' _|j|l_5 0] OIS I 1|
-051

. o
Puec. 1. Muoxuna Uy, npu k = 3
Jna zanaqi (2), (4) sunumemo dyukimio FaMinsrona

H(t,ug,z,¢) = ¢A(t)x + Puy, — max

up el

1 CIIPAYXKEeHY CHCTeMY 3 TPaHHYHHMHA YMOBAMH!

¢=—At)Te,
o(L) = c.

3rifiHo 3 Teopemoto Befiepmitpacca ¢dpyakinis [amiapTrona nocsrae cBOro Makcumy-
My Ha rpanuni MEOKAHA Uy Tomy H (i, Uk, x, ¢) MOKHA TI€PENACATH Y BATJIAIL:

H = [pA(t)z + draqwi (1 — sin® @) + gocaws(1 — cos™ )] — nr;ag\ ;
we|o,2r

Je - HOBHH napaMeTp KepyBaHHA.
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K()p HCTYIOTHCHh TPHHIHAIOOM MaKCHMYMY, ONTHMaJIbHE KePYBaHHA 3HAXOTHMO 3
dH

ymoBH = — 0. OTpmyyemo

Pavatliy 51
Lge (~—) (9)

f}:)} (SRS

AKIMO ¢y # 0,1 ¢ — +5 (B 3a7€KHOCT] BLT 3HAKA ¢9) IHAKTTIE.
i .U — aqwy(l sin2ft] ),
[Miactasnaoun (9)B Bupa3 414 KepylOUIHX NapaMeTpis ot
s = atwa(l — cos™ ' ),

OTPHUMAEMO
o - signg(t) - 5 .
u'(t) = 1 signgn(t) o (t w—) . oakmo  ¢oft) £ 0,  (10)
[y - signg(t), akmo  @a(t) — 0
f

. o - signos(t) - | 1 — L ,
uy(t) = 9 s (3 RSO "“';":I)k Ko ¢i() 7 0. (11)

L ':f..‘.r\"__

[ o - signgs(t),  axmo ¢(t) =0

OTpHManH HACTYIIHY KpafoBY 3a1a9V
I YOHY K ) A

= Alt)y +up, () = xo

b ATy, o) (12

ne ul, wuj Bu3HAuaoThea 3 (10), (11) poss’asanna, aKoi B KIHIEBHI MOMEHT 4acy

L npu koxuaomy ¢ (||c| 1) Ovie 3a1aBaTH TOYKY FPAHUIL MHOYKHHHI JTOCAKHOCTI

crcremn (2).

3.2 Hobydoca muoscumth JOCANCHOCTNE 6 6UNRAORY, KOAU MHONCUHG, ULO AIPOKCUMYE
U, mae nenepepeny 2paru.
3uaiizemMo Tenep BApa3 1A ONTHMATBHOTO KepyBaHHA B 3a7ad9i (2), (4) v Bumaj-

Ky, koau B(t) = I i rpanung Muoxunausa L, 381800 v BUNISAI:

U, = (Reos(gr + g2l —q1)) + 21, Rsin(qy + g2 — q1)) + 22) . (13)

g samadi (2), (4) dysakuis TaMinbToHa 1 cipazkeHa CHCTeMa 3 TPAHHITHAMHE
yMoBaMu OY/IyTh MATH BHIVIA;

H(t,up,x,¢) = ¢A(l)x | dup — max,
‘ ‘ up U
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Binnosigno s10 Teopemu Beiiepmpacca dyHkiig [aMisbToHa jocsirae cBoro Ma-
kemMymy Ha rpadnii Maoxinan Uy, Tomy H (1, ug, 2, ¢ ) MOKHA NepenucaTi y BHIIA-
i

H = ¢A(t)x + 1 Reos(qr + g2l — q1)) + =
Fpalicos(qn + galie — 1)) + 27 — max ’

wElo,2ir|

Jie (- HOBUIT NapamMeTp KepyBaHHS.

Kopueryounch NpUHIMNIOM MaKCHMYMY, ONTHMAJbHE KePYBAHHA 3HAXOIUMO 3

VYMOBH % 0. OTprMyemo
| $2
Lglgr + 2o — 1)) — —.
@1

akmo ¢ £ 0,1 ¢y + gl —qp) = 5 (B 3aJ1€KHOCTI BiJI 3HAKA ¢)2) 1HAKITIE,

Touni
. | 1
cos“ (g1 + 2l —q)) = ————.
L+ (@2’;‘?’1)
sin? (g1 + qele —q1)) —E]——ry HO
stgnd,
cos (g1 + 2l — @) = R
b )2 2
(.1 | (-‘3_/(;')]) )
_ S1LGN.Q-
sin(gr 1 g(e —q1)) = e »

; 2\ /2
(l + (%) )

Toni onTuMaIbHe KEpYBAHHA Mae BHUIJIAL

i
signo(t) - | V1 + k2 ! oz -
u'(t) gnén(t) . 5 1&'2 I AKNO  ¢Go(t) £ 0 (14)
) b,
(l | ( fﬂ;l) )
L signoy (t), axmo  ¢o(t) — 0
{
signo(t) - | V1 + k2 ! bz
uy (t) — < gngall) ) 1_,-2 ’ . oaxkmo  ¢Oi(t) £ 0 (15)
o)
L signga(t), akmo  ¢(t) =0

B NBOMY BHIIAJAKY ONTHMaIbLHE KepyVBaHHA 6}’}.{(3 TLTBKH HEMMePEePBHAM, AJI¢ He TH-

hepeHIiifoBaHmM.
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TaxnMm 9uHOM , MH OTPpHMaJIH HaCTYIIHY KpPa i‘i(}B}’ 3a a9y

T = Ay +up, x(lo) = xo o
i T ' 16
¢ — —AT(1)g, NT)—=¢ (16)

ae uj, us BUsHadatoTheA 3 (14), (15), posp’asannA, AKOT B KIHIEBHH MOMEHT dacy

1" ipu koKHOMY € (

le]| 1} Oyne 3aaBaTH TOYKY IPAHUIN MHOKIUHU JOCAKHOCT]

creremn (2).

VY 3araabpHOMY BHTAJKY, AKIO 3a7aTH piBHARHEA rpannmi Uy = { f1(y), f2(p)}, ne
¥ - HOBHIl Kepytounii napamerp, 1o i 3asa4i (2), (4) dyuknia Favinsrona mati-
M€ BHTIA:

H = [¢pA()z + d1f1() + @afolp) — max
) ) o PE|o,2n

*

OnTaMadbHE 3HAYEHHA HOBOTO Ke PYIOTOro mapaMeTpy ¥ MOYKHAa 3HANTH 3 OpHH-

: : - : : 3
muny Makcumymy lontparina, 1 me 6yae neaxa byHKITIAg, MO 3aT€KATHL Bif ;1; TOO-

P Py L iy e T i o g ® Fors _— . : =
TO © f (E) l'oai onTuMaibHe 3HAYEHHHA U, Oyie Jedrxa (])} HEKIA Bl By TODTO

up = J(£).

4 AJITOPUTM IIOBYJIOBU MHOKVNHU JOCAYKHOCTI IJI JII-
HIMHNX CUCTEM.

Kpox 1. Jna encremu (1) samncarn muiinnit ¢yukmionat (2), ge |¢| — |

Kpoxk 2. [l MHOKITHA TOMYCTAMHX KepPYBaHb MOGYIYBATH MHOXKHHY, TIO 32,710~
BliIbHAE yMoBam B1) (Hanpukiaan, no dpopmyaam (8) abo (13)) i nepeiitu o
3a/1a%1 3 HOBHMH KePYIOUNMH TTapaMeTPaMi.

Kpox 3. Banncatn Pynkimio [aminsTona Ta 3uafiTH ONTHMAILHE KepYBaAHHA 1714

HOBOTO MapaMeTpa KepyBaHHA.

Kpok 4. Bamncatn kpatioy 3amaqy (16), po3s’a30K AKoT B MOMEAT L J1a€ TOIKY
IrpaHnill MHOKHHH JIOCAZKHOCTI B MOMeHT L.

Kpok 5. llepeGupatoun 3Hauyents pekTopy |c|| — 1 3 jesdkum 3a1aHUM KPOKOM,
PO3B A3aTH KpaifoBY 3a7a47y KPOKY 4 Ta OTPHMATH TOUKH, 1O HATEYXKATh Tpa-

HHUTIl MHOYKHHI JOCHMKHOCTI.

5 TIPUKJIA
[TobyavemMo MHOKUHY JOCAYKHOCTI A cHCTeMH B MoMeHT 4acy L — 50:

£y = Uy, z(0) =0 well =[=1,1] x [—=1,1]
Bo — 0, lwy + 1y,  x2(0) =0

Kpok 1. Banucyemo ainifinnii gpyHuionan max Ju| = cTa(L), ne || =1
uel

84



Cepis «dizuko-mareMaTndHi Haykn», 2018

Kpox 2. 3anucyeMo anmpoKenMalito 158 MHOKWHEN JIONYCTHMUX KepyBaHb

Ui = (wy (1= sin®™ ) cwy (1= cos™ 9)) ,wy = wi(p), wy — wy(p)

Kpoxk 3. Bamncyemo ¢yrknio [avminsTona Ta 3HAXOIIMO ONTHMAJILHE K€PYBAHHA

JUTI HOBOIO napaMeTpa KepyBaHHsa no dopmvyaam (10), (11)

signg (L) - | 1 —

ur (t) = AKINO  @o(t) # 0,
signgi(t), axmo  ¢o(t) — 0
. signga(t) - | 1 — — , |
Upo(l) = (1 | ot 1—1) . AR @y (t) £ 0.
BT

signga(l),  axmo ¢ (L) — 0

Kpok 4. Bamuncyemo kpaitoBy 3amaqy (16), poss’a30k akoi B MmomenT [ — 50 mae

TOYKY I'PaHMIl MHOYKHHN JIOCSKHOCTI B MoMmeHnT [, — 50.

1 = gy, x1(0) — 0,
$o = 0, 1tay + us, x2(0) =0,
dy — —0.11 o, $1(50) = 1.
by — 0, B2 (50) — ¢4

me u; uj 3HaxomAThea mo dopmymam (10), (11).

Kpox 5. [TepeGupaiodn 3HadeHHa BEKTOPY ¢ — (sin(7y), cos(y)), me v € |0, 27|
3 Kpokom /10, po3s’asyemo KpafioBy 3a1a9y Kpoky 4 Ta OTpUMAaEMo TOYKH, 1110

HaJIeKaTh ThaoHu IIi MHOZKHHHA JOCAZKT 10CTI.

Ha mamonky 1 306paskeno kepysanng u(l)(cuniv) encremu (17) Ta kepyBanns
uy (L) (uepBoHEM) Ana geAKoro BekTopa c. [Ipn 30inbmenni b kepyBaun#A (1) 3a00-

MAEThCSA HEMePEPBHUM i alpOKCUMY€E PO3PHBHE KepyBaHHs u(f).

Ha mantonky 2 300pazkeHO OTPHMAHY MHOKHHY J0CAAKHOCTI cueremu (17) B Mo-
MenT gacy L — 50 maa k — 20

6 BUCHOBKMHN

Taknum ynHOM, B CTATTI PO3IISHYTO METO/ HAOIMKEHOT MOOVIOBH MHOKHHM JTOCHA-
YKHOCTL T4 3a/1a9 ONTAMATBHOTO KepyBaHHA. PO3MIARYTO BHOAOK 387147 3 PO3PHB-
HUM ONTHMAJTBHUM KeDYBaHHAM. 3alpONoOHOBAHO c1ocid nodyI0BH MHOKHUHM JIOTTY-
CTHMHX KepyBaHb J714 HAOMHIKEHOT 3a/1a9l KepyBaHH4d, 1Mo 3a0e3meuye Hemepeps-
HICTh ONTHMAJBHOTO KepyBaHHs 1 OJN3bKICTh /10 TpaeKToOpifl BUXiIHOT 33,1841,
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APPROXIMATE METHOD OF CONSTRACTION OF THE SET OF THE
REACH OF A CONTROLLED SYSTEM

In the article the approximate method of construction of the set of the reach of
a controlled system is considered. It is based on the approximation of the set of
acceptable controls. Two approximations of the set of acceptable controls are wri-
tten, for which the dependencies of optimal controls on the new parameters are
obtained. The method is described step by step for a linear system, an example is
given.
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IMOTOYKOBI OIIHKHU CJIABKHUX PO3B’SI3KIB KBA3LJITHIHHUX
EJIHITUYHUX PIBHAHDb IUBEPI'EHTHOI'O BUAY 3 HECTAHIAPTHUMMU
YMOBAMMU 3POCTY TA MOJIOJAIIUMHU YWIEHAMU

B pobomi poszensoacmuca keazininiline eninmuuHne piGHAHHA OUBEPEHMHO20 GUOY 3
HeCMAaHOapmHuMu  yMOSAMU 3POCMY mMd MOJOOWOI0 Yacmunow. Jloeedeno O0CHOBHUI
pe3ynibmam poboomu. HepisHicmsb I apuaxa 0ns cl1aOKux po3e’s3Ki@ KAa3LNIHIUHUX PIGHAHb
OUBEPLEHMHO20 GUAY 3 HECHAHOAPMHUMU YMOBAMU 3DOCHY MA MOJOOWUMU YTIeHAMU.

KaouoBi cioBa: KBa3inmiHIMHI eTINTUYHI PiBHSHHS, HEpiBHICTH ['apHaKa, MOTOYKOBI
OIliHKH, CJTa0KU PO3B’s30K, MoTeHuianu Boabda.

1. Beryn

[Tomana poOoTa TpHUCBSYEHA JOBEACHHIO TIOTOYKOBHX OIIIHOK JUIS  CJIA0KUX
HEBi1’€EMHUX PO3B’SI3KIB HEOJHOPIIHMX KBa3UTIHIMHUX €NINTHYHUX PIBHSIHb AUBEPTEHTHOI'O
THUITY 3 MOJIOZIIOT yacTHHOW0. Harn pe3ynbTar y3aranbHIO€ BIIOMUN KIIACUYHUX pe3yJbTar .
Kilpelainen, J. Maly (auB. [1]), siki 32 OTOMOTOI0 HENiHIHHUX MOTeHIIiaaiB Boabda moBenn
MOTOYKOBI1 OI[IHKU PO3B’A3KIB KBa3UIHINHOTO eTINTHYHOTO piBHSAHHA P-Jlamaca 3 Mexero
B IpaBiil. B mojanemomy, 1 oiHK OyJn y3arajabHEH1 Ha CTPOro HEJiHiMHI piBHAHHS ( AUB.
[2] ) Ta Ha cTpOro HemiHIMHI cyOeliNTHYHI KBa3UIHINHI piBHAHHA (AuB. poboty [3]).
OTtpumani pe3yabTaTu OyJI0 3aCTOCOBAHO ISl OJANBIIOT0 BUBUEHHS MUTaHb PO3B’SI3HOCTI Ta
PETyJSPHOCTI PO3B’SA3KIB ISl PI3HOMAHITHUX JIIHINHUX Ta HENIHIHHUX pIBHSAHb  (JUB.,
Hanpukian, podoru J. Maly, W. Ziemer [4], G. Mingione [5], I.I. Skrypnik [6]). 3aBnsku
TOMYy, WO JedKi KBa3UIHIAHI pIBHSAHHA 3 HECTAaHJAAPTHUMH YMOBAaMHU  3pOCTY
BUKOPHCTOBYIOTBCSI TIPHU MOJICITIOBAaHHI MOBEIIHKU enekTpopeosoriunux piaua (M.Ruzicka
[7]), sikicHa Teopis Uil TaKUX PIBHAHb IOCTIMHO PO3BHBAETHCS, BUKIMKAIOYM 10 cebe
3alliKaBJIeHICTh 3 00Ky JochigHUKIB. Hanpukmnan, 1ist piBHSIHb BUIIISLY

—div(| Vu|P®? vu)+V |u |PP?u = f

OyJl0 BHBYEHO NHMTaHHS JIOKAJBHOI PEryJISIpHOCTI pO3B’S3KY, JOBEAE€HA HEPIBHICTH
lapuaka, oTpuMaHuii KpuTepiii BiHepa mpu mpuUpOAHIX MPUIYHICHHSX Ha QyHKIO P(X).
Ornsa  BIANOBITHMX —pe3ylbTaTiB MOkHA 3HaWtd B crarrax  Y.A. Alkhutov, O.V.
Krasheninnikova [8], V. Liskevich, L.I. Skrypnik [9]. [Tpuknamgu, siki Oysio moOynoBaHo M.

Giaquinta [10] Ta P. Marcellini [11]. mokasanu, mo 3a ymoB t°* < g(t) <t*" ma dynkmiro
g(t) icuye HeoOMe)eHHi pO3B 30K PIBHAHHSA (SKIIO P Ta ( JOCTaTHBO «IaJ€Ki» OJUH Bij
oaHoro). Jly1s piBHSIHB
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. Vu
— dlv[g(a(x),Vu)mj = f(x)

3 KoediieHTaMu, U AKUX TMoTeHuianu Bonbda OyayTh CKIHUEHHUMH, BapTO O4iKYBaTH, 110
HepiBHICTh ['apHaka matume Mmicue (muB. [14]). OcHOBHA TPYyAHICTh, SIKa BUHMKATUME Ha
IUISIXY JTOBEACHHS i€l HepiBHOCTI mojisiraTMME B TOMy, 0 Hi metoauka E. De Giorgi, Hi
Metoa J. MOSer B 11boMy BHMAJKy HE MPALIOIOTh. AJle BUKOPUCTOBYIOUH ITEpAIIiiHY TEXHIKY
pobdoru [1], sika Oyna mpoaeMOHCTpOBaHA IS piBHsAHHsA P-Jlammaca, MOXHa JOBECTH
AQHAJIOTIYHUHN Pe3yNbTaT 1 JUIsl PiBHSHB, MO PO3NIAAAIOThC. CIIMPAIOYUCh TaKOX Ha POOOTY
[14], B poboTi mpoBeneHa cxema JOBEICHHs HepiBHOCTI ['apHaka 3a AOMOMOIOK agamTailii
BHIE3Taanoi itepariiinoi metomuku T. Kilpepailen, J.Maly mis cmaOkux HEBIIEMHUX
pPO3B’SI3KIB  KBA3UTIHIMHUX eTINTUYHUX PIBHSIHH JUBEPIeHTHOTO BHIY 3 MOJIOAIIONO
YaCTUHOIO.

OTxe, pO3IISIHEMO KBa3UIiHIWHE €INTUYHE PIBHAHHSA JAWBEPreHTHOTO BHIY 3
HECTaHIAPTHUMHU yMOBaMH 3pocTy i Monoauior yacturorw b(X,u,Vu)

—divA(x,Vu) + b(x,u, Vu) = f(x). 1)
ne f(x) € L*(2). Ipunyctumo, mwo ¢ynxuis A(x,&): 2 X R™ — R™, 1m0 3a0BOJIbHSIE
HACTYITHHM yMOBaM:
1) A(x, &) 3amoBonbHsie ymoBi Kapareomopi,
2) A(x, ) = mg©lEl,
3) |A(x ) = peg(@),
4) [b,u, )| = erg) + c9(1SD),
3 ICSIKUMH CTAJIUMH [, [y, €1, C> > 0. PO3TJIsIHEMO BHIIAJIOK:
gecmb(aplgﬁgg(aqa0<rgal<pg1<n. )
MoenbHUM NPUKIaA0M piBHIHHS (1) CIyXKUTH

—div (g(|l7u|);—uu|) + b u, V) = f(x),
3)

abo
Vu

IF’ul) +g@) + g(|Vu)) = f(x).

