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NIAEHTU®UKALIUA XAPAKTEPUCTUK JUCCUITIALINN
OCHUJIJIATOPOB BAH JEP ITOJISL

Paccmompena 3a0aua  udemmugpukayuu napamempos mamemamuieckou Mooenu,
onucvlgarowell Ko1eOaHusi HeCKOIbKUX 83AUMOCBA3AHHBIX OCYULIAmMopos eaw oep llons. Taxue
cucmembvl 8O3HUKAIOM NPU MOOETUPOBAHUU MHOSUX HETUHEUHBIX PU3UYECKUX, OUOIOSUYECKUX
U NPOYUX YUKIUYECKUX NPOYECcco8, UMEIOUWUX CIONCHbIU Xxapakmep. Hckomvie napamempol
onpeoensiom HeluHelnble COCMABNAIWUEe MAMeMAmuyecKol Mooenu U Xapakmepusyom
ouccunayuro, 3HaK KOMopou 3a8Ucum Om GelUYUH OMKIOHEHUL OM NOJIO0NCEHUs. PABHOBECUS.
paccmampusaemoti cucmemsl. Ilpeononazaemces, umo 8 npoyecce Konebanuti nNPoU3800AMCs
coomeemcmeaylouue OHIAUH UBMEPEHUs. COCMOSHUA, m.e. (Aa308blll GeKMOp A6IAEmCs
uzgecmuou  @yukyueu epemenu. Jlna nocmpoenus UOSHMUDUKAMOPA HEU3BECHHbBIX
napamemposg Ucnoib308aH Memoo CUHMe3d UHBAPUAHMHBIX COOMHOULEHUL, pA3padOmManHblll
0n1sl peuwteHuss 0Opamuvix 3a0ay 6 meopuu ynpaeieHus. Memoo nozeonsem gopmuposams
KOHEeUHble COOMHOULEHUs, ONnpedesoujue UCKOMble HeU38eCnHuble KaK (YHKYUU Om U38eCmHbLX
BENUYUH.

KuaroueBble cioBa: HenuHelHble KoJieOaHUs, ocIuisATOpel BaH jxep lloms,
UACHTU(DUKAIHS TapaMETPOB, HHBAPHAHTHBIE COOTHOLICHHSI, ACHMIITOTUYECKHE OLICHKH.

1. BBenenue

Bo MHorux mnpwioxeHusXx QU3UKH, OHOJOTMM W JPYrHX HAyK B KayecTBe
NpUOIIMDKEHHOM MOJIENIA  CJIOKHBIX HEJIMHEMHBIX MPOLIECCOB HCMOJIb3YeTCsl MOJXOJ,
OCHOBAHHBIM Ha KOHILEIIUU MOJCIBHBIX YPaBHEHUN. B OCHOBE TaKOW KOHILIEIIIIUY JIEKUAT
MOJIO)KEHHUE O TOM, YTO HEOOJIBIIIOE YHCIIO XapaKTEPHBIX TUIIOB JBMKEHUHN (IIAaTTEPHOB),
CBOMCTBEHHBIX IIPOCTHIM MaTEMAaTHYECKUM MOJAEIISIM U/WJIM UX KOMOWHAIUAM, JaeT KIIF0Y
K MOHMMAHUIO M MCCIEJOBAHUI0 MHOTHMX CJIOXKHBIX siBieHUH. [lpu sTOoM amnpuopu
npearnojaraercsi, 4ro Bce (uznueckoe MHOroodpasue AMHAMUYECKHUX B3aUMOCBS3EH B
HCCIIEyeMONl CUCTEME MOXKET ObIThb NIpPEACTaBIEHO B (opMe TOCTaTOYHO MPOCTHIX
MOJIEJIbHBIX ypaBHeHUN. Takue 0a30Bble MOJEIU B OTACIBHOCTHU XOPOIIO M3YyYEHBI, UX
rapaMeTpbl UMEIOT (PU3UYECKYI0 HWHTEPIPETALMIO0, YTO CIIOCOOCTBYET Kau€CTBEHHOMY
HCCIIEIOBAHUIO HAa ATOI OCHOBE CJIOKHBIX CUCTEM pa3InyHON puzndeckoil npupoast [1].

69



ISSN 2076-5851. Bicuuk Uepkackkoro yHiBepcutety. Bumyck Nel. 2019

B uyactHOCTH, HM3BECTHO, 4YTO KOJ€0aTEIbHOE [BUKEHHE Pa3JIMYHBIX CHUCTEM,
MMEIOIIUX YCTOWYMBBIN IpEeAebHbIA LUK, MOXKET ObITh IPOMOIEIMPOBAHO CHUCTEMOM,
COCTOSILIEN M3 OJHOTO WJIM HECKOJIBKMX CBSI3aHHBIX MEXAY COOON OCIMIUISTOPOB BaH JEp
[Tonsa [2], [3]. CucTembl TaKOro pojia JOCTATOYHO IIMPOKO IPEACTABIEHBI, HAIPUMED, PU
HCCIIEIOBAHUM U MOJCIMPOBAHUM OWOJIOTMYECKUX (YHKIUNA OpraHu3Ma, TakuX Kak
cepjeyHasl JIeATeNbHOCTb, JbIXaHUE, JIOKOMOTOpPHAsi aKTUBHOCTh U Jp. B cBs3m c
MOSIBJICHUEM YCTPOMCTB, OTCIEKHBAIOIINX U PETYJHUPYIONIUX COCTOSHUE U HapaMeTpbl
MaTTEPHOB KUBBIX OPraHU3MOB, 3aJlauyd OIPEJEJICHUs] B peajJbHOM MacliTabe BpeMEHU
XapaKTEPUCTUK TAKUX CUCTEM MO Pe3yJIbTaTaM U3MEPEHUs BBIXOJHBIX CUTHAJIOB SIBIISIIOTCS
aKTyajabHbIMHU [4], [5].

OpnHa U3 Takux 3a/1ad, a UMEHHO 3a/1adya UACHTU(PUKALUU HEKOTOPHIX MapaMeTpoB
HEJIMHEWMHOW KoJIe0aTeIbHOM CUCTEMBI, PacCCMOTpEeHa B JaHHOUM crtarhe. I[Ipemmaraercs
CIIOCO0 MOJIyYeHHS! aCUMIITOTUYECKHX OIIEHOK [TapaMeTPOB, ONPEAEISIONIMX HETUHEHHBIN
XapaxkTep KoJieOaHW CUCTEMBI CBSI3aHHBIX MEXIY c000# ocmuisaTopoB BaH aep [los o
nadopMani 00 WX ABMKCHUU. BHaudasie COOTBETCTBYIOIIAs 3ajada UACHTU(DUKAITAN
pelieHa s ogHoro ocuuuisitopa BaH aep llonst, manee, mosiydyeHHbIE pe3yabTaThl
pacnpoCcTpaHeHbl Ha CUCTEMY CBSI3aHHBIX MEX]ly COOO0M OCLMILIISITOPOB.

VckoMmblii B TaHHOM paboTe mapaMerp A XapakTepus3yeT HEJIMHEWHOE CiaracMoe B
ypaBHeHUM BaH Jep [lons. @usnyuecku 3TOT mapaMeTp ONpeessieT MOpOroBoe 3HaUeHue
JUIS. BEJIMYMHBI OTKJIOHEHMS, MPHU JOCTHXKEHUH KOTOPOro JIeMI(UPOBaHUE B CHUCTEME
MEHsIeT 3HaK. /{7 ero HaxoXIeHUsI UCIOJIb3yeTcs pa3paOOTaHHBI B aHAIUTHUYECKOM
MEXaHUKE METOJI HHBAPUAHTHBIX COOTHOIICHHH [6], MOoaudHUKAIMsI KOTOPOTro B 3aJa4ax
YIIpaBJI€HUS MO3BOJISIET CUHTE3UPOBATH JIOMOJHUTEIbHbBIE CBSI3M MEXKIYy U3BECTHBIMU U
HEU3BECTHBIMHU BEJIMYMHAMU JUHAMUYECKOMN CUCTEMBbI, BO3HUKAIOIIME MPU HAOII0JaeMOM
nwkeHun [7], [8]. Merom He mnpeamonaraer JWHEAPU3AIUU HCXOTHOW CHCTEMBI U
SIBJISIETCS] CYILIECTBEHHO HEJIMHEHHBIM. B pe3ynbraTe B paboTe MOCTpOeH UASHTU(HUKATOP
JUISl CUCTEMBI OCIUJUISITOPOB, KOTOPBIM 0OecreurnBaeT aCUMMMOTOTHYECKOE OLEHHBAaHUE
HEU3BECTHBIX napaMeTpoB. IIpoBeneHHOE YHCIEHHOE MOJEIMPOBAHUE IOATBEPXKIACT
paboTOCIOCOOHOCTD MPEITI0KEHHOM CXEMbI PEeLlIeHUs 3a]jaui UACHTU(PUKAIIH.