—div (g(|l7u|)

2. OcHoBHMIi pe3yJbTaT podoTH: HepiBHicTL ['apHaka ajs1 c1a0KuX Po3B’SI3KiB
KBa3UIiHITHUX PIBHSAHb JMBEPreHTHOI0 BHUAY 3 HECTAHAAPTHMMH YMOBAMM 3POCTYy Ta
MOJIOAIIMMH YJIeHAMH

BBaxarumemo, mo (yHKIIOHAIBHUN MpOCTIp ClaOKuUX po3B’s3kiB piBHAHHA (1),
W L& ((2), Bu3HaYenMit 3TiHO 3 HACTYITHAM O3HAYEHHAM CIaOKOTO o3’ BA3Ky piBHsHHS (1).

O3nauenna 1. bynemo ka3zatu, MO # - cHaOKuM po3B 30K piBHAHHA (1), sKIIo
u € WL () ta 3a10BonbHsAE HACTYNHIH iHTErpaIbHi TOTOKHOCTI

fﬂ A(x, Vu)Veodx + fﬂ b(x,u,Vu)edx = fﬂ feodx
0

st Beix @ € W1LC(12).

st piBHSIHES (3) TPUXOIUMO 10 HACTYITHOTO O3HAYEHHS CJIA0KOTO PO3B SI3KY !

O3nauenna 2. bynemo ka3aTu, 1O # - cHaOKui po3B 30K piBHAHHA (1), sKIIo

u € WL () ta 3a10BonbHsAE HACTYNHIH iHTErpaTbHi TOTOKHOCTI
v
fﬂ (g(ll?ul)—u) Vodx + fﬂ b(x,u,Vu)pdx = fﬂ fodx 4)

[Vul
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0
TS BCiX @ € WLG(02).

CdopmymoeMo Ta  JOBEIEMO MOTOYKOBI OLIiHKI/I HEBIJl'EMHHUX CJIA0KUX PO3B’S3KiB
piBHsHHA (1) y TepMinax noteHiianiB Boiasha W, (xo, R)

f _ _[ pn R = _
%,g(xo,R)—Zp;g p; f Ifldx |.pj =557 =12,
j=0 Bp | (x0)
ne g € obepHeHa GyHKIIis 10 GyHKIIT g.
OCHOBHUMH pe3yJIbTaTaMi POOOTH € HACTYITHI TEOPEMH.
Teopema 1. Hexait u € W6 (0Q) N L” - neBin’emunii cnabkuii po3s’ 130k pisHsaHHEA (1)

Ta yMOBH 1)-4) Ta (2) BUKOHYIOThCA. ToJi ICHYIOTh cTaji ¢p, ¢y = 0, KOTpi 3anexaTh TUIBKA
Bill P, q, M, [y, U TAKI, WO IS MAKIKE BCIX X € L2, By, (xo C {2) Ma€ Micue HACTYIHA OLiHKa:

u(xo) < ¢, W/ (x0, ) (5)
a00
144, (4(xo) -n 1+, (U
g (C2) = oy 9" (5) dx (6)

e 0 < Ag < ﬁ

Teopema 2. Hexait u € WL () N L” - € HeBin’eMHMil cnabkuii po3B 130K PiBHAHHA
(1), f = 0 ta ymoBu 1)-4) ta (2) BukoHani. Tofi iCHYIOTh cTali ¢3,c4 > 0, KOTpi 3aJIeKATh
TiNBKH Bill P, , M, [y, [y TaKi, WO JUIs MaikKe BCiX Xg € £, By, (xg © £2) mae micue HacTynHa
OILIIHKA:

(xo, )=u(xg) =cy inf u+cy lf;(xo,Zp). (7)
Bp(xo)

3. lonomikHi TBepAKeHHS Ta JieMHU

Mertonuka noBeaeHHs TeopeM 1 Ta 2 Oyae cnupaTHcs Ha pesyiabTatd podotu |I.l.
Ckpunnik, K. O.bypsiuenko [14] 3 momaBaHHsIM Mousommioro wiena b(x,u, Vu)—ie jgemu
tury De Giorgi ta Kilpelainen-Maly. B nacnigok ymoBu (2) cripaBIKy€eThCsi Taka HEPIBHICTh

(a)b<.sg(a)a+g()b ab,e> 0. (8)
Hiiicro, sxmo b < ea, 10 g(a)b = eg(a)a. Sxmo b = ea, 0 g(a)b = g G)b

[To3Haunmo uepe3 y AesKy CTaily, IO 3aJeKUTh JMILIE BiJ P, q, N, iy, [lp. s TOBEeNeHHS
TeopeM | Ta 2 HaM 3HAAOONSATHCS HACTYIHI TBEPAKEHHS.
Jlema 1. Hexait 0 < A < min{l,p—1} ta m > q. Tomi, Is KOXHOTO CIAOKOTO

po3B’si3ky u piusiHEs (1), meskux 0 < [,6,0 <r < p ta dyskuii & € €5 (B, (x)) , aki
3aJI0BOJIBHSIOTH YMOBAM

r
0=¢=18(x)=1Vx€Br(x) V¢l =3
2

CIpaBeJIBa HACTyIHA OI[IHKa:
—1-2 I -1-4

f (1 + u; E) G([Vu)émdx < 'yé‘r_lf (1 + HT_) G(uw)éMmdx +
L L

) ) u—1
v&r—La—2o [2 1+20 [ 2 m-q
+yér—g (r)J;g (r (1 t—5 ))f dx +

+fg( (1+—))$mdx+ya‘f oof )
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= B.(xo) N {u> B 20 = 27 .

—1-4

Joseodenns: BizbMeMo ¢ = ( fl.! (1 + %E) ds) &M y gxocti mpoOHOT GYHKINT B
+

IHTerpasbHIi TOTOXKHOCTI (4), o Bignosinae piBHsHHIO (1). Bukopucraemo ymosu 2)-4) Tta
HEpIBHICTH

u s—1 —1-4 )
(L (1 ?) ds)+ = ¥4, OTPUMYEMO
-1-2

f (1 + i E) G(|[Vul)émdx < yér—1 J.g(|'|7u|)§m_1dx +
L 4 A
+ydr~t ng(u)fmdx +y8 fofmdx.

. 1 s—1y 174 o 8
Bukopucraemo  HepiBHicTh  (8) it &= 2 (1 + ?) ,a = |Vul,b = 7
§r7 [, g(Ivulémtdx < [, (1 +”—*)+ G(vuDEmdx +y f,g(>(1+ “—‘E)H'1 Em 44y
L9 =2L 5 YILa\; 5

Bukopuctaemo  HepiBHicTE  (8) A £ =~ (1 + %‘I B
§rt [ g(lulémrdx <2 f, (1 +”—“‘)_1_ G(uDemdx +y [, g(2
L9 — 2L 5 Vi g\;

BuiieBkaszaHi OIiHKHA pa3oM 3 HEPIBHICTIO

) u— [\ ) 5 u—1
_ Ao | 1+45 |
‘g(r(1+ 1) ) )gg (r)‘g (r(1+ ) ))

JOTIOMAraloTh ~ HaM  oTpuMaTH  HeoOximHy  ominky  (9). Ilokmamemo  Temep

v = %(Lu(l +%E)_Tds) r, F(t) = fotg(r)dr,

1
p(gvp—l—l)
- 5 u—1 1+4"
(1+5)

Toxi 3 (2) Maemo éG(t) <F() = iG(t).

w

Jlema 2. Hexait Bukonani ymoBu Jlemu 1. Toai cnpaBeqBa HacTymHa OI[IHKA

J;ll?(cufm)l dx = yr lg (g) J;glﬂo (g (1 + u; E))fm_qu +

o\ —12
+yért fL (1 + ?I) Gw)éMdx +vy fBr(Xo)f dx. (10)

p—1-4
Jloseoenns.  3a3HaumMo, 1O UV =Y (1 + u—_j!) . Tloxmamemo B (8)

5
5 -1
e=1a :—(1 +u—),
T 8
b = |Vu|, Toxi ams BCix x € L, Gyaemo mMatu

g (2( u I)) |Puém
§

oy Y
[V (w&™)| < T +

(1+45) (1+45)

o(F0+5)

3 gm—li

=
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1-2 -1-1
—1

(1 TI)_ G(|Vul)é™ +'y5'r_lj;( uﬁ ) Gu)éMdx +

st (o (1))

—1-1
.o . . u—lI . .
B ocranHiil HEpIBHOCTI JOJAHOK 3 (1 + T) G (|Vul)&™ ouinumo 3rigHo 3 Jlemoro

<1+ T Garubem 4 ’(a +T_I)_Ag(§(1+”;l))f’“‘lé
Y
=5

1 (muB. HepiBHICTH (9)). Lle 1 6yne noBoautu (10).
Ioknanemo 1; = £ B. Brj (x9),j =0,12,..

2/’ ")
a TaKOXK
_ —n —1-4, (4 1+4, (UL ym—q
A= O(G)Empuﬁg °(g)§ dx. (11)
Bispmemo [y = 0, a koxue HacTynHe [;,q, j = 0 BU3HAYEMO 3 YMOBU
(1) =k

Tyt k € (0,1) - ¢dikcoBana nongatHa cTana, siKa 3aJ€KUTh TUIBKU BiJ P, q, N, ly, Uy Ta
Oyne BU3Ha4YeHa B mpoiieci 1oseaeHHs. [lo3HaunMo Takox yepes
6 (D) =1—1;,6; = 6;(Lj+1) = Liv1 — 1,
L;=B;n {u > I.j},
§ € C5(B)).0 =€ = LE() = LYx € By [T <

Hacrynna Jlema nexuts B ocHoBi meroma T. Kilpelainen, J. Maly ta e ocHoBHuUM
JIOTIOMI>KHUM PE3yJIbTaTOM JJIsl JIOBEICHHS OIIHOK B TeopeMax 1 ta 2.
Jema 3. Insa Bcix j = 1 mae Micue HACTYIIHA OIlIHKA

& =381 +yra (5™ I, f dx). (12)
Hoeseoenns. 3adikcyemo neske j = 1 Ta BBaXKaTUMEMO
1
6; = 551‘1'

VY npoTtuBHOMY BHUNAJKy HepiBHICTH (12) oueBuHa. BetanoBuMo, 1110
.71
|Li| < 2" k.
(13)
u—l;—=1 u—l;

Hacnpapni, ang x € L;, &1 = 1 1a 5 =
-1 85—

=0 (22) [ o ( )qux{

gt (), gt (1) g = e

?"Jf_l T’Jf_l

Bpaxosyroun ymoBu 4; (Ijﬂ) = k , aTakox (11), ocranHs oriHka 10BoAuTh (13).
Ouinemo unenu B npapiii wactuni (11) mpu [ = lj4;. [ng mporo poskiaaemo
L; = L} U LJ, Tyr L:= {x € Lj:% < s]. Manuit mapamerp & > 0 Oyzae BU3HAUEHHI
Mi3HILIE.
3 ymoB (2) Ta (13) orpuMaemo:
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u—1[; _ 6;
Lguao ( . J){;m Udx < £(1*20) (1) gl+io (?f) |Lj| <
j j

j

< 21+ 2@ g1+ (%) k. (14)

_p
1+ F(ﬁy?_l_}‘)
1 r ri \Tj
_Ti
Hoknanemo v; = 5 f (1 + ) ds | Taw; = —
1+
7
r—1

t
Tyr F(t) = |, g(z) dz. BuGepemo A 3 ymosn 0 < 4 < Do

Jst Beix x € L;

Mae MiCIIe HACTyIHa OIlIHKa

I L
-1 +Aq (67 2 fu-l; u—l;\ “n-t
o (50) £ e (8) s (50) (1452 T a9

P P

]/_l(s)v;’_l A < S—E < (E)Up A (16)

Kpim Toro

1
BukopucToByroun npunymenus §; = 2 6;_1, a TAKOX JIeMy 2, OTPEMAEMO

A 1, n-1(§;
J. gl""lo (—u j) fjm Udx < ]/(E)g n+‘1° n (—j) X
L i i

7
n—1
[
& s n
—-1-4
TP

gﬁ(?}f ) ;
X f EM9dx
L

n

" FEELINNS |
] u—[;\'n1
(1+ 5 )
_n_ n
1 dj —g) 1t \n—-1
51”(5)?}}‘5910(_}) f(wff‘(m Q)n_l) de | <=
s Lj /
_n_
1 S —g) "t \n—1 1 Si
< y(e)rkng*o (_j)f V(wj'f'(m Q)n_l) dx < y(e)rkng’e (_}) X
i/ ’ Ui

8; 8; u—1I; m—q)= L
(@) (8o e
i/ L jj i

12
+yért fL (1 + %) G(w)&Mdx + f fdx) a7
Bpaxoyrouu Bubip 71 3 ymoB (m — q) % —q = 1 orpumaemo
8 u—1; 8
s (02 ()
Toni 3 ominok (14), (17) ta (18) HpI/IXOI[I/IMO JI0 HEPIBHOCTI
k < 2ne@D@-DE 4 y(e)kn (k + g—l( ) . fdx) (19)
BuGupaemo € nocratabo Mamum, 2" H®D = =3 nani suGupaemo
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1
k=k(e):y(e)kn = 71. Tonui 3 (19) 6yne crnigysaru (12). Jlema 3 noBezneHa.

[ToBepHeMOCsT 10 JOBEACHHS TEOpeMHU |, BUKOPUCTOBYIOUM JOBEICHI TBEPKCHHS
(memu 1-3)
Hepisnicts (12) npocymyemo o j = 1,2,...1 — 1.

[} =yé + '}’I’Vl{g(xorz,o)- (20)
3 Bu3HaueHHs [; MaeMo, 10 &y < o0, TOJI IMOCIIIOBHICTh {Ij}jEN 30iraetecs Ta §; — 0
pu j — . [lepeiinemo no rpanuui I — « B (20). Hexaii [: = liml;. Toxi
j—)x

infg (u — I)£1+10)[p—1) < _yé}(1+.10)[p—l) S0,
T'j JT

I)_[|-j_+‘10)[

: -1
Bubupaemo B AKOCTI xy je0eroBy TOUKy (YyHKII fgj(u — P~ Marnmewmo:

u(xp) = L Sxmo x u(xy) = 2'}/]/171{ g(xo,Zp), toni 3 (20) chmigye npyra oriHka TeopeMu 1.

Teopema 1 noBHICTIO HOBECHA.

B ocHoBi noBeeHHs TeopeMu 2 JieKaTh HACTYITHI JAB1 JIEMHU.
. F(t .
Hexait (t) = % ,t > 0, Toxi cpaBIKy€eThCS HACTymHE TBepukeHHs. [l Hamoro
BUIIAJIKy BOHO aHAJIOTIYHO TBEPKEHHIO poOOTH [2] 6€3 MONOAIMINX YJICHIB.
Jema 4. [2]. Hexali BukoHaHi npumnyiieHHs: Teopemu 2, 1 < oy < 1,0 < r < p. Toni
ICHy€ tojlaTHa cTana y , siKa 3aJeKUTh TIJIBKH B P, q, N, {41 , TAKa 10
1 1

(ﬁ Iy ¥ (55) dx)a = ((a—yfr’)‘r s ¥ (%) dx);’ @)

n

IlJI?[BCiXO<O’0£O'J<O'<1TaI[JI$IBCiX0<S<SO< T
e

k
v v . n

Jloseoenns. Hexait k = 1 HaliMeHIE IIiJIe YHUCIO, TaKe IO (—1) Sp =s. [ua
—

j=12,....k mnokmagemo ;= (cr’+ (o — o’)i) r,B; =B, (xo) mexait ;€ (5 (B),

n—-1\7

0=¢,=1¢=1 3B Bj_; 1a |F€j|£% [Toxmamemo szl—(T) So >0 Ta

T
;= §f¢1_51 (ri) BigMiTMO TakoX, 110
]

p-1g(t) , gt) F@®) _a-1g(®)

— < A N g = A
p t l’b (t) t t2 T g t

3 teopemu BkiageHHs: CoOonieBa Ta HEpiBHOCTI (8) OyJie ciiyBaTH

n—1

(ngbf%dx) " é'yLI|F’¢j|dx =

]

<y Jp ¥’ (—j) V&1 dx oy Jy w7 (7) o)

u

|l7u|§jq dx. (22)

. —E. i
[TigcraBUMO B O3HA4YEHHs CIa0KOro PO3B’SI3KY @ = i~ °J (r—) qu Ta 3a JONOMOIOI0
J

yMoBH (2) 1 (8) oTpumaemo:

T - u |
f 'y (?})G(IF’HI)ffdxéijw (5)o () Imestax =
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by, 0 (). 23)

3 HepiBHOCTEH (22), (23) Oyae crimyBaTu

n—1i
(fgjgb;‘_ldx) < s, Vi ",

[HTETpYyIOYM OCTaHHIO HEPIBHICTh OTPUMYEMO HEOOXIIHY OLIHKY (21).

Hacrynna nema — ciabka HepiBHicTh ['apHaka. Haramgaemo, mo y Bunaaxy aBodasHux
iHTErpaabHUX (YHKIIOHATIB MOAiOHKI pe3ynbrar Oy otpumanuii M. Colombo, G. Baroni,
G. Mingione [15]. [loBeseMo aHAIOT 1IbOTO PE3YJIBTATY VIS HALIIOTO PIBHSHHS.

Jlema 5. Hexaii BukoHaHi ymoBU Teopemu 2, Toni st 0 < sy < % 1 OyIb-sIKOTO

(cTcT

0 < r = p Mae Miclie HacTyITHa HEPIBHICTh:

(r_n By I (E) dx)é =Yg (m) , (24)
e m(r) = ir(zf )u.
B (xg

Hosedenns. 3 ymoBu (2) Oyne ciiyBaTH

_ 2oy Lo _ u \Po
P gy 9 (1) dx = vgr (B2 (14 ) (%) dx) = ygrs (Q)
3acToCOBYIOUH JIeMy 4 TIPUXOJIUMO JI0 OIIHKH (24).
Omninka 3Bepxy B HepiBHOCTI (7) Teopemu 2 Oynae ciigyBatu 3 TeopeMu 1 Ta jgemu (5)
npur = p:
u(xo) = ym(p) +y Wy (x0,20).
JoBenemo ominky 3Hu3y B (7). 1 bOTO B iHTETpaIbHY TOTOKHICTH

fA(x, F’u)l?tpdx+f b(x,u,Vu)epdx = | fedx
0

0 0
nigcrasumo @ = £9,& € CP(B, (%)), 0<E<LL, £=1 B Br(xy) 1a |VE|<yr 2,
} .. _ -B u—m(r) 1
0 <r < p. BukopucroByroun ymoBH 2)-3) Ta HepiBHICTS (8) 3 £, = £ ( - ) ——

) 1 )
0 <pf <min (1,m) OTPUMAEMO:
u—m(r)\ G(|Vu
[ gacsy[  grunivaieriarsye [ yor(PRO) EOTD page
Br(xo) B, (x) B, (xo) ro Ju—m()
Y 1u—m(r) u—m(r)
L ( PP (2 )) dx. (25)
3acTocyeMo Terep cna61<y HEPIBHICTh FapHaKa (memy 5):

s —1J. (1+u_i)—1—16( Ve + J‘ g (u—m(r)) G(|Vul) qdy <
yér ) 5 u)&Mdx sg(x)i,b - u—m(r)f x =
< ']/7‘_15-]. Yl 5( m(?‘)) _

By (xo) r

_ e m(2)-m(r)
<yr lsfgr(x())gl B (” T:m) dx =yr"1g (—( )r ) (26)

Tak sk 0 < B < min(l,m),g = gP (w)’ 0
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'V?"_lf p lu —m(r) 9F (u — m(r)) dx <
Br(xo) \® T r

r
mi=)—m(r)
< yrlg (2) _l__yr—ls—l—qj.
r Br(xo)

u—mir
PESVICEEY (#()) dx <

< 'yrn_lg (w) (27)
3 (25)-(27) orpumaeMo

g (rl—“fgr(xo) fdx) < (L):m(”)). (28)

[arerpyroun HepiBHicTh (28) o r € (0, p) Ta KOPUCTYIOUHCH O3HAYCHHSM MOTEHITIATY

Bonbda

fopg (rl_“ B, (%) fdz) dr = Mf’lfg(x,p),

Otpumanu owiHKy 3Hu3Y B (7). Teopema 2 MOBHICTIO JOBE/ICHA.

4. BUuCHOBKM
B po6oTi Oyno po3risiHyTO KBa3iliHIMHE eNINTUYHE PIBHSHHS AUBEPreHTHOTO BHUAY 3

HECTAaHIAPTHAMH YMOBaMH 3pOCTY 1 MOJIOJANIOK YAacTHHOIO. 3a JOMOMOTOI0 ajamTaii
iteparniiinoi Texuiku T.Kilpelainen, J. Maly s Takux piBHSHb JOBEICHO OCHOBHHMA
pe3ynbTaT poboTu: HepiBHICTh ['apHaka 1Is ciiaOKUX PO3B’A3KiB KBa3UIIHIMHUX DIBHSHBb
JMBEPreHTHOTO BUY 3 HECTAHIAPTHUMH YMOBAaMH 3POCTY Ta MOJIOJIIIUMU YICHAMH.
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POITWISE ESTIMATES OF WEAK SOLUTIONS TO QUASILINEAR
ELLIPTIC EQUATIONS OF A DIVERGENCE TYPE WITH NONSTANDARD
GROWTH CONDITIONS AND LOWER TERMS

Summary. In the present work we obtain the pointwise estimates of the weak solutions
to inhomogeneous quasilinear elliptic equations of the divergence type and lower terms. Our
result generalizes the classical one obtained by T. Kilpelainen and J. Maly. With the help of
nonlinear Wolff potential they proved the pointwise estimates of solutions to a quasilinear
elliptic equation with the p-Laplace and measure u on the right-hand side. Further, these
estimates were generalized to strongly nonlinear equations and to strongly nonlinear
subelliptic quasilinear equations and were applied as an efficient tool to the study of the
questions of solvability and solutions regularity to various linear, quasilinear and nonlinear
equations (see the works of J. Maly and W. Ziemer, G. Mingione and I.1. Skrypnik ). Due to
application of some quasilinear equations with nonstandard growth conditions for the
modeling of a behavior of electrorheological fluids, the qualitative theory of such equations is
permanently developed, attracting the interest of researchers.

Key words: quasilinear elliptic equations, Harnack inequality, poitwise estimates, weak
solution, Wolff potentials.
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SAKICHUMN AHAJII3 HEJTHIMHOI U ®Y3IMHOI MOJEJI
MMPOJIA’KY TOBAPY 3 BUKOPUCTAHHSIM PEKJIAMU”

B pobomi 30iticneno skicHuil aHaniz HeNHIUHOI OUHAMIYHOI Ou@y3iliHoi Mooei
npooaxcy moeapy 3 GUKOPUCMAHHAM ehekm)y pekiamu. 3a 00nomMo2010 Nepuioco Memooy
Jlanynosa 0ocniosceno cmilKicms NOJIONCEHHs. PIBHOBA2U CUCMEMU DIBHAHb 30YPeH020 PyX)y
(cmitikicmo 3a AiHIUHUM HaOauxcennsam). [1o6yoosano obracms acumMnmomudroi Cmiukocmi.
3a oOonomozoro Opyeoeo memody JIanynoea 6CmMAaHOBNIEHO ACUMAMOMUYHY CHIUKICMb
0CcoOaUBOT MOYKU 8 KpUMUYHOMY 6unaoky. Iloxazano, wo medxca obaacmi acumMnmomudnoi
cmitikocmi € Oe3neuHor0 ma NPUCYmMHA M KA empama cmitkocmi. J[ogedeHo iCHY8aHHs
cmitikoeo epanuynoco yukay (oigypkayis Xonga). Daxkm ichysamHs yukiy maxodsc 0ys
eécmanosieHull Ha ocHogi meopemu Ilyanxape-Bendixcona. 3a 0onomozoro HOpMAnbHOL
Gopmu Ilyankape eusnauweno napamempu asmoxKoIUBaHb ma epaHuUyHO20 YUKI.

KurouoBi ciaoBa: audysiiiHa Mojaenb 1HHOBaIid, aCUMITOTHYHA CTIMKICTh 3a
JIsamyHOBMM, rpaHUYHU UK, Oidypkanis Xomnga.

1. Beryn

IuTeHcuBHOrO po3BUTKY Teopis nAudys3ii iHHOBali HaOyna micas 1969 poky, xonu
F. M. Bass [1] po3po6us nepury nu¢ys3iiiHy Moaenb iHHOBALIN I 3HAXO/KEHHS BIAMOBIII
Ha 3alMTaHHS MPO KIIbKICTh KJIIEHTIB, sIKI 00epyTh (KyIJIsATh) HOBUI TOoBap (1HHOBaLIHHUI
npoaykT) 3a yac t. YV mapkeTuHry audysiiiHi MoJeni TpaauLifHO BUKOPUCTOBYIOTHCS IS
aHaJi3y JWHAMIKH JKUTTEBOTO IMKIYy HOBOTO MPOAYKTY, JJISi TPOTHO3YBaHHS IIONHTY Ha
HOBUH TPOJYKT, a TaKOX JUIsI NPUHAHATTS pIlIEHb CTOCOBHO IOYAaTKy BHUPOOHMIITBA Ta
cTpaterii mpocyBaHHs HOBOTO 1HHOBAIIMHOTO TOBapy [2].

* CTaTTiO HAMKMCAHO 3Ti/IHO 3 MPUKIIAIHOIO JEPKOIKETHOIO TEMOO “SKicHUI aHaNi3 AudepeHIiaTbHIX
PiBHSIHB B aOCTPAaKTHHUX MPOCTOPAX i3 3aCTOCYBaHHSIM B MOJIEIIOBaHHI (Di3MYHUX MpoIeciB” (HOMEp IepKaBHOI
peecrpauii 0116U004691).
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B momanemmx poborax Buenux S. B. Robinson and C. Lakhani [3], D. Horsky and
L. S. Simon [4], Kalish [5], G. Feichtinger [6], F. M. Bass, D. Jain and T. Krishnan (1994)
[7], Nicoleta Sirghi, Mihaela Neamtu (2013) [8] 1 Momenp Oyia y3arajabHEHA 3aBISKH
BBEJICHHIO JI0 HEl TaKWX IapaMmeTpiB fK IiHa, eQeKT pekiaMu, e(EeKT 3ammi3HEeHHs peKJIaMH,
TOIIO. 3a3HAYMMO, IO OUIBIIICTh CydyacHUX AUQY31HHUX MOJAEeH ONUCYIOTHCS HEeNiHIHHIMU
JTUHAMIYHUMH cUCTeMaMH [2].

KnacuyauM Bu3HaueHHSAM 1udy3ii I1HHOBaIifl CTall0 BU3HAYEHHS, 3alPOIIOHOBAHE
E. Pomkepcom: «audy3ist iHHOBAIIIT — 1€ TIPoIIec, 3a JOMOMOTOI0 SIKOTO IHHOBAIIisl TPOXOIUTh
10 KOMYHIKaliiHUM KaHajlaM B 4aci i B IPOCTOPi cepesi YIaCHUKIB COLiaIbHOI cucteMm» [9].
[HmmMu cioBamu, audy3is iHHOBaIid a00 HOBUX TOBapiB — II¢ KOMYHIKAIIMHUI TpoIiec,
3aBIISIKM SIKOMY HOBOBBEJICHHS MPUUMAIOTHCSI pUHKOM. BinnoBinHo 10 Teopii nudys3ii, Oyab-
sIKa THHOBAIIISI IOITUPIOETHCS B CYCHUIBCTBI 32 MIEBHOKO TIepe10avyBaHO0 MOJICILTIO.

[Tpeamerom nugy3iiiHOI MOAENI € YSBICHHS NMPO piBEHb NMOUIMPEHHS 1HHOBAII cepen
JTAHO1 MHOKMHHU MOTEHIIIMHUX CIIOKMBAYIB 3 TOUKH 30py MaTeMaTUYHOI 3aJIeXKHOCTI BiJl 4acy,
10 IPOHIIIOB 3 MOMEHTY BBEJICHHS 1HHOBAIIIH.

AKTyalbHOIO 3a3Jauyero  JUIsl pO3pOOJICHUX HENIHIMHUX JAMHAMIYHUX JIUQy31HHUX
MoJieNiell iHHOBAIlii € TPOBENEHHs X SAKICHOTO aHaji3y: JAOCIiIKEHHS CTIHKOCT1, HassBHOCTI
FPAaHUYHKMX IMKJIIB, XaOTHUYHOI JWHAMIKH TOINO. 3a3HAYMMO, IO JOCHIDKCHHS CTIHKOCTI
MOJIOKCHHST PIBHOBArd PI3HOMAHITHUX JIUHAMIYHUX CHCTEM B KPUTHYHHX BHUIAQJKAX €
OKPEMOI0 caMocCTiitHO0 3amaucto [10]-[11].

Mertoro ganoi poOOTH € MPOBENEHHS AKICHOTO aHami3y OJHi€l HemHIHHOT qudy3iiHOT
MoJieJl MPOJaXy TOBapiB 3 BUKOPUCTAHHIM pekiiamu [12]. BpaxoByrouu pesynbTatu podoTH
[12], MOKHA CTBEpKYBAaTH, IO aKTYaJLHOKO 33/1a4CH0 3IMIIAETHCS JOCIIDKECHHS TUHAMIKA
HEJIIHIHHOI CHCTeMH B OKOJI TpaHMIl 00JacTi aCHMMITOTHYHOI CTIHKOCTI Ta BU3HAYCHHS
napaMeTpiB aBTOKOJIUBAHb Ta TPAHUYHOTO [IUKITY.

2. llocTanoBka 3a1aui

Po3srnsiHeMo HenepepBHY MOJeNb 1HTEHCHUBHOI'O MIPO/AXy MEBHOTO BUIY TOBapY, AKUH
CXWJIbHUH JI0 BIUIMBY PEKJIaMyBaHHSI Mapku BUpoOHMKA. PosrisiHemo QipMy, sika BUpPOOIIsE 1
Ha PUHKY NpoJae MPOJYKINIO Mij BiIacHO Mapkoro. [lomiGHu ToBap BUPOOISAIOTH TaKOXK
1HII1 GipMH 1 TPOAAIOTH X MiJ] BIaCHOIO Mapkoro. Te, HaCKIJIbKU J1aHa (ipMa BTPUMAETHCS HA
PHUHKY, 3aJ€XHUTh Bl SKOCTI NPOIOHOBAHOI'O TOBapy, Ha sKy BIUIMBAE IOMHUT, a TaKOXK
pexiaMa JaHoro mpoaykTy i mapku. [lependadaerses, 0 BUPOOHHUK MPOBOAMTH PEKIAMHY
KOMIIaHi0, 1HTEHCUBHICTh SKOi MPSMO MPOMOpIiifHAa 00CIry MPOAYKIi, 10 MPOAAETHCS.
Bynemo po3risaatu BUMagoK NOBTOPHUX MPOJAXiB HELOPOroro ¢pipMoOBOro MPOIYKTY, SKHHA
9acTO KyIY€ThCS CIIOKMBAYaMHU.

PosrnsnaeTscst  HaceneHHs, IO CKJIAMAEThCSl 3 TMOTEHIIWHUX KIIEHTIB 1 MOKYIIIIB
NPOAYKTY abo mociyru. i MpocTOTH MU MPHUIYCKAEMO, 110 MOTEHILINHUN MOKyIelb Oye
KyIyBaTH MPOJIYKT CHOHTaHHO. [IpUIycKkaeMo TakoxX, 0 KOHTAKTH JIIOJEH OJHOPIJHI, TaK
10 IIAHCH Ha KOHTaKT MDXK Oy/b-SKMMH JIBOMa ocobamu oaHakoBi. Ha pyx iHnuBigyyma Bif
CTaHy «IOTEHIIIHOTO MOKYMLS» 10 CTaHy «IOKYMIsD BIUIMBAE 1HTEHCHBHICTh KOHTAKTiB
MOTEHIIIHHOTO KITIEHTA 3 TMOMEepeAHIMU MOKyNusMH. llepenbadaeThes, MO ICHY€E «yCIiIIHA
KOMYHIKaIlish» MIDK TOTEHIIMHUM KII€EHTOM 1 (aKTUUYHUM KOPUCTYyBaueM, SKUH Jae
JOJATKOBAW CTHMYJ U TIOKYTKH ToBapy. YUepe3 neskuii 4ac, mpoTte, AesKi KOpUCTyBadi
HEePeCTaHyTh KyMyBaTH MPOJIYKT 1 CTAHYTh AaCUBHUMU.

[Tpu noOyaoBi Mojieni OyaeMo B OCHOBHOMY chiiffyBatu po6oTi [12]. [Toznaunmo yepes
N,(t) 9MCIO MOTEHUIMHMX MOKyNIiB JaHOi Mapku (Openmy). Lle Bci Ti mokymui, siki Ha

JESKOMY BIJIpI3Ky Yacy HE BHKOPHUCTOBYBAIM MPOAYKT AaHOI GipMH, ale € yJaCHHUKaMHU
punky. Jamni, uepe3 N, (t) mo3HauMMO 3arajibHe YMCIIO KOPUCTYBaYiB JaHOI Mapku 3a 4ac t.
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KinbKicTh MOTEHLIHHUX KIIIE€HTIB, SIKI 3a 4ac t KymyloTh 00paHy MapKy i, TAKMM YHHOM,
CTalOTh 1l HOBHMH KOPHUCTYyBauaMH, NpPSIMO TPONOpPLiHHA KUIBKOCTI KOPUCTYBaudiB MapKH
N,(t) Ta KiIbKOCTi IIOTEHLIHHMX 3aMOBHHKIB N, (t) y MomeHT 4acy t. KoediuienT mpsmoi

MIPOTIOPIIii MO3HAYMMO Yepe3 @ = a () 1 HA3MBAaTUMEMO KOHTAKTHUM CTYIICHEM. 3a3BHUYail BiH
3aJISKUTH BiJ 4acy 1 Ha HbOTO MOYKHA BIUTMHYTH 32 JOMOMOTOI0 peKJiaMyBaHHs Mapku. Crazn
KUIBKOCT1 KOPHCTYBauiB MapKd 3a 4yac U mpsMoO NpOMOPIiHHUKA KUIBKOCTI KOPHCTYBayiB
N, (1)

Takox MPUITYCTHUMO, 10 TOTOYHI KIIIEHTH NMEPEKITIOYAI0THCS HAa KOHKYPYIOUni OpeHa 3
xoedilieHToM IBUIKOCTI £/ . Ha po3mip nporo mapamerpa Oyie BIUIMBATH 3pOCTaHHS AOJI
PUHKY KOHKYPEHTIB Ta iHII NOB’si3aHi OpeHau abo ¢(ipmu, sIKi TOPTYIOTh aHAIOTIYHUMHU
toBapamMu. OCKUIBKH JIIOJIU MOXKYTh MOBEPHYTHUCS J0 HAIIOr0 OpEHIY, BOHHU 3aJHILAIOTHCS B
TPyIIi MOTEHIIHHUX KJIIEHTIB. 3 yacoMm, 4epe3 pi3Hi MPUYMHHN YaCTHHA 3 HUX 3aJIUIIAE PUHOK
(mepectae BUKOPUCTOBYBATH TOBAap JAHOTO THUITY), MO3HAYUMO LIeH MOKa3HUK uepe3 o >0.
KopuctyBaui 1i€i Mapku 3a yac t, TakuM YHHOM, 3MEHIIYIOThCS 3 Koe(]ilieHTOM
IPONOPUIHHOCTI | = o + . Lli nmpuIyImeHHs: Mo/Iei MOXKHA 3aIMCaTH Y BUTJISII PIBHSAHHS:

N, (t) = a(t)N, ()N, (1) —w N, (t).

Jani npunmycTumMo, 10 3aBASKH POCTY JOXOIB HACENEHHS 3pOCTa€ 1 KUTbKICTh HOBHX
NOTEHI[IHUX KITIE€HTIB Mapku 31 cranoro mBuakictio K>0. Ti, XxTo cranud mocTiiHUMH
KOpHCTyBa4yaMH 00paHOi MapKu, IPEICTABISIOTh 3MEHIIICHHSI TOTEHIIHUX KIIE€HTIB, a TAKOXK
Ti, [0 TIepecTany OyTH KOPUCTYBAYaMU MAapKH 1 KyITWJIM MapKy KOHKYPEHTIB, IPEACTABISIIOTH
MPUPICT NOTEHIIHHUX KITi€HTIB. KOPOTKO 11e MOYKHA 3aITUCaTH Yy BUTIISA1 PIBHSAHHS:

N, (t) =k —a(t)N,(t)N,(t) + N, (t).

[Tpumyctumo, 1m0 KOHTAaKTHUN CTYIIHB — 1€ 3pocTaioya (YHKIIS peKJIaMHUX BUTPAT.
3aBASKH IIUM BUTpATaM 3pOCTA€ KIIbKICTh KOPUCTYBadiB MapKU, TOMY BUTPATH Ha pPEKIaMy
MOYKHA BB@KATH MPSIMO HPOMOPLIHHUMH KUIBKOCTI KOpHCTyBauiB Mmapku. OTxke, Oymemo
BBakaty, mo a(t) = pN,(t), nre p >0 — KoHCcTaHTa NPOMOPIIHHOCTI.