2. 3agaya onpeaeeHUs XapaKTePUCTHK ocHMILIATOpa BaH jaep [loas

Paccmotpum ypaBHenue BaH nep Ilomnst [9], onuckiBaromiee mpomecc peakCcarmoHHBIX
KoJiebaHuil, KoTopoe 3anuieM B popme [2]

¥=(A-x)x—w’x (1)

3mech x — OTKIOHEHHE TOYKHA OT TIOJIOKCHHSI PaBHOBECHS, A— Mapamerp,
KOTOPBIN OIpeIeisieT Xapakrep MmepeMeHHoro memmduposanus, A>0. OtcyrcTBue
HeJIUHeHHoro cinaraeMoro B (1) COOTBETCTByeT TapMOHUYECKHUM  KOJIEOAHUSIM
ocumuIsITOpa 0e3 TpeHUs: ¢ COOCTBEHHOM YacTOTOW @ . OHON U3 3a71a4, BO3ZHUKAIOIIHUX
[pY U3YyYEHUU U MOJCIUPOBAHUM (PU3UUECKUX, OUOJOTUYECKUX U MPOYUX MPOLIECCOB C
MMOMOIIBIO OCIMUISITOPHBIX CHCTEM, SIBJIICTCS 3a/ava OIpeJeiicHHus mapamerpa A B
MPEIOI0KEHUH, YTO 3HaYeHus (a3oBOro BekTopa x(t),x(f) U3MEpSIOTCA B Ipoliecce
(byHKIIMOHUPOBaHUS 00BEKTA, T.€. SIBJISIOTHCS U3BECTHBIMU (DYHKIUSAMU BPEMEHH.

O6o3HauuB x, =x, x, =dx/dt, nepenumiemM (1) B BUIe cucTeMsl

xl sz,
X, =(/1—x12)x2—a)2x1, (2)
Vi =XV, =X,
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PaccMoTpuM 3amady HaxXOKICHHS Mapamerpa A Kak 3agady HACHTH(DHUKAIUU
cuctembl (2) no m3BecTHON MH(pOpManuu o JIBM)KeHUH. Takoil uHpopmanuent sBisercs
BbIXOA — (QyHKuUs y(f)=(x,(¢),x,(t)), a TaKkKe Te BEIUYUHBI, KOTOPbIE MOIYT OBITh
MOJYy4YEeHbl C HCMOJIb30BaHMEM TOJIBKO JIMIIb 3HAYEHUM BbIXona. B wactHOCTH, nanee
W3BECTHBIM OyJeM cuuTaTh Jiro6oe pemeHue 3amaun  Komm 11 cucTeMsbl
mupdepeHanbHbIX YpaBHEHUI

- _ — P
6 - U(ﬁaxl (t)axz(t))a 6(0) - 50 € R s P > 1, (3)
B kotopod pyHkiuu U (&, x,(f),x,(f)) 3aBUCUT OT U3BECTHBIX BEJIMUUH U YJOBJIETBOPSIOT
JIOCTaTOYHBIM YCJIOBHUSIM TEOPEM CYILECTBOBAaHUS W E€AUHCTBEHHOCTH pELICHUN s
t €[0,0).

Jns peuieHus MCXOAHOM 3ajayM HMACHTU(PHUKALMM HCIOJb3yeM METOJl CHHTE3a
WHBAPUAHTHBIX  COOTHOLIEHWM, KOTOpPBIA  IO3BOJISIET  IIOJy4aTb B IIpolecce
(OYHKIITMOHUPOBAHUSI CUCTEMBI aCUMIITOTHYECKUE OIIEHKU HEU3BeCTHHIX [7], [8].

3aoaua 1. HaliTk aCUMITTOTHYECKH TOYHBIC OIIEHKH TapameTpa A cuctemsl (2) mo
W3BECTHBIM 3HaYeHUsAM BbIxoga y(¢) = (x,(¢),x,(?)) .

3ameyanue. J10CTaTOUHBIM YCIOBHEM JIOKAJIBHONW MIEHTU(GUIIMPYEMOCTU CHUCTEMBI
(2) sBnsieTcs ycnoBHe Ha paHry sikoouesbix Matpul [10]

oy, oy,
WD)y pank 2029
o(x,,x,,A) 0(x,,x,)
/i€ IPOU3BOJIHAS OT BBIXOJA ¥ B3ATAa B CHILYy CUCTEMBI (2):
N 2 2
(ya.y) _(xlaxzaxza(ﬂ“_x] ))C2 - x])'

. o,y _
Jl1s1 paccMaTpuBaeMOi CUCTEMBI UMEEM, YTO IPHU JIIOOBIX X,,X, rank——-"—=2,a
o0(x,,x,)
o(y,y
rank% =3 TOJBKO JHIIb NpU X,(t) #0. Takum 0Opa3oM, JOCTATOYHBIE YCIOBUS
X5 X5,

HUJIECHTU(DUIIUPYEMOCTH HE BBIIIOJIHEHBI 111 MOMEHTOB BPEMEHHU, IIPU KOTOPBIX X, (1) =0.

Hcnonb3yeMsblil nanee noaxo MpeanoaaraeT NoJlyYeHHe aCUMITOTUHYECKUX OLICHOK
HEU3BECTHBIX. B CBsI3U C TeM, YTO YCJIOBUS MIASHTHU(GUIIMPYEMOCTH HApyLIAlOTCA Ha
JACKPETHOM MHOXECTBE MOMEHTOB BpPEMEHM, MpPEUIara€Mblid HIWKE AITOPUTM
OLICHUBaHMS OyJeT HCIOJb30BaH I  IIOCJIEJOBAaTEIBHOIO YIYYIIEHUS OLICHOK
HEU3BECTHBIX Ha MHTEPBAJIAX 3HAKOIIOCTOSIHCTBA KOMIIOHEHTHI BBIXOJA X, (f) .

3. CuHTe3 10MOJTHUTEIbHOT0 YPABHEHHS /IJIsl OnpeaejieHus A

Jia pemieHus 3anadd MAEHTU(UKALUKA HCHOJb3YEeM METOJl CHHTE3a MHBAapHUAHTHBIX
COOTHOILIEHUH, IMO3BOJISIOMIMKA TMOJlydaTh B Mpolecce (PyHKUHOHUPOBAHUS CHCTEMBbI
ACUMITOTUYECKUE OLIEHKH Hen3BeCTHbIX. CyTh JAHHOIO MOJXOJa COCTOUT B TUHAMHYECKOM
paciIupeHu HCXOJHOW cucTeMbl auddepeHIranbHbIX ypaBHEHUH (2) IOMOJHUTEIbHBIM
ypaBHeHueM (3), rae p paBHO | — yMCIy HEM3BECTHBIX B 3a7a4e 1: a UMEHHO HEU3BECTHOM

nocrositaoi A . Ipu 3tom mpassie dactu U(E, x;,X,) HOAOUPAIOTCS TaKUM 00pa3oM, 4TOObI

MOJIy4€HHasl pacuIMpeHHas cucreMa auddepeHunanbHblX ypaBHeHud (2), (3) momyckana
MHBAPUAHTHOE COOTHOLIEHHE
F(x,x,,E,1)=0 4)
CO CJIEAYIOIIMMH CBOMCTBAMU:
1) Cootroruenne (4) GopMUPYET ITOMOIHATEIBHOS YPAaBHEHHE TSI HEU3BECTHOM A,
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T.C. a—F:t 0;
oA

2) CooTBETCTBYIOIIEE 4 HUHBapUaHTHOE MHOT000Opaszue
Y. p P
M = {(x1 X, E LA S RY I F(x,,x,,E, l)} =0 o0yazaeT CBOMCTBOM TJIO0AIBHOTO MPUTSHKCHUS

JUIsl JIFOOBIX penieHuil pacmupeHHod cucteMsbl (2),(3). MHpiMu cioBamu, Ha JHOOBIX
peLIeHusIX

lim 7 (x,(2), x, (1), 5 (1), 4) = 0.