TakuM YHUHOM, OTPHUMAEMO IUHAMIYHY MOJENh EKOHOMIYHOI CHCTEMH Y BUTIISAL
HENIHIMHOI cucTeMu JudepeHiaIbHIX PIBHIHb BULY

N, (8) =k = AN, (N2 () + 2N (1), N,(0) >0,
Nz(t):le(t)sz(t)_l//Nz(t), Nz(O)ZO-

Jlns mpoBeneHHs SIKICHOTO aHaiizy cucteMu (1) HEoOXiTHO MPOBECTH AESIKI 3aMiHU
3MIHHUX:

% = (pkIyo)N,, X, =(a 1K), 7=yt @

BukopucroBytoun 3aminu (2) cucrema (1) HaOyne BUTISAY
., 2
% = all—xx2 + A(x, —1)}
.y 2
Xy = XX =X,

1)

(3)

ne a=pk*lyo® >0, f=uly >0, f<1, anodarkosi yMOBH MaTHMYTb BHIJISL:

oK o
% (0)=-—=N,(0), x,(0)=—N,(0).
wo k
MeToro HaImoro MOCTIKEHHS € SKICHUW aHaji3 po3B’s3KIB HENHIMHOI JUHAMIYHOI
cucremu (3).

3. locaiizkeHHsI CTIKOCTI NOJI0KeHHsI PIBHOBAaru 3a JiHiHHUM HA0JMKeHHAM
PosrnsHemo HemniHIHY cucTeMy 3BUYaHUX AudepeHIiabHUX piBHSIHD (3).
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Cucrema piBHIHb
* *2 * —
1- %2+ (X -1)=0
* *2 * —
X X" =X, =0
BU3HAYA€ €TUHE MTOJIOKEHHS PIBHOBArH XI = X; =1

BBenemo 3MmiHHI 30ypeHHOro pyxy 2z, =X —1,Z,=X,—1.Toxi B HOBHX 3MIHHHX

cucreMa (3) MaTuMe BUTJIST

2, [1 @+z)1+2,) +ﬂ22J afl-(+22,+ 22+ 2,+ 22,2, + 2,22 )+ fr, | =
—a[— 2,+(f-2)2,- 2% - 2121, —2122]:—azl+a(,8—2) Z, —oz(z2 +22,2, +zlz§),

Z, :(1+22)[(1+z )(1+2,) 1] (1+2,)(z,+2,+2,2,) = 2,+ 2, + 1,2, + 2,2, + 2] + 2,2} =

=7,+2,+22,2,+2} +2,25.

Beenemo 110 posrsny gyukuiro 9(2;,2,) = 22,2, + Z; + 21222 , TOJIl CHCTeMa MaTHMe

BUTJIST
2, =-ar,+a(f-2)z,-a9(2,1,),

2,=2,+2,+9(2,7,).

_ T A_| ¢ a(f-2)
z2=(z,z,) , A—( 1 1 j

2=Az+9g(z)b, 4)
9()=9(z,2,),  b=(-al).
Posrisinemo xapakteprcTUYHE pIBHSHHS ISl MATPUIIL A:
A —trA- 1+ detA=0. (5)

* *
I[OCTaTHl YMOBHU aCUMITOTHUYHO1 CTIAKOCTI TIOJ0XKEHHS p1BHOBAru Xl - X2 :l

Hexaii

BUIUIUBAIOTH 3 Kputepito Payca-I'ypsima [13]
trA <0, detA>0

1 3BOJIATHCS 10 BUKOHAHHS TAKUX HEPIBHOCTEH

a>1, 0< p<1.

OO6nacTh aCUMIITOTUYHOI CTIHKOCTI ITpeCTaBlIeHa Ha puc.l .

Puc. 1. OGMacTh acHMITOTHYHOI CTIfKOCTI B IPOCTOPI MapaMeTpiB (g, ).
Fig. 1. Region asymptotic stability in the parameter space («, f).
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[lpu o =1 xapakrepucTUuHEe piBHSAHHSA (5) Mae mapy 4MCTO YSABHHUX KOpeHiB. Takum
YUHOM, NIpH ¢ =1 MonoXeHHs piBHOBaru XI = X; =1 Brpauae crilikicTh i MOXKIHBA MOsBa
nepionuuHoro po3B’si3ky (Oidypkamis Xomda). [IpuHIIMIOBO BaXJIMBUM NHUTAHHSIM €
JOCIIJKEHHSI CTIHKOCTI TOJIOKEHHS PIBHOBAru X; = X; =1 B kpurnunomy Bumanky o =1.

Ile 3amaua HeMHIAHOTO aHAMI3Y (HEJHINHOT TMHAMIKH) 1 OyJIe pO3TiIsHyTa Iai.
PosrnsiHeMo nuHAMIKY CHCTEMH MOOIU3y TPaHMIl 00JacTi aCHMOTOTHYHOI CTIHKOCTI
(@ =1) i BBesemo mosmauenns 2¢=1-q. Ipunycrumo, mo (1-2¢)(1-B)> &%, toni

piBHsHHS (5) wMaruMe JBa KOMIUIGKCHI KopeHi A=&+iw 1 A=e—lw, nae
1

= ((1-2¢)(1- B) —&%)? i B 3aMeXKHOCTI Bii & MaTHMEMO pi3HY SIKiCHY KapTHHY.

4. 3BeieHHs1 MozeJi 10 HOpMaJbHOI (popmu A. Ilyankape
Jns  pocnigxKeHHs CTIHKOCTI TONOXKEHHs piBHOBarM X, = X, =1 B KpuUTHYHOMY

BUMAIKY o =1 HEOOXIIHO 3IICHUTH JesKi NMEPETBOPCHHS PIBHSHHA 30ypeHOTo pyxy, MI00
MaTH MOKJIMBICTh €()EKTHBHO 3aCTOCYBATH APyTuil MeTo. JIAImyHOBa TOCITIHKEHHS CTIHKOCTI.

Crnepury mpoBeAeMO IJliHiMHI NEpeTBOpeHHS cuctemu (4) 1 3HAIEMO KOMILIEKCHY
¢dbopMy piBHSIHB 30ypEHOTO PYXY.

B cucremi (4) 3pobumo mimiiiny saminy smimmnx Z=T&, £eR? T eR¥,
detT %0, roxi
E=TATE+gTET . (6)
Hexait A'=T 'AT, marpumo T Bubepemo Tak, mo6 A Mana iliCHY KOMILIEKCHY
topmy [14]

E —@
A=lo ¢
Tomi
e-1 -w 0 1
T=| 1 ol 7=/ £
0
0 1 - 1 1 1
T = 1 el 1 |= a+e-1 _ 1-26+¢-1 _|—€|,
w0 o @ @ @
e-1l -o\(§ (6-1)& - ws,
&= 1 0 ||&|= &
Beenemo kommiekcHy sminny 77 = & +1&,, 51:%, &= 77;_77 , TOJ1
|

‘}:51 = 351_60‘):2 +g(T§),

& = wé + &8, _ig(-rg) )
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7 =ln+(1—é)9(T§) = A+ (Cio—e)ge) = in—Lq(Te),
w [0} w

. il
77=/177—'—9(T§), @)
[0}

Aefryt gty (7] -
3o 5ol

a)

—%(772—772)+ (n* +2nm +77 )Ks—Tw—l}H(Hf— )77}=

a (0] (04 CZ
= -—- e + +2nn + A-Dn+( -Di|=
[4 2)77 27777 ( " 2)77 8(77 N7+ 7|2+ (2 -1)7]
a o), (-a) _ a 1w\, 1
Sl——+— M+ — ———— 7+ [(A-D*+ (24 + A -3 +
(4 2)77 (2}777 ( 2 2) 8[( )7+ ( i
+QA+A-3)nn*+( -D7?].
BBC,I[GMO ITIO3HAYCHHA
au:_%’
_ 24+ A — 3
a-21 aiz a8

8
g+iﬁ_ 2¢6-1 lo_¢e+io 1_1 1
4 2 4 2 2 4 2 4
_ 1
83 = dg3 = g(ﬂv -1).
Toni cucrema piBHSAHB 30ypeHOro pyxy (6) eKBiBaJ€HTHA 1HIIOMY AudepeHIianbHOMY
PIBHSHHIO B KOMIUIEKCHIH Gopmi

d i4 _ o\ 4 I
di[7 177__( 201 +a117777‘%3-20772)_5(&3.07734'6121772774“’:'-2177772+a30773)' (8)

a20=§02:—

Jani 3niicHUMO  niepeTBOpeHHs piBHAHHA (8) 10 HopMmanbHOi opmu Ilyankape [14],
CYTHICTb SIKOTO TOJISITA€ B 3HAXOKEHH1 HETIHINHOT 3aMiHM 3MIHHHUX:

m=n+ p20772 + Punn + pozﬁ2 + p30773 + p2177277 + p1277772 + p03773’ )
p,eC, i+j=23,
sKa 3BOJIUTH BUXiJHE PIBHSAHHS (8) 10 HAHOUIBII MPOCTOTO BUTIIATY.
BigzHaunmo, 1o nepetBoperHs (9) 3BOPOTHE B H0cuTh ManoMy okomi toukn 77 =0 i
oOepHEeHe MepeTBOPEHHS Ma€ BUTIIST
n=m- pzo7712 = Puthin — p027712 - p3o7713 - pzl7712 = p1277772 - pos7713 + O(| Ui |5) (10)

[TincraBuBmm ¢opmyiy (9) B piBHAHHSA (8), OTpUMaEMO
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=1+ 2P,n7 + Pyl + p1177ﬁ +2 poznﬁ +3 p3077277 +2p,mnn+ szzﬁ +
D —_ _ iﬂ( _ — _
+ p1277772 + 2PN +3Pgs] 277 = A’?‘E(azonz +aynn +ayn 2)_

A o, il o
- 5(330773 + a2177277 +a,nn 2+ Ago77 3)+ 2 pzon(ﬂﬂ _g(azonz +aynn +a,n Z)J +
_ il . N _
+ P77 [M - Z(azoﬂz +8,,7777 + 8y 2)) + pm(/”t 7+ E(azon L +aynm + azonz)j +
o~ iAo _ _
+2Pg,77 (ﬂv n +;(a20772 +ann + azonz)]+
+3p30772/177+ 2p212'77277+ p211772ﬁ+ p12/177772 +
- _ — il il - _
+2p,A 77772 "‘3poaj’773 = 177"'[_0)5120 + 2}4)20}72 +|:_a)a11 +Apy, +/1p11:l7777 +

i1

il_ - = il il
+ I:_azo + Zﬂpoz}n 2+ {_aso —2— Pyydyy +— Py + ?’psoﬂ}ﬂ3 +
(0] (0] (0]

il i Z A = _
+ |:_ E ay — pzoan Ay Pgp + a11 Pt 2 pmi +4 p21}77277 +

il_ il A
+ {_ Eaﬂ -2— o P08 — a11 P + 2 pozau + p11 azo + PpA+2p, }7777 +

iA_ i1 _ il _ -
+ |:_ — 85— Pyt 2— Po28z0 + 3 po3/1 :|77 . (11)
0] ) 0]
[TincraBumo ¢opmymny (10) B (11), Tomi B mpaBiii YacTUHI OTPUMAEMO ACSIKHIMA
MHOTOUICH BiJ IBOX 3MIHHUX 7], 1 7 . Ilapamerpu nepetBopeHHs P, g, Py; 1 Py, mindepemo

.. 2 — . =2
Tak, H_[O6 3pO6I/ITI/I HYJISIMUA KOC(I)II_I1€HTI/I Ipu KBaAPATHUX OAHOYWICHAX 771 ) 771771 1 771 )

TOOTO:
iz iz — i1 _ —
——a,, + AP, =0, ——a +4Ap,; =0, ——a,,+4p, =0,
(0] (0] (0]
3BIAKU OTPUMAEMO
_iay, s I V.
p20 - a) 1 pll - a)l 1 |2 all’ p02 - a)l ﬂ, |2 aZO * (12)

[licnst mporo BmamuMm BuOOpoM KoedimieHTIB Pgy, Py, 1 Py; meperBopenHs (9)
. 3 —2 —3 . ) )
BHKJIIOUMMO KyOiuHi ogHOWIeHM 7);, 1,7},", 1}, 3 mpaBoi uactuHu piBHsHHA (11). Tomi

nudepeHnianbHe piBHAHHA (8), AKEe IEepPETBOPEHE 10 HOBOI 3MIHHOI 77, , MATUME BUTJISA]

d
= an T m P +0(mP), 3

Jc
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_ = _ il il
F(g) = _Zﬁpzo p11 + /1[311(— pzo - p11) + ipoz (_2 poz) - Zaﬂ - 2; p20a11 -
il il il —
- p11a20 + 2_a20 poz +_a11p11 + pzl(;t + /1) = _3/1p11p20 _/H p11 |2 -
(0] (0] ()]

— i1 i1 i1 il il
—24 | p12 |2 __a21 —2— p20a11 - p11a20 + 2_azo poz + _a11 p11 + 2'9p21-
(0] [0)] (0] (0] (0]

[TincraBnsroun B 1ieit Bupas Gopmyny (12) orpumaemo

; F 92 ; ; 92
F(g):_sﬂlazo L e |311| 22|3.202| ﬁ _‘Zﬁlaiail_E & 7 8318, +
|| o’ 0] 0] 0 o @ o|A|
VS VN V 2 —la, [
+2;azomazo+_a1 |ﬂ|2 a11+ “5p21 |/1|2 a11 20 2 |a11 |2 _2/1%_
A+ P gt a2y [~ + 2, = 400
A dg i1 24
2M__| 2o| - a21+_2311a20+25p21-
w C() w w

Oyukuito '(g) moxna npencrasuru y surnsni ['(g) = T(0) + &l (€) + 2¢p,,, ne

1
I,(¢) — nesixa perynspua B oxoni & =0 ¢dyukuis Bix &. Bubepemo P,, = —Erl (&), Tomi

I'(e)=Tr0)=yi

o252 (B ()
o’ 4N 2 4 w 4 W 8

(Zia)j(ia) 1)( aj_ i ia’ ia)—3 a ia_ a 3
H— == |=-a+ - + +—=—"——+

1) 2 4 2 20 2w 8 2 4o 2 8
(305 a’ a)j
+| —=——4+—=|i.

do 200 8

Taxkum yMHOM, HOpMaJibHA (opMa AudepeHLianbHOro piBHAHHS (8) MaTUMe BUTIISL

d
o= AmrrmInf 00 ) (14

I1s HOpManbHa (opma TO3BOJNIUTH MPOBECTU SIKICHUW aHaNi3 AMHaAMIYHOI Judy31HHOT
MOJEII.

5. Anaui3 crilikocti 3a JIANYHOBHM I0JI0OKeHHSI PIBHOBarH B KPUTHYHOMY
BUIIA/IKY

Posrnsinemo HopmanbsHy hopMmy (14). BaxxnuBicTh HOT0 piBHSHHS MOJATAE B TOMY, 110
BOHO JIO3BOJISIE BCTAHOBUTU P  SKICHUX OCOOJMBOCTEM JAMHAMIKM — PO3IJISHYTOI
MaTeMaTHYHOI MOJIeNli €KOHOMIYHOT CHCTEMH.

[IpoBesemo aHami3 crifikocti 3a JISIyHOBUM IOJNOKEHHS piBHOBarm X, =X, =1 B

KPUTUYHOMY BUNIAAKY o =1.
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[Ipu o =1 nuraHHs OPO CTIMKICTH MONOXKEHHS PIBHOBArM CHCTEMH PiBHSHB 30ypeHOro
pyxy (5) He MOKHA BUPIIIUTH Ha OCHOBI JIiHIHHOTO HaOMMKeHHs. L{eil Bunamok BiqHOCUTHCA
10 ocoOnuBHX ab0 KPUTHYHUX BHIQJAKIB B Teopii cTilikocTi. OCKUIBKH JIiHIMHA 3aMiHa
sminHEX (9) 1 (10) HE 3MiHIOE CyTi 3a1a4i PO CTIHKICTh, TO AJIS JTOCIIHPKCHHS TOJO0KEHHS

piBHOBaru cucremu (5) mocuth mocmimKysartu criiikicts Toukn 77; = 0 piBnsuus (14). B

upoMy BUmnaaky £ =0 1 piBHAHHSA (14) MaTuMe BUTIIS

dn, _.
o =tom+pmlm 40 ), (15

Jns nocmiKeHHs CTIMKOCTI OCOONMBOI TOYKM 77 = 0 sacrocyemo mnpsMuii MeTos
|2

JIsamynosa, Bubpasum B sikocti pynkuii Jsmyrosa dpyukuio U(7,) =| 7, |, axa € nonarno-

BU3Ha4YeHO. OOUMCIUMO MOBHY MOX1AHY ITi€T GyHKIIT B cuity piBHIHHS (15)

do| _d; o\ d, .\ _dp_ di_ ) 5
il =__ = =Ly ip L=\ + +0 +
o= )= g )= G e n S =on s minf +00n P

+(iom, + 77 |, P +0(m )= (v +7) In, ' +O( 1, )= 2Rey |1, |* +O( 1, )
3a o3nauennsM, icuyrors noctidimi >0 i 0>0 raxi, mo npu Beix |7, [< I,

O(m )| <rlm . toni

do 4 6

d_ S2Re7/|771| +I’|771|

(15)
Tak sx Rey <0, To B oxoni
_ 2_ | Rey|
U=qmeCnl[< o
. , do _
ocobmmeoi  Touku 7, =0  noBma  moxinma ot 33JI0BOJIBHSE  OIIHKY

(15)

v . . . .
d_ < RE}/|771 |4<O 1 € BiI eMHO-BU3HaueHOIO ¢yHKIIEW. B cumy apyroi teopemu
(15)

JIsmynoBa, Touka 77, =0 € acumnrormumo criliKor 3a JIAMyHOBHM. ACHMITOTHYHA

CTIMKICTB OCOOIHMBOI TOYKM Z; = Z, = O o3Hauae, mo Mexa OOJACTI ACHMITOTHYHOI
criikocti ¢ =1, f#1 € Oe3neuHor0 1 B IbOMY BHIAAKY TOBOPATH HPO M’AKy BTPaTy

cTifikocTi. M’sika BTpaTa CTIMKOCTI MpOSBISETHCS B TOMY, LIO B JMHAMIUHINA cucTeMi,
MOJIO’KEHHSI PIBHOBAaru BTpayae CTIMKICTh 1 BUHMKA€ CTIMKUIM rpaHu4HUN nuki (Oidypkartis
Xonda).

TakuM YWHOM, ICHYBaHHS TPAaHWYHOTO IMKIYy TPH MaduX 3HA4CHHAX & €
Oe3nocepenHiM HaciiakoM Teopii Xonda. OqHak, B JaHOMY BHIIAJKy JABOBUMIPHOI CHCTEMU
(dakT iCHyBaHHS LMKIy MOKe€ OyTH BCTAHOBJIEHMH 1 Ha ocHOBI Teopemu IlyaHkape-
|2

Bennikcona [15]. Jlns mporo BuxopucroByemo (yukiiro Jsmynosa U(77,) =|77,|°, sixa una

KOMILJIEKCHIH MJIONIMHI BU3HAYa€e TonorpadiyHy cucTeMy JiHii piBHA i€l QyHKIIT.
IMosna noxinna dyukiii U(77,) B310BXK po3s’sa3kin (14) Mae BUMIS
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O(ldlt) = iy, + i, = (A + y |y P +O( P )+ (277, + 7, |, P +O( 1, )=
(14)

= 2Red |1, [ +2Rey |, ' +O( n, ')

Bigmitumo, mo icaye O >0 Take, mo npu |771 |< & BukoHyeThcs HepiBHiCTH

‘O(| ) |6)‘ <|Rey || n,|*, Tomy B oxoni U, touxu 77, = 0 BukoHyroTHCH OMiHKH

. <2¢|m [ +2Rey |m | +|Rey ||, '= (26 + Rey |m, ) m P

(14)

dt

>2¢ |, [ +2Rey |m, | —|Rey | m|'= 2¢ | m, |2 +3Rey | m, = (2¢ +3Rey [ m, )| m .

(14)

£ , 3¢
——<|np['<
2| Rey| |Rey |

[Ipy DOCTaTHLO Manux & (38 <|Rey|o ) Q2 cU;. Ha 3oBuimmiii rpanuui o6rnacri

3¢ do
i —| <(Qe-3¢)|n,[P=-¢|n, <0, a na suyrpimmiii rpanmui
|Rey | dt (14)

Y o eaRe = L1 >0, oy
2|Rey|  dtlg, 2|Rey| 2

KUJIbIIE € JOJAaTHO-IHBAPIaHTHOIO MHOMKMHOKO, a OTXKE BCEPEOUHI LBOTO KIIBIA iCHYE
TpaHUYHUM ITUKIIL.

TakuM YMHOM, HaMHU JIOBEACHO ICHYBaHHS CTIHKOTO TPAaHUYHOTO LHUKIY (CTIMKHIA
nepiofnYHUi po3B’s30K). PeknaMHa cTpaTeris, 3acHOBaHa Ha TOMY, IO I1HBECTYBAaHHS
peKjIamMu TMpsSMO MPOIMOPLIMHO O00CATY MNpOAaXiB, MOXKE MPU3BECTU [0 MEPIOJIUYHUX
KOJINBaHb 00CATY MNpOJaXiB NPOAYKLIl mpenacTaBieHoi Mapku. Lleit pesympTar MoxHa
IHTEpIPETYBATH B TaKUH CIIOCIO: AKIIO KUIBKICTh OCI0, SIKI BUKOPUCTOBYIOTH 1[I0 MPOAYKIIIIO
Ha JIaHOMY BiJIpi3Ky 4Yacy He3HauyHa, (ipMa Mae He3HauHUM mpuOyTOK 1 He Moxke coOi
JIO3BOJIUTH  CEpPHO3HY peKiIamMHy KowmmaHiio. [Ipore, Ha pUHKY JOCUTh TOTEHIIHHUX
MOKYIILiB, TOMY HaBiTh HEBEJIMKI 1HBECTUILI] B peKJaMy HpU3BEIYTh 10 30UIbLIEHHS 00CATY
npogaxiB (pipmu. Tak gk 3pocTtae oOcAr MpojaxiB, 3pOCTalOTh 1 BUTpaTU Ha pekiamy. Lle
3pOCTaHHs, NPOTE, 3 YACOM IEPEBHILY€E 3POCTaHHS OOCITY MPOAaXiB, TOMY L0 KUIBKICTh
NOTEHLIWHNUX 3aMOBHHUKIB (KJIIEHTIB) MICJIS TOrO, SK CTalOTh KOPUCTYBayaMHu MpPOIYKIIi,
3MeHlIyeTbesd. Peknama mnepectae OyTu edeKTUBHOW. Tako)X BiIOYBaeTbcs IPHUPOJHE
3MEHILEHHSI KOPUCTYBayiB 1 Te, 1110 HOBUX KOPUCTYBauiB B 11l (a3l uukity npubyBae majo,
OPU3BOJUTH JI0 3MEHIIEHHS o0cAry mnpojaxiB. TakuM 4YHHOM, Il mpolec Moxe
MOBTOPIOBATHUCS LIUKJIIYHO.

PosrisiHemo kinbueBy obnacte A =+<7, €C

|771|2=

Kinbus |77, |2:

6. BusHaueHHsI mapaMeTpPiB aBTOKOJMBAHb Ta TPAHUYHOTO IUKITY

Hopmanena ¢opma A. Ilyankape audepeHuiaabHUX piBHAHB 30ypeHoro pyxy (15)
JI03BOJIIE€ HE TUIbKH OTPUMATH BaXJIMB1 BUCHOBKH MPO CTIHKICTb, ajie 1 MPUBECTU HAOIMKEH1
bopmyH Ui po3paxyHKy BHLy aBTOKOJIMBAaHb IpU a ~1.

3 Li€I0 METOI0 PO3TISTHEMO yKOpoueHe piBHSAHHS (14)

d
%=1771+7771|771|2, (16)
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. . 5 .
sIKe OTPUMAHE 3 BHXiJIHOTO IEPETBOPEHHSM wieHiB nopsaky |77, . Lle piBHsHHS MOXHA

NPOIHTErpyBaTH IUIIXOM MEPeXo/ly B TosisipHi koopaunatu. Hexait 77, (t) = ,O(t)eig(t), TO.I

do

Eem + piéém = ﬂpeig + ]/pgeig. Binokpemioroun AificHy 1 YSBHY YaCTHHHA OTPHUMAEMO

cucreMy AuQepeHiaJbHUX PiBHAHb

dp 3

——=¢gp+Re

at LT (17
d£=w+lm 2

dt yp .

Cucrema (17) iHTerpyeTbcs B SBHOMY BHIJISAII, OCKUIBKM ii mepiie piBHSHHS €
nudepeHIialbHUM PIBHSHHSAM 3 BIIOKPEMJIIOBAaHMMH 3MIHHUMHU. OJHAK, Kpaie 3TIHCHUTH
SKICHE JOCIiKeHHs cuctemu (17).

Ipu & <0 muddepennianpue piBHAHHS dp = ¢p + Reyp® Ma€ aCHMITOTHYHO CTIHKY
dt

0co0JIUBY TOYKY L0 = 0, mo BiamOBizae acMMNTOTHYHINA CTIHKOCTI MOJOKEHHS PIBHOBATH

X, =X, =1 Buxignoi cucremu (3) nmpu 0<a <1. Ilpu &>0 ocobmusa Touka o =0
1

e . 2
BTpaqae CTIUKICTh 1 3’${BJ'I}I€TLC$I OCO6J'II/IB8. TOYKaA po :L & (HaranaeMo, 1o
0
|Rey |

posrasaaetses Bunanox O > 0).
SIkwo BBeCTH Bapiauilo 0P = P — P, , TO
dJ
_'0 =¢
dt

Ockimsku £ +3p,Rey =—2£ <0, 10 ocobmuBa TOUKa O = P, ACHMITOTHIHO

(6p+ po) + Rey(Sp+ p,)° = (& +3p;Rey)dp+0(dp).

crifika. Ll ocoOmmBa TOuka BIAMOBIAE TPaHMYHOMY ILMKIY Yy BHXIAHIA cuctemi (3).

2
HincraBmsroun  p(t) = p, = (| € J B JApyre piBHsAHHA cuctemu (17) orpumaemo
Rey
do . _
—=w+Imy , 3BiJTIKH, MOKJTAAl0uH 0(0)=0, OTPUMAEMO
dt | Rey |
elm "
G(t):(a)+ 7jt:a)t-
|Rey |
Taxum unnoM, B 3minHi# 77,(f) rpanuunumit KT Mae HAGMIKEHE TIPeICTABIICHHS
1
2 w+glmy t
n = (8 j it (18)
|Rey |
[Tepion bOTO UKITY BU3HAYAETHCS 32 HAOIMKEHOIO0 (POPMYIIOI0
__ 2 (19)
gmy
|Rey |

MoskHa peICTaBUTH IPaHUYHHUN IIUKII 1 B BUXIIHUX 3MIHHUX X; Ta X, !
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X (t) =1+ (¢ —1)Ren —wlmp

X, (t) =1+ Ren,
e
it 18y 2 siu't iz 2 iz _ il _
n(t) = p,e _fpoe _manpo - a)|/1|2 Ay o€ =

(20)

it oliag (A lj it ol i (A 1) it . 2
= (5] — e + — —— e . Wt =—.
Po p{ (2 4 20|AF w|if\2 4 T

Orxe, HaAMU OTPMMAHO HaOMMWKEHI (GOpMyNIH i1 BH3HAYCHHS IapamMeTpiB
ABTOKOJIMBAaHb Ta TPAHIUYHOTO IIHKITY.

7. BucCHOBKM

B po6orti O6yB 3aiiicHeHHI SKICHUI aHaNi3 HENiHIHHOT AuHaMivHOoi qudys3iitHoi Momei
MPOJIAKY TOBAPY 3 BUKOPUCTAHHIM €(PEKTY PEKIaMH.

3a J0MOMOrol MepIIoro Meroay JIdmyHoBa — OCHITKEHO CTIMKICTh TOJOXKEHHS
piBHOBAarm CHCTEMH piBHSAHBb 30ypeHOro pyxy (CTIHKICTh 3a JHIMHMM HAOIMKEHHSM).
[ToOymoBano 00aCTh aCMMITOTHYHOI CTIHKOCTI B HPOCTOpPi HapaMeTpiB (g, ). llepen

JOCIIJKEHHSIM ~ CTIHKOCTI TIOJIOKEHHSI pIBHOBarM B KPUTUYHOMY BHUIAQJAKY CHCTEMa
nonepenHpo Oya 3BesieHa 10 HopMaibHOI Gopmu [Tyankape.

3a JOMOMOroK Jpyroro Meroay JImyHOBa BCTaHOBICHO ACHUMITOTHYHY CTIMKICTh
0co0IMBOi TOYKM B KPUTHYHOMY BHMaaKy. [lokazaHo, mo mexa 00nacTi acCHMOTOTHYHOL
crifikocti @ =1, B#1 € Ge3neyHOl0 Ta NPUCYTH M'sKa BTpaTa CTiliKocTi. M’ska BTpara

CTIKOCTI MPOSIBISIETECSA B TOMY, 110 B JIMHAMIYHIN cHCTeMi, TOJOKEHHS PIBHOBAru BTPayae
CTIMKICTh 1 BUHUKAE CTIMKUI rpannyHuid ki (Oipypkanis Xomda). @akT icHyBaHHS TUKITY
TakoX OyB BCTaHOBJEHHMI Ha ocHOBI Teopemu I[lyankape-bennikcona. 3a momomororo
HOpManbHOi opmu I[lyaHkape BH3HAYCHO HAOJMIKEHO IMapaMETPU aBTOKOJIIMBAHb Ta
TPaHUYHOTO IUKITY.

B mnopanpmioMmy mnepembavaeTbest 3AIMCHUTH  JOCHUDKEHHS — AeSKUX AUQYy31HHUX
MojieJiel 1HHOBaIlii 3 BpaXyBaHHSIM 3aMi3HEHHSI Ta €JIEMEHTIB HEYITKOI JIOT1KH.

IMopsixknu

ABTOpH BHCIIOBIIOIOTH BISYHICTh JOKTOPY (PI3UKO-MAaTeMaTUYHUX HAyK, IPOBITHOMY
HayKoBoMy criBpoOiTHUKY B.I. CnmHbKy 3a mocTiiiHy yBary 10 poOOTH Ta OOrOBOpEHHs
OTPUMaHUX PE3yJIbTaTIB.
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QUALITATIVE ANALYSIS OF THE NONLINEAR ADVERTISING
DIFFUSION MODEL

Summary. In this paper a qualitative analysis of the nonlinear dynamic advertising
diffusion model have been carried out. Using the first Lyapunov method, the asymptotic
stability of the equilibrium position of the system of equations of perturbed motion (stability
by linear approximation) has been investigated and sufficient asymptotic stability conditions
in terms of algebraic inequalities has been obtained based on Routh-Hurwitz conditions. The
domain of asymptotic stability has been constructed. To investigate stability of equilibrium
position in a critical case we first transform our initial nonlinear system of differential
equations to a normal form of Poincare. Then using the second Lyapunov method (quadratic
positive definite Lyapunov function), we establish the asymptotic stability of a singular point
in the critical case. It is shown that the boundary of the asymptotic stability domain is safe
and there is a soft loss of stability. The existence of a stable limit cycle (Hopf bifurcation) is
proved. Basing on the Poincare-Bendixon theorem, the existence of the limit cycle (stable
periodic solution) has been established. Using the Poincare normal form, the parameters of
self-oscillations and the formula for limit cycle and its period have been approximately
determined.

Keywords: diffusion of innovation model, Lyapunov asymptotic stability, limit cycle,
Hopf bifurcation.
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PO3B'SI3BHICTb KPAHOBUX 3AJIAY 115 KBA3I.JIII;IIﬁHHX PIBHSHD
JAPYI'OI'O NOPAAKY 3 TAPAMETPOM B ITPABIN YACTHUHI

Y pobomi posensoacmucs nepwia kpatiosa 3a0aua 0isi K8A3LIHIUHO20 PIBHAHHSA OPY2020
NOPAOKY 3 napamempom 8 Npasiti 4acmuHi ma HeNiHIUHO20 CmeneHeso2o 3pocmy. 3a
00NOMO2010 ONEePamopHUX Memoodié 008e0eHO MeopemMy ICHYBAHHA KIACUYHO2O PO38 A3KY
3a0aui. Hasedeno  memoouuHo-meopemuyni  Acnekmu  3acmocy8aHb — OMPUMAHO2O
pe3ynibmamy 0/ po38 A3aHHS BIONOBIOHUX 3A0aHY.

KurouoBi cioBa: kpaiioBi 3a1ayi, KBa3iniHiiiHEe piBHSHHS APYroro mopsiaky, GyHKIis
['pina, Hepyxoma Touka, Teopema [llaynepa.

1. Beryn

[Tonana poOoTa mpuCBsiUEHA OTPUMAHHIO YMOB PO3B’SI3HOCTI KpailloBMX 3amay Jyis
KBa3UIIHIHHUX pIBHSAHb JPYroro TMOPAJKY 3 MapaMeTpoM B npaBiﬁ YacTUHI Yy BHTIA/IKY
HeJTIHIHHOTO CTEMEHEBOro 3pOCTy JOBLILHOTO MOPSIKY. Y OCHOBI C(OpMYIHOBAHOI 3ajadi
JeKUTh JIiHIMHA Ta KBa3UTiHIMHA 3a7adi 31 3MIHHUMH KoediumieHTamu. JlocmikeHHs
MIPOBOJIUTHCS 32 JTOTIOMOTOIO OTIEPATOPHUX METOJIB Ta METOy HEpyXoMoi TOukH. A came 3
BUKOPUCTAHHAM TEOPEMH Hlayz(epa Ta ii HachiakiB. OCHOBHMM pe3yJlbTaTOM pOOOTH €
TeopemMa p03B "SI3HOCTI nepmm KpailoBoi 3a/1a4i /il pIBHAHHS BUAY:

%[t] + altirj— + a,()x(t) = f(Ax(t), 1),
x(0) = x[l] =0,
ne f(Ax(t),t) = Ax™ + g(t).

OpeprkaHi pe3ysbTaTH MarOTh METOJUYHO-TEOPETUYHE 3HAYEHHS Ta MOXYTh OyTH
BUKOPUCTaHI HE TUIBKM Yy MOJAIBIIUX JOCHI[DKEHHSIX JudepeHIiaibHUX pIBHSAHb Yy
YaCTMHHUX NOXIAHMUX Ta Y MPUKIAJIHUX 3a/1a4aX, a TAKOXK y po3poOIi BIANOBIAHUX PUKIIAJIB
HENTHIMHUX PIBHSIHB 3 CTETICHEBOIO HENIHINHICTIO, OMUCI METOJUKHU PO3B’A3aHHS IUX 33724 3a
nonomororo ¢pyHkuii I'pina ta Teopem lllaynepa mpo HepyXoMi TOUKH.

2. OcHOBHHUIi pe3yJibTAT POOOTH: TeopeMa NMPO PO3B'A3HICTH KPaOBHUX 3a1a4y s
KBa3UIiHITHUX PIBHSIHB APYroro NOpsAKy 3 NapaMeTpoM B NpaBii YacTHHI

PosrnsHemo nepiry kpailoBy 3aiady A KBa3UIIHIMHOTO PIBHSHHS JPYroro MOpsaKy 3
apamMeTpoM i HeJTiHIHHIM CTeneHeBHM 3p00TOM no x(t) y npasiii yactuni: x"(t),n = 1:

%(‘fj =+ ﬂ’l(t:] - T ax(D)x(t) = fF(Ax(1), 1), 1)
x[ﬂ] —x(lj =0, (2)
e f(Ax(t),t) = Ax™ + g(t), ax(t) # 0,
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Cdopmymoemo ymosu Ha koedinientu npu ¢pyukuii x(t) Ta na pynxuiro g(t) y npasiit
vactuHi: aq(t), a,(t), a,(t) € Cppqyp ax(t) <012 g(t) € Crpy.

HacTtynHa TeopeMa € OCHOBHHM PE3YJILTaTOM POOOTH Ta BU3HAYAE YMOBHU PO3B’A3HOCTI
nocrapieHoi 3aaayi (1), (2).

Teopema. Hexait
ap(t), a,(t), ay(t), g(t) € Crpqy.ap(t) #= 0,a,(t) <0, f(dx,t) = Ax™ + g(t) Ta BUKOHAHA
O/IHA 3 YMOB:

_1 .
1 L= = SIKILIO TTapaMeTp A BiTOMUMN
) lgle, , = T PR L ,
abo
n—13""1 £ 1 \7 :
2) Al = (”g”) . (E) , K10 3a1aHa Gynkmis g(t),

1 . . . . .
ne G = max,.rg 43 fu |G(z,t)| dr, G(z,t) — Qynxuis [pina manoi 3amnaui. Toxi 3amaua
(1), (2) mae po3B’s30Kk B mpOCTOPi L 41
Hoseodenns. Ciligyrodn METOIUIII TIOMTYKY PO3B’S3KY, 3BEIEMO 3a7a49y JI0 ONEePaTOPHOTrO

piBHsiHHA. Po3B’s30k 3amaui (1), (2) 3a momomororo ¢yukuii ['pina momaeTbest y Bumi
PIBHSIHHS:

x(t) = f G(t,t) [,13;” + g[r:]) dt.
o
H03Han/IMlo IpaBy YaCTHHY 3a OIEPaTop:

Ax(t) = f G(t,t) [ﬂ,x” —|—g(’.r]) dt.
0
3BiIKM OTpUMAaEMO 3aJady TpO 3HAXO/HKEHHS HEPYyXOMOi TOYKH oOIepaTopa
x(t) = Ax(t).
OTxe, icHyBaHHS PO3B’S3Ky KpailoBOi 3ajadi Juisd 3a/JaHOTO PIBHSHHS €KBIBaJIEHTHO
HOILIYKY Hepyxmlwo'l' TOYKH OIleparopa

Ax(t) = f G(r.t)(Ax™ + g(1)) dr.

0
[TepeBipuMO iCHyBaHHS HEpyXOMOI TOYKHM OIeparopa 3a JIOIIOMOIOI TEOPEMH

[Iaynepa. Hexaii x € Cppqy, Ax(t) = fﬂiﬁ (r.t)(Ax™ + g(1)) dr1a

D =E(0)= {x € Cpp4: IIxIIC[D_i = R}, ne R > 0. TIlepeBipuMO HENEPEPBHICTH Ta

KOMMaKTHICTh onepaTtopa A. [IpencraBumo oneparop A y Burnsaai kommno3utii A =1 e N, ne I
- iHTerpanLHHﬁlonepaTop, ApoM sikoro € GpyHkuis ['pina 3axaui (1), (2)

Iu(t) = J G(t, t)u(t) dr,
0
a N — onepatop Hemuiipkoro, 1o Bi3HA4a€THCS 3aJaHOI0 (PYHKIIIEIO

f: (Nx)(8) = (Npx)(8) = £ (x(2).0).

Omneparop I 3 HenmepepBHUM SAPOM — HENEepepBHUI Ta KommakTHui. Oneparop N —
HeriepepBHUi. Toxi A € KOMIO3HIIE€I0 HENEPEPBHUX OINEpaTopiB, TOOTO A - HemepepBHUI.
Kpim TOro, A4 — KOMIaKTHU#, IK KOMIIO3HUIiSI HEMEPEPBHOTO Ta KOMITAKTHOTO.

Jns Buxkopucranus teopemu lllaynepa tpeba 3abezneuntu ymoBy A: D — D To0TO
||3C||¢-[D_£ < R,Vx(t) € Clgyy. 38inku urumbac || Ax|l ;54 < R.
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1
laxlleen = max, [ 160 ("9 + 9(0)] dz
o

1
1y —_ ;]
< rréﬂ[gﬁllx (t) + g(t) max J.IG(T, t)ldr = Gllax" + gll¢_
o

<6 (1Alllxlz,  + llgllg, ) = 6 (1AIR" +lgllg, ) <R
ToGro, GIAIR™ +Gllglly, , — R < 0. Orpumaemo 3 wpOro BHpasy HeoOXimmi s
po3B’sa3HOCTI yMoBH 11 GyHKuii g(t) Ta mapamerpy A.

IMosuauumo G|AIR™ +Gllglly, , — R = @(R) ra suaiinemo minimMansHe 3uaueHHs wiei

GyHKIIII.
@ =nGlA|R" -1 =0.

OTpuMy€eMO J1Ba BUIMAIKU:

N -
1. Skmo n — mapue, 10 R, ;,, = e (muB. puc. 1)
Puc. 1
2 q R _ m-1| 1 . R _ _m-z 1
: KIIO T — HemapHe, 12 = "ql ool 3Bl S *.4' eyl
—
_m-—1f 1
R in = el (nuB. puc. 2)

~

o 1 0 n—-1
\JnGlﬂ.I \’ nGlal
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Puc. 2
O1x JKHO BI inr, =""—
TK€, HE 3aJIeKHO BiJl TAPHOCT min = [mgr
(Ryni) = G121 - +6Gligl L_ <o
@(Rpi) = - oo "m0 =
i nG|A| "G4l o mr G A
1
; +6lgllg, ., ————==0.
G 1Al o " T Gl
3 wiei piBHOCTI 0OTpHMaeMo yMoBH s GyHkuii g(t) Ta mapamerpa A
n—1
gl , £ ————;
o8 = 6™ nG Al
m— 1 n—1 1 4™
= (r) - Ge)-
llgll nG
[epeBipuMo, SKOMY ITPOCTOPY HAJICIKUTH PO3B’SI30K.
Hexaii X - PO3B 30K 3a7adi (D), (2), TOJII
ag(t)¥, = Axg + g(t) — ay ()i, — ay(t)x,y(2) 3a YMOBOIO

Axg + g(t) —ay(t)E, — a,(t)x,(t) € Cpg 3, omKe ¥y € Cpg 47, TOAI x4 (1) € C[%Jﬂ.

3. 3acTocyBaHHSI OCHOBHOI'O pPe3yJIbTATy POOOTH

JoBeneHiii B poOOTI OCHOBHIW pe3yabTaT JOMOMAarae po3poOMTH HU3KY 3aBJaHb
METOAMYHOTO XapakTepy, SAKi JJI03BOJIATh BHKOPHCTATH iX B SIKOCTI METOIHMYHOTO
3abe3neueHHs Kypey «Teopis HenmiHiiiHEX onepaTopiBy. Hexaii maHa mepina kpaiioBa 3aqada
JUI  KBa3UTIHIKHOTO pIBHSHHS JPYroro MOPSAKY 3 IapaMeTpoM Y TMpaBii dYacTuHI 1
HeJiHiiHUM cTerneneBuM 3poctoM 1o x(t): x™(t),n > 1:

a,(t) o

3
T+ a,(8) =+ a,()x(t) = Ax" + g(8), 3)
x(0)==x(1)=0, 4)
ne aglt) #0,a,(t) < 0taay(t), a,(t), a,(t), g(t) € Cppqy.

B npomy HampsIMKy MOXXJIMBI 3aBJIaHHs JABOX THIIIB: MO 3a4aHiil QyHKIII g(t) 3HalTH
MHO’KMHY 3MIHM IapaMeTpa, B SKii BIJMOBIAHA Meplla KpaiioBa 3ajaya MaTUME PO3B'SI30K, a
TAaKOXX 3a BIJIOMMM 3HAYEHHSM IapaMeTpa ONHCAaTH MHOXXHHY B IPOCTOpI HEMepepBHUX
GyHKIIN, 0 SKOI Mae HajlexaTu A0JaHOK g(t), s Toro mo0 BiANOBiIHA MHepina KpaioBa
3ajaua mMaja po3B's30K.

3agmnanus 1. 3HaiiT 3HAYEHHS apameTpy 4, mpu skux 3agaqa (3), (4) Mae po3B’s3Ky,
axmo Bigoma dyuxis g(t).

Hagenemo npuknaau 3amay:
3x

1. (t—i—l]x”—x'—m=ﬂ,x4+t3—t, x(0)=x(1)=0;
2. (t+1)%x" +2(t + 1)x' — 2x = Ax? — cost, x(0)=x(1) = 0;
3. (3+tM)x"+ 2tx' =Ax" — it —1, x(0)=x(1)=0.

3apnanns 2. 3Haittn, a1 sxux Qyskuiit g(t) samaga (3), (4) Mae po3B’A3KH, SKIIO
BiloMuii mapamerp A.
Haenemo npuknanu 3anad:

1. tix" —x'=6x°—g(t), x(0)=x(1)=0;
2. (t7 + 1)x" — 2tx' = 3x° — g(t), x(0)==x(1) =0;
3 (5) —r=ert-9@ x(0=x()=0.

Ak npuxnao nHasedemo po3e 130K 0OHIEL i3 3anpONOHOBAHUX 3A0aY.
2.1. (t7 + 1)x" — 2tx' = 3x% — g(t), x(0)=x(1) =0.
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a,(t) =t*+1 €cl01], ay(t) =—2tec[01], a,(t)=0.

O1xe, 32 TEOPEMOIO JIaHa 3aJjaya Ma€e PO3B’SI30K MpHU ||g||f[D_L. = #ﬁg—‘“ 3HangemMo
3HAUEHHS LLOT0 Bupasy. A = 3. = 9.

[Tobynyemo dynkuiro ['pina mis ogHOpiAHOT 3a1a4i:

(t?+D)x"—2tx' =0, x(0)=x(1)=0.

3aranbHuli po3B’SA30K OJNHOPIAHOTO PIBHAHHA Ma€ BUI: X., = ¢yarctgt +¢;. Ilpu
BUKOHAHHI KpalOBHUX YMOB 3ajlaua Ma€ JIMIIC TPUBIATBHUN PO3B’SI30K, OTKE MOXKIUBO
noOyayBatu ¢yHkuito ['pina.

Hexait, x, = arctgt — HeTpuBialbHUIl PO3B’A30K, AKUil 3a70BOJIbHsAE yMoBi x(0) = 0,
x, = 4arctgt — T— HeTPUBiaANLHUI PO3B’A30K, AKHil 3a0BOJIbHsAE yMOBi x(1) = 0.
a,(s)arctgt, tE[0,s]

a,(s)(4arctgt —m), te€ [s1] 3HaiiaeMo

®dyukuis Ipina mae Bug G(t s) ={

e, (s),a;(s) 3 ymos:
a,arctgs = 4a,(4arctgs — 1)
da, oty 1
1+5% 1+s% 1+52
Toni pynkuis I'pina HaOyne BUTIIALY:

darctgs
——— —1)arctgt, te [0,5]
G(t,s) = T .
' arctgs
——(4arctgt — m), t e [s1]

Jani po3paxyemo 3HaiieMo 3Ha4€HHS IHTerpaiy BiJ oTpuManoi ¢yHkiii ['pina:
1 t 1
darctgs arctgs
J G(t,s)ds = f (—g — 1) arctgtds + f aregs (4arctgt — m)ds
T T
0

o K4

T 1 1
= tgt — 1) | —— =1 2)——1 14 t2).
(arctg ](4 Eﬂ 2n[ + t<)

. . 1 :
Tenep MOkIKMBO 3HANTH HEOOXINAHE 3HAYEHHSA G = MaX,g[q 4] fD |G(t,s)| ds ~ 0,44.

OTxe, naHa 3a/1a4a Ma€ PO3B’SI30K IpU
n—1 B

nG"inGIAl 9X04439X042X3

lgllg, , <

et

BucHoBku

B poboti Oyno chopmyiaboBaHO TeopeMy NMpO PO3B’SA3HICTH MepIoi KpailoBoi 3anadi
JUIsL  KBa3UIIHIMHMX pPIBHSAHb JIpyroro NOpSAAKY 3 M[apaMeTpoM Yy TMpaBii YacTHHI.
CdopmynpoBaHa Teopema JO3BOJISE€ OCIIHKYBAaTH PO3B’S3HICTh KBA3UTIHIMHUX PIBHSAHB 3
HeNHIMHUM cTeneHeBUM 3pocToM Mo X(t) Ta mapamerpom A. Ha OCHOBI OCHOBHOTO
pe3yiabTaty poOoTH c(hopMyILOBAHO Ta HABEACHO JBa TUIM 3aBJaHb HAa PO3B’A3HICTh MEPILOL
KpaioBoOi 3aa4l KBa3UJIIHIHHOTO PIBHIHHS APYroro MOPSAIAKY 3 MapaMeTpoM Yy MpaBii 4acTHHI
y BHUNAAKy HEIIHIMHOTO CTENeHEBOro 3pocTy Mo X(t), sSKI MOXYTh OYTH BUKOPHUCTaHI Y
MoJajbIIOMy METOJWYHOMY 3abe3nedeHHi Kypcy «Teopis HemHIMHUX omepaTopiB» Ui
cryaentiB OP «Marictp».
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SOLVABILITY OF THE BOUNDARY PROBLEMS FOR THE QUASILINEAR
SECOND ORDER EQUATIONS WITH PARAMETER IN THE RIGHT-HAND SIDE

Summary. The paper is devoted to the problem of solvability of the first boundary
value problem for a quasilinear second-order equation with a parameter in the right-hand
side and a power nonlinearity of arbitrary order. Using the operator methods (inverse
operator method, fixed point method), the theorem for the existence of a classical solution of
a problem is proved. The methodological and theoretical aspects of the application of the
obtained result for the solving of the corresponding problems are given.
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MOJIEJTIOBAHHSA KIHETUKH PO3IAY TA TOMOTIEHI3AIIIL CIIIABIB
METOAOM CEPEIHbOTO IMOJIS”

Hewjo0aeéno po3zeunenuii cmoxacmuuyHuil KiHeMUYHULL Memoo CepeoHbo20 Nojs
(cmoxacmuyna moougixayis 0asHo 8idomozo memody KMF) 3acmocosano (1) oo
MOOen08anHs 8Cix cmaodii po3nady, (2) 00 BUBUEHHS 3ANEHCHOCMI KIHeMUKU pOo3naody 8io
oughysitinoi ma enepeemuyroi acumempii cnnasy, (3) 00 8uU3HaAUeHHs POIMIPHUX eekmis npu
po3nadi y HAHOYACMUHKAX, (4) 00 MOOent08anHs OaneKux cmaoil 20MO2eHi3ayii Cniasy.

KuouoBi cioBa: audysis, TBepauil po3uuH, po3Maj CIUIaBy, TOMOTEHI3aIlis CIUIaBiB,
CTOXaCTHYHUN KIHETUYHHUIA CepPeTHbOTIOIBOBHI METO/I.

1. Beryn
Posmag 1 romoreHizamis CIUIaBiB € KJIIOYOBUMHU IpollecaMu TMpu o0podui Ta
eKcIulyartanii MatepiamiB. HackiabKkd HaM BIIOMO, YHIBEPCAJIbHOIO OIHKCY BKa3aHUX

* CTaTTIO HAIMCAaHO 3IiJIHO 3 JIEPKOKKETHOK TeMOKW “MynbTUMacTabHE MOJIEIIOBAHHS KOHKYPEHTHOT
HyKJiealil, pocTy i koajecueHuii ¢a3 B i3otepmiunux peakuisx ta CBC-peakuisx” (Ne 0118U003861) Tta
npoektom EXMONAN cromoi pamkoBoi mporpamu €Bporneiicskoro coro3y FP7-PEOPLE-2013-IRSES
(PIRSES-GA-2013-612552).
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MIPOIIECIB, SKi aBTOMAaTUYHO JaBajd O MPOTHO3 MOBEIIHKH PEaIbHOTO CIIJIaBY HA BCIX CTaIisfX
Iporecy, Ha ChOTOAHIIIHIA JeHb He IcHye [1-6]. Ilpm mnporHo3yBaHHI po3mamy
KOHIIEHTPOBAHUX CILJIaBiB 3aJUIIAETHCS OaraTo MUTaHb Ha CTAJli 3apOJIKOYTBOPEHHS, a TAKOXK
Ha ctanii koanecuenii [1-3]. Ilpu nporHo3yBaHHI rOMOreHi3allii 3aJUIIAETECA HE 10 KiHIIS
JIOCTiPKeHOI0 11 janmeka, acuMmnrormyHa crafgis [4-6]. Kpim Toro, i romorenizamis, i,
0COOJIMBO, pO3MAaJ, JOCUTh CYTTEBO BU3HAYAIOTHCS KOHIEHTPALIWHOK 3aJIeXKHICTIO
koe(dimienTiB B3aeMHOi audysii. Cka3aHe BHINE MOSCHIOE AKTYaJbHICTh 3aCTOCYBAaHHS
HOBUX METOJIIB JI0 BHUBYECHHS KIHETHKH pO3MaJy Ta TOMOreHi3alli He3Bakalouuh Ha
OaraTtopivHi TOCTIKCHHS Y IIH ramy3i.

st mocnmipKeHHsI BKa3aHHWX IIPOLIECIB B JIaHid poOOTI, MH BUOpanW HEI[OIaBHO
PO3BUHYTUI CTOXAaCTUYHUN KIHETUYHHUH CepeIHBbONONLOBUI MeToy [7]. Bkazanuii MeTon € 1o
MEeBHOI MipyW MPOMDKHMM MK MeTrogamMu MonTte-Kapio Ta ¢eHOMEHOJIOTTYHHM METOI0M
HEpPIBHOBAKHOI TEPMOJWHAMIKH. 3 OIHOTO OOKYy, HasSBHICTh CTOXaCTHYHHUX UJICHIB
3a0e3neyye camMy MOXIIMBICTh PO3Maay METacTaOUIbHOTO CIUIaBy 3  IOJOJaHHSIM
HyKJIealiifHoro Oap’epy (y TMOpPIBHSHHI 3 HEPIBHOBAXHOI TEPMOAMHAMIKOI, Yy SKii
3a0e3medyeThes JIuie 3HIKEeHHs noTerniany [106ca). 3 inmoro 6oky, meron SKMF mae Tyt
1 mepeBaru HaJ CTaHAapTHUM MeTogoM MoHTe-Kapio, ockinbku piBeHb (DIyKTYyalliid B HhOMY
3HaYHO HUXKYe, 1 TOMY, OTPHUMaHi pe3yJbTaTH HE PO3MHUBAIOTHCS BUIIAJKOBUM PO3KHIOM
KOHIEHTpaliid. Mu mocTaBuiIn 3aady MepeBipuTH, YU JO3BOJISE 3rafjaHUii METO1 AOCITIIUTH
HACTYIIHI OCOOJIMBOCTI MPOIIECiB pO3Maay Ta TOMOTeHI3alli:

1) Haiiyactimie KIHETHMKY po3maxy CIUIaBY  BHBYAIOTh 32  JOIIOMOIOIO
PEHTTEHOCTPYKTYPHOTO aHami3zy. AHaii3 JudpakTorpaM rmokasye, o B po3naai KOHKYPYIOTb
JBI TEHJEHIIIi: 3 OAHOrO OOKY, IOCHTh YacTO Ha JIiHii MiKy OJHOPITHOTO TBEPIOTO PO3UYHHY,
nournHae (OPMyBaTUCh «ILJICUE», sIKE CBITYUTH PO YTBOPEHHS oOracrteii 13 KOHIEHTPAIIIMU,
OJIM3bKUMHU 0 TMOYATKOBOI, aje 3CYHyTHX BIJIHOCHO Ili€i KOHIEHTpalii y sSKuicCh Oik. 3
TUTMHOM 4acy M€ «IIeYe» 3CYBAETHCS B3/IOBIK oci abcuuc zm(bpaKTorpaMH i TMOCTYTIOBO
dopMye okpemmii MK Ha NMEBHIM BiACTaHi BiJ MOYaTKOBOTO. B iHIMX BHIaaKax, HOBUH MK
MOJKE TIOSIBIIATUCH 3pa3y Ha MEBHIM BiJICTaHI BiJl MOYATKOBOTO ITKY, HE BiIIMICTUIIOIOYHCH BiJ
NOYaTKoBOTrO IiKy. | TiAbKM micnsg 1poro BiH mouumHae pocth. OTxe, B MpoCTOpi
KOHIIGHTpaLlll MOXJIMBE HeMepepBHE 3MIIIEHHS MKy BiJ IMOYAaTKOBOIro (Mepumiuii TuIl
NOBEJIHKM) 1 CTpUOKOMOAIOHE YTBOPEHHS IIKYy JajleKO BiJ] MOYAaTKOBOTO 3 MOJAJIBIINM
poctoM BHUCOTH (Apyruil Tun moBeniHku). [lepmuii THN MOBEMIHKK Haraaye CIiHOAATbHUN
po3maj i3 MOCTYNOBUM pO3IIAPYBAHHAM KOHIEHTpalliil. Jpyruii Tun moBeniHKU BiJINOBIAA€E
3apOJIKOYTBOPEHHIO HOBOI (ha3u B pe3yJsbTari rerepodazHoi GiaykTyarrii, sik 1€ OMUCYETHCS Y
KJIACUYHIH Teopii 3ap0IKOYTBOPEHHS.

2)  3a3Buuaii, y mpolreci po3naay BHIULSIIOTh TPU CTa/ii — HYKJICAIIit0, PiCT OKPEMHX
BUJIJICHb 3 OJHOYACHUM 301JHEHHSM MaTE€pPUHCHKOI (a3u 1, 3pelITor, KOAIECICHII0 MiX
BUJUICHHSIM, TOOTO pPICT OUIBIIMX BUIUIEHb 3a PaxyHOK PO3UYMHEHHS MEHIIMX BUJIIEHb
HUIAXOM JUQY31HHOro Mnepepo3Nnolly aToMIB 4epe3 CepelHE I0JIe MAaTepUHCHKOI (a3u.
HasBani Tpu cTanii MycaTh BUAUIATHCH, 30KpeMa, Ha YAaCOBHX 3AJIKHOCTIX AMcIepcii Ta
XapaKTepHOTO PO3MiIpy HEOAHOPITHOCTEH.

3) Ilpm iHTEHCHMBHOMY MAacHUBHOMY 3apOJKOYTBOPEHHI, a00 TpH po3Mmaji B MalHuxX
YaCTUHKaX, MaTepUHChbKa (pa3a 301THIOETHCS yXKe Ha cTajli 3apoakoyTBopeHHs. [Ipu mpomy
I CTajis 3apOJKOYTBOPEHHS MOXKE O€3MOCepeHhO TEpPEeHTH B CTAJII0 KOAJIECIICHIIII,
OMMHYBIIHM CTaJil0 POCTY 130JIbOBAaHUX BHJIUI€Hb. bijblie TOro, Majiuid po3mip 4acTHHOK
MOYK€E 3aBaJIUTH YTBOPEHHIO KPUTUYHOTO 3apoJika (Ha KPUTHUYHUHN 3apOJIOK MOXKE MPOCTO HE
CTaYUTH aTOMIB OJHOTO 3 KOMIIOHEHTIB y MaJliif YaCTHHIII MaTepuHChKoi (as3u). Tomy MoxHa
OYIKYBaTH 3HW)KEHHSI 1 3BY)KCHHS KYIIOJIy pO3Majy MpH 3MEHIICHH] po3MipiB cruiaBy [8-12].

4)  Jlas romMoreHi3arii, HaBIAKW, HaWMEHII JOCTI/DKEHA 3aK/IFOYHA  CTajis
roMoreHizaiii. 30kpema, 1 J10Ci HeMae 3arajibHONPHUIHATOrO 3aKOHY, MO SIKOMY, JAMCIIEPCIs
KOHIIEHTpaLii MpH rOMOreHi3alii 3MEeHIIYeTbCs 3 IUIMHOM 4Yacy. OJHMM 13 aBTOpPIB JaHOl
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poboTH mependayeHo EKCIOHEHINIMHE CIaJaHHs TUCTIepCii A0 HYJA, TPHYOMY IIBHIKICTh
pelnakcallii BU3HA4a€ThCSl XapaKTEPHUM PO3MIPOM HEOJHOPITHOCTI OJTHOPITHOTO CILIaBY.

MeTtor podoTH € miepeBipka 31aTHocTi HoBoro Merony SKMF mporHo3yBatu BkaszaHi
0COOJIMBOCTI KIHETUKH PO3Maay Ta TOMOreHi3alii. BilmoBiqHO 10 METH, CTaBISIThCSI HACTYITHI
3aBJIAHHS:

1)  dopmynroBaHHS AITOPUTMY 1 BIJJIATOPKEHHS MPOTPaMU B METOJI CEPEAHBOTO
noJtst 71t onucy Audy3idiHUX MPoIeciB B OiHAPHOMY CIUIaBi, B pa3i OOMIHHOTO MeXaHi3MYy.
3abe3nedyeHHsT y ajlropuTMi Ta Mporpami CHEIiaJbHUX 3aXOJiB JUIsl YHUKHEHHS BHUXOIY
KOHIICHTpaIlii 3a Mexi iHTepBaiy (0, 1).

2)  JlochmiypkeHHST KIHETMKM pO3MaJy Ta TOMOICHI3alii Npu PI3HUX CepeHIX
KOHIICHTPALIAX 1 KOHLEHTPAIIMHUX 3aNeXKHOCTIX KoedimieHTiB nudysii. Taky 3anexHicTh
MOKHAa BpaxyBaTH HACTYHHM crHocoOoM: po3riasaatd audy3iiHO Ta EeHepreTU4HO
ACUMETPUYHI CUCTEMHU.

3) JlocmimKeHHS BIUIMBY pO3MIpiB HAHOCHCTEMH Ta Cerperamii Ha 30BHIIIHIX
IpaHUILIX HAa TApaMETPH pO3Mary.

4)  BusHaueHHS 4YacOBOI 3aJCKHOCTI JUCHEPCil KOHICHTpaIii Mpu po3maii Ta
TOMOTEHI3aIlil, a TaKOX XapaKTepHOTO pPO3Mipy HEOJHOPIAHOCTEH y cucreMi. B 3amaui
TOMOT€HI3aIlil BaXXJIMBO BHOpaTH peajiCTHYHI IOYAaTKOBI yMOBHU, TOOTO pPO3MOJILI
KOHIIEHTpallif B HEOJHOPITHOMY cIiaBi. MU MPOMOHYEMO HACTYMHUN MPOCTUH CHOCIO:
MOJICTTIOEMO  TPOIEC PO3Maay 0 MEBHOI CTajii, SK OMHCAHO BHUIIE, a B MEBHUNA MOMEHT
CTpUOKOM TMiIHIMAEMO TeMIepaTrypy, ado cTprOKOM IMPOMOPIIIHHO 3MEHIIYEMO BCi MapHi
eHeprii Tak, mo0 CIUTaB BUHMIIOB 13 MiJ KyHoja po3maay i momaB B 00JACTh TOMOTE€HHOCTI.
OueBHAHO, 10 IPU I[FOMY 3aMICTh MPOJIOBKEHHS PO3Maly, CIUIaB MOYHE TOMOTEHI3yBaTHUCh,
MOYMHAIOYH MPU IIbOMY 13 CTPYKTYpH, sika chopMOBaHa MPUPOIHIM UHHOM Ha CTaii po3namay.

5) Bu3HaueHHS AaCHMITOTHYHOI TOBEIIHKH YacOBOI 3aJIe)KHOCTI Jucrepcii Ha
JAICKUX CTAIisIX TPOIECY.

2. OcnoBu metoaiB KMF i SKMF

VY cBoiit poboti [13] MapTeH po3risiHyB NpOCTy KBa3i-OJAHOBUMIPHY CaMOY3TOJKEHY
HEJIIHIAHY CepIHBOIOJIILOBY MOJIENb MIKaTOMHUX OOMiHIB. Ilg Mogens B TrpaHUYHOMY
BUIIQ/IKy PIBHOBaru aBTOMAaTUYHO NMPHU3BOAWIA 70 po3noainy boasumana. Monens MapreHa
BUKOpHCTOBYBanach beke, Epzaeni Ta iH. 17151 BUBUEHHS Ou(y31i pi3KO aCUMETPUYHUX CUCTEM
octranHi 10 pokiB [14-18] 1 6yne Hamu gani HazuBatuch moaeato MEB (Mapren-Epneni-
beke). Acumerpis nudy3ii o3Hayvae, K MpaBUIIO, 10 OJUH 13 KOMIOHEHTIB AU(Y31iHOI mapu
OUTBII JIETKOIUIABKUM, 1 TOMY BCl KoedilieHTH anu¢y3ii CHIIBHO 3aJeKaTh Bl KOHIEHTpaLlii,
sIKa 3MIHIOETHCSI Ha KiJIbKa MOPSA/KIB B MEKax JOMyCTUMOTO Jiana3oHy KoHueHTpauii. Epneni
1 bexe moxazanm, mo nudysis Ha TMOYATKOBIM cTajii HENMiHIMHA 1 MOXXE MPHU3BOJIUTH IO
3aroCTpeHHs MpoQII0 KOHIEHTpallli, a He 10 #oro 3riapkyBaHHs. Eppem, beke 1
TapanoBchkuii MpencTaBuiIn Mozelnb [19], ska BUKOpHUCTOBYBaNach AJs ONUCy (GOpMYyBaHHS
BIOpSAKOBaHUX (ha3. 30Kpema, aBTOPU BHSBWIM, IO B AYXKE€ AaCUMETPUYHMX CUCTEMax 3
00’emHoneHTpoBaHOl0 KyOiuHoto (OLIK) rparkoro, sika XapakTepU3YeThCS MOKIMBICTIO
nepexoay Il mopsaxky B mopsimox B-natyHi (B2), dopmyBaHHS NpOMIKHOI BHOPSIKOBAHOI
da3u MoXe MOYMHATUCH JAJEKO 3a MEeXaMH pPIBHOBaXHOI KoHIeHTpauii. B [20] aBTopu
3aCTOCYBAJIM 1€ METO/ JIsl BUBYEHHSI YTBOPEHHS MPOMIXKHUX (a3 mpu peakiiitHiil nudysii B
rpanenenTpoBaniil KyOiuHii (I'LIK) rparui. YTBOpeHHI, Hamnmpukiaj, yHopsAKoBaHOI ¢asu
A3B 3i ctpykrypoto L12 € dazoBum nepexonom I poxy. KsaziognoBumipna moaens MEB
onucaTtH ioro He Moxxke. Tomy B [20] aBTOpM y3araJbHWIN L0 MOJENb Il TPUBUMIPHOTO
BUMAJKYy 1 cripoOyBayiu noaatu wyM. Ilicis mporo mMeroa KiHETUYHOIO CEPEAHBOIrO MO
(KMF), 3a paxyHOok BBeAeHHS IOuHamiuHoro mymy JlamkeBeHa, OyB IepeTBOpEeHHIl B
CTOXaCTMYHUN KIHETHYHUN cepeanbo-nonboBuil Meron (SKMF [7, 21]). ITloganpmmit
PO3BHUTOK METOJIy Ta HOT0 3aCTOCYBaHHS MOKHA 3HaiiTh B [22-25].
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OcHosni nonooicents memooy SKMF:

MIBUIKICTh 3MIHM KOHIIEHTpAIlii y KOXXKHOMY BY3J11 i TPUBUMIPHOI TpaTKU, BU3HAYAETHCS
BIJIMOBITHO 710 30€PEKECHHSI pEYOBUHH, a BIIMOBITHUM JIOKAJIbHUN OajlaHC MTOTOKY B KOKHOMY
BY3JIi:

% — _i [CI (1_Cj )(I—vimjean—field + 51—viL;-mg )_ CJ‘ (1_ Ci )(I—v;n;aan—ﬁeld + é‘]—v}_?ng ):| (1)

dt =y ’ ’ ’ ’
ne C; — KOHLEHTpallisd B JaHOMY By31i [, C; — KOHIIEHTpaWid B J-My CyCiAHbOMY By3IIi, a Z —
3arajbHE YHUCIO HaHOmMMK4uX cycimiB. C; - (1 — C}-) — 1 WMOBIPHICTh TOTO, IIO BY30I I

3aiiHATHH aToMoM A, 1 cycigHiid By30a j — aromom E; T0OTO MOXIMBHMIA 0OMiH A — B,
mean—field
[ %]

cTpuOKiB aTroMiB A Bij By3na £ 10 CyCiIHBOTO By3:1a J 1 3BOPOTHIX CTPUOKIB aToMiB E.

— IIe UMOBIPHICTh TAKOTO OOMIHY 3a OJMHHMIKO Yacy, TOOTO II¢ MIBHIKICTh

M ¥ )

lkgT
ﬁ.sﬂn—fzs.d — Fu e (2)
- z z
E,=(M-V)>C +(M+V)>C, ©)
1=1 n=1

VaatVep _ Vas—Vpg
i — . M =

-
&

ne V,p (a8 =AB)— eHeprii napuoi B3aemonii, V =V,p
—Ep+Z-(Wap+Vpgl,
rp=1-¢ "kpT(# — wactoTa cnpod, E; — eHepria cignoeol To4kH),
V' — enepris 3mimyBands, M — napaMeTp acuMeTpil, skuil BU3HAYA€E 3aJIEXKHICTH MII[HOCTI
MDKXATOMHUX 3B’SI3KIB 1 pyXJIMBOCTI BiJl KOHIIEHTpalli (audy3iiiHa acumeTpis).
& Ffj.”g, y piBHsHHI (1), BigmoBizae 3a HIyM 1 € CTOXaCTUYHHM 3HAYEHHSM, IO

LA}

JIOJTA€THCS 10 YaCTOTH CTPHOKIB aTOMIB:
5Ffj.ng = %- /3-(2- random — 1) 4)

ne 2-random — 1 reHepye BHIIAJKOBE YKMCIO Ha mpoMmikky Bim 0 no 1, 4, — ammmityna
mymy, dt — KpoK 110 4acy.

3. Komn'ioTepHuii eKCIEPHMEHT po3najay CIIaBy

3.1. Mooeniosannsa «inemuku posnady o0ai cumempuunoco cnaagy. Illapamempu
Ppo3wapyeants npu po3naoi

Hnst pocmimpkeHHs audy3iHOro mporecy B OlHApHOMY CIiaBi OyJio peaii3oBaHO
YHCENbHUN alroOpuTM po3B’s3Ky piBHAHHA (1). Byno 3monenboBaHO TpPUBHMIPHY MOJEIH
I'IIK-rpatku, sika B MOYATKOBHI MOMEHT Majia OJHOPIIHUNA PO3MOALT KOHIEHTpami Cy.
HocnimkyBaBes HeBenukuil 3pazok 20% 20 X 20 nmapamerpiB rpatku (abo 40 X 40 X 40
aTOMHHUX IUTOHIMH), 0 MicTuB N=4%*20%20*20=32000 By3miB. Ha kpasix 3pa3ka 1o BCIX 0CAX
BUKOPHUCTAHO Mep10ANYHI TpaHU4HI yMOBH. [HTepBan koHuenrpariii (0,1) Oymno po3duto Ha M
Manux inrepsanie AC = 1/M. Ha koxxHOMy Kpolli 1o uacy ajis Koxuoro (i-ro) iHTepsaity
HiipaxoByBajach KUIBKICTh BY3JIiB, IO MalOTh KOHIEHTpallii BCepenHI KOXKHOIO IHTEpBaly:

AN, =N (Ci —% <C<C + %j [TominuBIIM 110 BEIMUMHY HA 3arajibHy KIJIBKICTH BY3JTIB

N i Ha BenmuuHy iHTEepBay AC, OTpUMYy€EMO PO3IIOALT Y POCTOPi KOHIIEHTPAIIIi:
N(Ci—AC<C<Ci +ACJ
)= 2 2

N-AC ’ ®)

Pi = p(Ci

C =22 +(i-1)AC, i=1.2...N
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[lpu 1BOMY yMOBa HOpMyBaHHs posmoairy @(C) y TpocTopi KOHIEHTpAIil,

ZpiAC =1, BUKOHY€ETbCS aBTOMATUYHO.

i=1
Takox Oy10 3HaNIEHO 3aJIEKHICTh ABOX IapaMETPiB PO3IIAapyBaHHs BiJl 4acy:
(1) nucnepcii:

2 13 2 1 ¥
<(AC) >==>(C(k)-<C>) ==>(C—=<C>)p,
N k=1 M i=1
1 N 1 M M
<C>==>C(k)==>C,-p,=>.C;-pAC (6)
N k=1 M i=1 i=1

ne = C =— cepeaHsi KOHIICHTpallisi KoMIoHeHTa, N — 3arajibHa KUJIBKICTh BY3JIIB Y CHCTEMI;
M—KinpKICTh IHTEpBAJIB MPOCTOPY KOHIeHTpamid, C (k)— KOHIIeHTpawlis B k-my By3ii
cucremu, C, — KOHIEHTpaIlisl B IEHTPI i-TO IHTEpBAILY MPOCTOPY KOHIICHTpALIH, Ta

(2) xapakTepHOT TOBKHHUA HEOIHOPITHOCTI CHCTEMH:

> (c()-<c>)

2 = W

15§ (Cl n)-C(K))

Z A (a/\/_)

C (kn)— KOHIICHTpAIlisi KOMIIOHEHTY A y By3Ji KN, CyCiIHBOMY 110 By3Ja «i», @ — MIbKaTOMHA
BIJICTAHb.

Jlns crpoiieHHsT po3paxyHKiB eHepris B cimioBid touni E; = 0. Jlng Bcix 3amyckiB
eHepris 3MilnyBaHHs KommoHeHTIB V =4.10%]lx. Cnouatky, sSK TecToBuii, OYB

3MO/IETIbOBAaHUH CUMETPHYHUI CIUIaB, TOOTO NMPH HYJIHOBOMY IapameTpi acUMeTpii 1 mpu
KOHIEHTpaLli /2 KOXXHOTO KOMIIOHEHTY (a0COI0THO HecTablIbHA 00J1aCTh M1 CIIIHOIAJIIIO).

o
c c
a o
p H ‘ H H p 77777777
8 2
Puc.1. EBomronist po3noaiiiB y npoctopi KoHueHTparii npu £y = 0.5, 4, = 0.25,
M=20
Fig.1. Evolution of distributions in the concentration space at C = 0.5, A, = 0.25,
M=0.
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Mu crniocTepiraeMo Cro4aTKy pO3LIMPEHHS MOYaTKOBOTO MKy Ha CTajii CIiHOAAIBHOTO
posnmany (puc.10), dYepe3 NEBHUI dYac CTAa€ OUYEBHIHHM DO3ABOEHHS PO3LIMPEHOTO
MOYaTKOBOTO MiKy (puc. 1B). YTBOpEHI MIKM PyXalOThCS OAWH BiJl OAHOTO B OiK YMCTHX
KOMITOHEHTIB 1 TiCIIsI JOCSTHEHHS MEXK PO3YMHHOCTI MOYMHAIOTH 3BY)KYBaTHCh HABKOJIO TOYOK
OiHOMATI TBEpAOTO po3unHy (puc. 1r), Mo BiAMOBIAA€ JOKAIBHIA TOMOTEHI3AIII].

02 —
2E-010 —

016 — | |

‘ ‘ 1.6E-010 —|

1.2E-010 —

dispersion
L
>

| seo1t — ||

0 ‘ 4E-011
‘ \ \ \ \ \ 0 A \ \ \ \

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

t/dt t/dt
a o
Puc.2. YacoBa 3anexKHICTh: a — IUCTIEPCii CUCTeMH Ta 0 — XapaKTepHOI JTOBKUHU
HEOJHOPiTHOCTI cucTeMu. [lyHKTHPHUMHU JIIHISIMU BUIUIEHO YaCOBUH 1HTEPBAJI, IIPH IKOMY
XapakTepHa JIOBKHHA HEOJHOPITHOCTI 3aJIMIIAETHCS Maibke CTaNOI0 (CTPYKTYpHUH
«KapKacy), a IUCIEpPCis HApOCTa€E 3a eKCIIOHEHIIHHIM 3akoHOM. [lapameTpu Bka3aHi i
pUcCyHKOM 1.

Fig.2. Time dependence: a — for the dispersion of the system and b — for the
characteristic length of the heterogeneity of the system. Dotted lines show the time interval, in
which the characteristic length of the heterogeneity is almost constant (structural
"framework™), and the dispersion increases according to the exponential law. The parameters
are shown at Fig 1.

Sk 1 mependaueno teopiero Kana-Ximbsipa, nucriepcis mMpu CHIHOJAIBHOMY pO3Maji
Pi3KO (EKCIOHEHIIIHO) HapocTae MpU Maiike MOCTIMHIN XapakTepHiil TOBKUHI, 10 BiANOBiIAE
BCe OLIBIIOMY pPO3LIAPYBAHHIO KOMIIOHEHTIB B paMKax Maike (ikcoBaHOro «kapkacy». Ha
JaJIeKiil cTajii xapakTepHa JIoBKMHaA 3poctae. Hapasi, pict A(t), ckopimn 3a Bee, nOB’si3aHumii i3
KOAJIECIIEHIII€I0, TOOTO cepeiHsl BIJACTaHb MK HEOJAHOPIAHOCTSIMHM HApoCTae (BIACTaHb MIX
nBoma yuctumMu A (un B)). Mu pospaxoByBaau, IO Ha JajeKiid crajaii KoajlecCleHIii

XapakTepHa JOBKHHA HEOJIHOPIJHOCTI CHCTeMH 30imbIlyBajnach OU MO 3aKoHy t® . Aje s
BOr0 MOTPIOHO, 00 00'eM CUMYISILIHHOTO OOKCy OyB BENUMKHUM. AJKE TMepel TUM SK

XapakTepHa JOBKMHA HEOIHOPIIHOCTI CHCTEMHM BMiille Ha 3aKOH L, BCE MOYKE 3aKiHYUTHCH
(ToMy 1110 MU Oepemo Maii 00'eMn).

Takoxx Oynu oTpumaHi MOpQOJOTiyHl AaHi, KI MOXkHa 1modauutu 3acobamu OVITO
(Open Visualization Tool). Ha puc. 3 MoxHa crocrepiraTd NOCTYHNOBHUH Mepexil BiJ
MOYaTKOBOTO CHIHOAATBHOTO PO3MaIy 0 KOAJIECIEHIII.

125



ISSN 2076-5851. Bicuuk Yepkacwkoro yHiBepcutery. Bumyck Nel. 2018

Puc. 3. Po3nan B 6inapHiii cucremi A-B.
Fig. 3. Decomposition in the binary system A-B.

HactynmauM OyB 3MOJIe/IbOBaHUI poO3Maj CILIaBy 3 HYJIbOBHM IapaMeTPOM acHMETpii,
aje 3 TIIOYAaTKOBOIO KOHIEHTpAIli€l0 B MeTacTaOumpHid obmacti (MK OlHOJAILIIO 1
cniHonammo).  Ilpu 1pboMy Ha TOYaTKOBIA  CTaaili MOKHAa OYIKYBaTH  MpOLEC
3apOJKOYTBOPEHHS 3aMICTh CHIHOJATBHOTO po3nanmy. | miiicHo, Ha puc. 4 a, 0 MOXHa
crocTepiraTd BUHUKHEHHS Ta pICT IHAUBIAyanbHOro Imiky. lle BiamoBigae yTBOpPEHHIO
3apOJIKiB 1 TOJANBIIOMY POCTY BHIIJICHD (TIPEIMITITATIB) MO iHIIMHA OiK OiHOJATI.

Puc. 4. Eomronist po3nofuniB y npoctopi koHuentpauii npu €y = 0.875, 4, =025 M = 0.
Fig. 4. Evolution of distributions in concentration space at £y = 0.875, 4, = 0.25, M =0.
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Puc. 5. YacoBa 3a5iexHICTh: a — AUCIIepCii cUCTeMH Ta O — XapaKTepHOI TOBXUHU
HEOJHOPiIHOCTI cucTteMu. [lapameTpu BiANOBIAAIOTH PUCYHKY 4.
Fig. 5. Time dependence: a — for the dispersion of the system and b — for the
characteristic length of the heterogeneity of the system. The parameters are shown at Fig. 4.
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[loBeninka nucnepcii Ta XxapakTepHOi JOBXHHHU HEOJHOPITHOCTI HA pPHC. 5 KUIBKICHO
BIJIPI3HSAETHCS B MOBEIIHKMA JUcHepcii Ta XapaKTEepHOi JOBXKUHU NpPU CIIHOAAJIHLHOMY
po3mazi Ha puc. 2. Y BUNAJAKY MpeuumiTanii Ta Hykiearii HOBOro po34rHy B HaJIpax CTaporo
picT mucrepcii MOYMHAETHCS JIMIIE TCIS TEBHOTO iHKyOamiiinoro uacy. IToeminka 4 Ha
MOYaTKOBUX CTAMisIX CHELialbHO HE BHUBYAlach TeopeTwuHo. Ha pucyHKky 5 Mu 4iTKO
CIIOCTEpIraeMo 3aTPUMKy pOCTy Jucmepcii, ToOTO 1HKyOaumiiHUI TepioA yTBOPEHHS
3aKpUTHYHUX 3aPOIKiB.

N
X2
RN
T,
ARSI
R

D

Puc. 6. 3aponkoyTrBopeHHs B OiHapHiil cucremMi A-B.
Fig. 6. Nucleation in the binary system A-B.

3.2. Bnaue napamempa acumempii na Kinemuky po3nady. llapamempu po3uapysanHs.
npu po3naoi.

VAA _VBB
2
BUXOMy 3a Mexi miamasomy (0;1). Jlns mo30aBieHHs Bix Takux apredakTiB JI0CTATHBO
3MEHIITYBaTH KPOK MO Yacy (mpu iHmmMX (GiKCOBaHUX MapameTpax). Jist JociKeHHS BILTUBY
M My jpocminimim Mojedb, B3SBIIM IapaMmMeTpu, HaBeleHI miJ puc. 1, ane NpuiHsIN

M =0.5-10" JTx.

BBenenns mapamerpa e€HEPreTHYHOi HeCUMETpU4yHOCTI M = IIPU3BOAMTE 10

p | HH
ol
03

c c
8 2
Puc. 7. EBomonist po3noiiiB y mpocTopi KoHIenTpanii y Bunaaky M = 0.5-107 JIx.

Fig. 7. Evolution of distributions in concentration space in the case A =0.5-107"J
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Puc. 8. YacoBa 3aexHICTh: a — qucnepcii cucTeMu Ta 6 — XapakTepHOT TOBKUHHU
HEOJTHOPITHOCTI cucTeMu. [IyHKTHpHUMHU JTIHISIMU BUALIEHO YACOBHH 1HTEPBAI, IPHU IKOMY
XapakTepHa JIOBKHHA HEOHOPITHOCTI 3aJIMIIAETHCS MaikKe CTAIOK0 («KapKacy), a AUCIepcCis
HapOCTa€ 3a EKCIOHEHIIMHUM 3aKkoHOM. [lapameTpu BkasaHi mifg puc. 7.

Fig. 8. Time dependence: a — for the dispersion of the system and b — for the
characteristic length of the heterogeneity of the system. Dotted lines show the time interval, in
which the characteristic length of the heterogeneity is almost constant (“framework™), and the

dispersion increases according to the exponential law. The parameters are shown at Fig. 7.

JleranpHuii aHai3 1 TMOSICHEHHS YacOBOI 3aJIEKHOCTI XapaKTepHOI ITOBXKHUHU Oye
3p00JICHO B OKpeMiii poOOTi.

3.3. Mooeniosanus po3nady y HAaHOUACMUHKAX

B nocraTHhO Manmux 4acTMHKax po3mnaja (SAKuil BiJOYBa€eTbCS y BEIMKUX YAaCTUHKAX)
Moyke OyTH NpUTHIYEHMM. MM IIyKaeMoO MOYaTOK po3najy B Malliif 4acTHHII 3 (PIKCOBAHOIO
CEpEeIHBOI0 KOHLEHTpali€lo (HampuKiIaA, HaUIMIIKOM aroMmiB B) npu mnokpokoBomy
NOHMXKEHH1 Temmeparypu. [lis Toro, moO 3apojoK pic, BiH MOBHMHEH 30MpaTH aTOMH 13
MaTepUHCHKOI (ha3zu. SIKI0 HAaHOYACTUHKA JOCTAaTHBO Maja, TO aTOMiB 5 MO)ke He BUCTaYUTH
JUI TOTO, 100 CTBOPUTM KPUTHYHHUI 3apOJI0K, TOMY 3apOJIOK HE MOX€ YTBOPUTHUCH, BCi
cripoOu Horo yTBOpeHHS OyAyTh PO3CMOKTYBaTUCh [8-12]. Hmkue mpencTaBiieHi pe3yabTaTH
nepeBipku 1miei igei merogom SKMF. Cyrtp Oyna B ToMy, WO CHUMYJALIMHMIA Ookc
NpEJCTaBIsIBCA K HAHOYACTHHKAa 31 3MIHHMUMHM po3Mipamu. llpu mneBHHX (hiKCOBaHUX
pO3Mipax HAaHOYACTHHKH 1 MPU PI3HUX TeMIleparypax (3 MeBHOIO MPOMIXKKY) MU 3HAXOJMIN
TaKy, BHILE SIKOI po3mnaj Bxke He BiaOyBaBcs. ToOTO, /U pi3HUX PO3MIpIB HAHOYACTUHOK MU
OTPUMYBAJIM Pi3HI KPUTHYHI Temreparypud. TOYHICTP IBOTO METOJly BH3HAYAETHCS
BEJIMYMHOIO KPOKY TI0 TEMIIEpaTypi.

MonentoBaHHS TPOBOAMIIOCH CIIOYATKY HpH HyNboBiH acumetpii M = 0, mouyaTkoBiit
koHueHntpauii € = 0.3, nuuamiunuit mym OyB A, =0.15 1 eHepris 3MillyBaHHA
V =2.4.10% Ix. Temmeparypa 3MmiHioBanach B Mexax Big 650 K o 900 K (3 kpokom
dT = 10 K).
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a

o
Puc. 9. Ilepepis 3paszka (po3mip 20x20x20): a — T<Ter, 6 — T>Ter.
Fig. 9. Cross section of the sample (size 20x20x20): a— T <Tc¢r, b — T> Tgr.

Puc. 10. ITepepi3 3pa3ka (po3mip 5x5x5): a — T<T¢r, 6 — T>Tgr.
Fig. 10. Cross section of the sample (size 5x5x5): a — T <T¢r, b — T> Ter.
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Puc. 11. 3anexHicTb KpUTUYHOI TEMIIEPATYpH po3naay BiJ po3mipy N (I0oBXHHA TpaHi
Ky0a HAaHOYACTUHKYU B OJIMHMIISX ITapaMeTpa TPaTKH) 3 CEpeHBOI0 KOHIIeHTpalri€eto 0.2,

M =0.

Fig. 11. Dependence of the critical decomposition temperature on the size N (length of

the cube face of the nanoparticle in units of the lattice parameter) with an average

concentration 0.2, M =0.
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OTxe, Ipy 3MEHIICHHI PO3MIpiB YACTUHKH MH CIIOCTEPIra€MO MOHMKEHHS KPUTHYHOI
temriepatypu (auB. puc. 11). Kpim Toro, Oyyo BusiBIeHO, III0 3MiHa MapameTpa acuMeTpii M,
BILUIMBY Ha 3arajbHy KapTuny 3anexsocti T(N) He Mae.

4. Komn'toTepHuii ekcriepuMeHT i3 roMoreHisauicro

B 3amaui romoreHizaiii BaKJIMBO BHUOpAaTH peaicCTUYHI TOYATKOBI yYMOBH, TOOTO
pPO3MOJiN KOHICHTpAIlii B HEOMHOPITHOMY cIUIaBi. Sk 3a3Ha4yanoch y BCTYIi, MU
MPOMOHYEMO HACTYIHHUN MPOCTHH CIOCiO: MPOBOAUMO MPOIIEC PO3Maay OO MEBHOI CTafll, IK
OMKCAHO BUINE, a B IMEBHUA MOMEHT CTPHUOKOM MiJHIMAEMO TeMIiepaTypy Tak, MO0 CIijiaB
BHUMINIOB 13 IMiJI KyIOJIa po3MaAy 1 MOTpanuB B 00J1acTh TOMOTeHHOCTI. OUYeBHIIHO, IO TpH
[IbOMY 3aMICTh MPOJOBXKEHHs pO3Majay, CIJIaB MOYHE TOMOTEHI3yBaTHCh, MOYMHAIOUU MPU
HbOMY 13 CTPYKTYpH, sika c(opmoBaHa MNPUPOAHIM YHMHOM Ha cTaaii posmany. Jis
3a0e3nedeHHs] ToMoreHizanii, Hamu Oyso cTprOkonoioHo 30imbIIeHo Temnepatypy 3 900K
o 1900K. |

0.12 —

0.08 — |

dispersion
L

0.04 — |

J

0 ‘ \ \ \ \
0 1000 2000 3000 4000

t/dt
Puc. 12. T'omorenizaris cruiaBy npu O = 0.5, A, = 0.25, M = 0: 3aneXHICTh
aucnepcii BiJ yacy, IpaBa yacTHHa rpadiky (Iicisi MyHKTUPHOI JIiH1T) — MOMEHT MUTTEBOIO
HiABUILEHHS TEMIIepaTypu CTpUOKOMOAIOHOTO mepexoay 10 FOMOTeHi3allii.
Fig. 12. Homogenization of the alloy at C; = 0.5, 4,, = 0.25, M = 0: the time
dependence of the dispersion, the right side of the graph (after the dotted line) — the moment
of abrupt temperature increase and abrupt switching to homogenization.

[Ipu 006pobui 4YMCENBHOTO EKCHEPUMEHTY MM HaMmarajiuch amnpoKCHUMYBaTH
ACHUMIITOTUYHY CTai0 TOMOTreHi3aii (IuB. puc. 12) penakcauiiHuM piBHAHHM (8):
-t

<(AC)* >= (< (AC)* >, =< (AC)" >, )e_7+ <(AC) >, (8)

ACY >—<(ACY >
T06T0 In (<( )2> <(& ):m'”) _liooy, 9)
(<(AC) >, —<(AC) >mm) 7
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e t'— MOMEHT Yacy MEpPEeKIIOYEHHS BiJl pEXHMy pO3Maiy OO0 PEXHMY TOMOIEHi3ailii,

2 . . . .
< (AC) > . — AUCIepCls MIcA BUXOLY Ha CTalllOHAp MPH 3aJaHOMY LIyMi.

(<(AC)2 > =< (M_\C)2 >m]
(< (AC)E >, — < (AC)l >m)

8 T T T T ] \
0} 400 800 1200 1600 2000
-1
Puc. 13. Tlpuknaa yacoBoi 3aJeKHOCTI aucmepcii B JorapudmidHoMy MaciiTadl mpu:
C,= 054, =025 M=0,
Fig. 13. An example of the time dependence of the dispersion on a logarithmic scale
with: C; = 0.5, 4, = 0.25, M = 0.

Otxe, sk 1 Oyno mepeadavyeHo, BiIOYBAEThCS €KCIOHEHIIHHE CMafaHHs AMCIEpCii 10
Hyns. g 3anexHicTh BHABISETbCA Maibke npsaMoro (muB. Puc. 13) 1 Bu3Ha4YeHHs
XapakTepHoro 4acy Audy3iiiHOi roMoreHizaiii MOKHa OLIIHUTH SIK BEIMYUHY OOEpHEHY /0
HaXWIy BIAMOBIAHOT MPSIMOI.

5. BucHOBKH

[TponeMoHCTpOBaHa MOXJIMBICTE KOPEKTHOTO OINHUCY po3maay Ta TOMOreHi3amii
OlHapHUX CIUIABIB 3 JOIIOMOTOI0 HemoAaBHO cTBopeHoro Mmeroay SKMF. A came:

1.  Ilpu cniHOAanbHOMY PO3Majil CUMETPHUUHOTO CIUIABY YITKO BHALISETHCS YAaCOBUM
IHTEpBaJl, MIPU SIKOMY XapaKTepHa JOBXMHA HEOJAHOPIAHOCTI 3aJHIIAETHCS MaikKe CTaJor
(«kapkac»), a JucIrepcis HapoCTae 3a €KCIOHEHIIMHUM 3aKOHOM. AHAJOTIYHUN BHCHOBOK
MO>KHA 3pOOUTH 1 /TSl ACUMETPUYHOTO CILJIaBY.

2. Posmag crmulaBy B MeTacTaOUIbHIA 00JIaCTI  XapaKTEpPU3YeThCS 3aTPUMKOIO
YTBOPEHHS JAPYroro miKy pO34MHY, IO CBIAYUTH IPO HAasBHICTh 1HKYOalIHOTO mepioay
3apOJIKOYTBOPEHHS.

3. IlinTBepmkeHO iCHyBaHHS pPO3MIPHOTO e(eKTy, a caMme, NMOMITHE MOHMKECHHS
KyHOJIy po3naay MpH 3MEHIIEHHI PO3MipiB CUCTEMHU.

4.  3ampomoHOBaHa TPOCTa CXEMa OJHOYACHOTO CIOCTEPEKEHHS pO3Maay Ta
TOMOTEHI3allll Ha pI3HUX CTaJisfX NpOIeCy 3a PaxyHOK CTPUOKOMOAIOHOTO IMiJBHUIICHHS
TEMIIepaTypH, SIKE TIEPETBOPIOE CIIAB, IO PO3MATAETHCS Y CIIJIaB, 0 TOMOTECHI3YEThCH.

5. 3MmeHmeHHS Jucnepcii NpU TOMOreHi3alii MiAKOPSAETbCS EKCIOHEHIIIHOMY
3aKOHY.

Taxkum yMHOM, 3anpornoHoBaHui HemoaaBHOo MeTo CKM® moxxe OyTH KOPUCHUM HE
JUIE [T HayKOBUX JOCIIIKEHb, ajle 1 Ui MPUBEACHHS MPAKTUYHUX Ta JJAOOpaTOPHHUX POOIT
3 KOMII'FOTEPHOT'0 MOJIETIIOBAaHHS MaTepiaiB.
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MODELING OF THE KINETICS OF THE ALLOYS DECOMPOSITION AND
HOMOGENIZATION BY THE MEAN- FIELD METHOD

Summary. The recently developed stochastic kinetic method of the mean-field
(stochastic modification of the well-known KMF method) is applied:

- to simulate all stages of decomposition,

- to study the dependence of the decomposition kinetics on the asymmetry of
interactions and diffusion,

- to study the size effects in the decomposition of nanoparticles,

- to model the late stages of alloy homogenization.

The possibility of reasonable description of the decomposition and homogenization in
binary alloys by the SKMF method has been demonstrated. Namely:

1. Kinetics of spinodal decomposition of the symmetric and asymmetric alloys is studied
in details: the time interval is clearly distinguished, during which the characteristic length of
the heterogeneity is almost constant (structural "framework™), and the dispersion increases
according to the exponential law.

2. Decomposition of the metastable alloy is characterized by a delay of the second peak
formation. It corresponds to the incubation period of nucleation.

3. The existence of the size effect was confirmed. Namely, the decomposition cupola
becomes lower and narrower with a decrease the system size.
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4. Simple scheme for the simultaneous observation of decomposition and homogenization at
the different stages of the process was suggested. This is provided by an abrupt increase of
temperature, which turns the decomposing alloy into a homogenizing alloy.

5. Dispersion at the late stage of homogenization decreases exponentially with time.

Thus, the SKMF method is useful not only for research, but, as well, can be used at
practical and laboratory works in the course of computational materials science.

Keywords: diffusion, solid solution, decomposition, homogenization, stochastic kinetic
mean-field method.
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