Takum oOpa3oMm, OCHOBHas WHJAES TAaKOro IOJIXOJa COCTOUT B IMOJYy4YEHUU
JIOTIOJIHUTENIBHOTO YpaBHEHUs BUAa (4) J111 HEM3BECTHOrO B 3a/1aue 1.

4. CymecTBOBaHME HHBAPUAHTHOTO COOTHOIIEHUS

[Tokaxkem, 9TO 1JIs1 pacCMaTPUBAEMOU 3a/1a4M COOTHOIIEHHS BUA (4) CyIIeCTBYIOT.

YtoO0bI cBOMCTBO 1) OBLIO BHIMMOJHEHO BO BCEH paccMaTpUBaeMoOu 00jacTu Oyaem
HCKaTh UX B BHJIC

F(x,x,,8,A)=A-¢—D(x,,x,) =0, ()
rie nepeMeHHble &(¢) SIBIAIOTCS PEIISHUSIMH BCIIOMOraTeNlbHOro auddepeHnaibHoro
ypaBHeHust (3). Ha ¢ynkuun D(x,,x,),U(E,x,,x,) NOKa HE HAKIAABIBAEM HHKAKHX

OTpaHUYEHUN, Kpome TpeOoBaHUsS HenpepbIBHOW AUPGEPEHIIUPYEMOCTH 10 CBOUM
aprymentam. Ecnu 3tu @pyHK1IMuM BbIOpaHbl TaK, YTO COOTHOILIEHUS (5) MHBApHAaHTHBI Ha
paccMaTprBacMOM PEIICHHH, TO TOTa HEU3BECTHBIN mapameTp A MOXeT ObITh HaiiieH
HENOCPEJACTBEHHO U3 paBeHCTBa (5),
A=E+D(x,x,).
Ymeeporcoenue 1. Ina nroboit muddepeHnupyemMoil mo CBOMM apryMeHTam
¢bynkumn  O(x,x,) MoxHO moaoOpars npasyro yacte  U(&,x,x,) B

nuddepeHumaibHOM ypaBHEHHMHM (3) Tak, 4YTO pPaBEHCTBO (5) BBINOIHSETCS
TOXJIECTBEHHO Ha HEKOTOPBIX peLIeHUAX pacipeHHON CHUCTEMBI
nuddepenunanbHbIX ypaBHeHUi (2), (3).
Jlokazamenvcmeo. BBenaem nepeMeHHbIEE, KOTOPBIE XAapaKTEPU3YIOT HEBS3KY B
dhopmyiie (5) Ha pemieHusix cuctemsl (2), (3).
A=5(0) = D(x, (1), x,(1)) = &(2) (6)
Huddepennupyst (6) B cuny cucremsl (2), (3), momyuaem auddepeHnuanipHoe
ypaBHEHUE JJIsl OTKJIOHEHUS &
oD oD oD oD

f=A—E—"—% ——x, = ——x,——[(6+E+D—x))x, —0’x,]-U .
g o, X or, Xy ox Xy ox, [(e+& X)X, —@7x, ] %

YtoObl paBeHCTBa (5) BBINMOIHSUIMCH TOXKJIECTBEHHO HAa HEKOTOPBIX PEIISHHSIX
cucrtembl nuddepeHunanbHbIX ypaBHeHHH (2), (3), 10CTaTOYHO I0Ka3aTh, YTO CHUCTEMA
mupdepeHnmanbHbIX ypaBHeHHH (7) AomyckaeT TpuBHaidbHOe peuieHue &£(¢)=0. s

3TOro (PUKCUpPyeM BHUJ MpPaBbIX yacTen (3), a UMEHHO: 1151 JIFOObIX @ mookuM

. oD od
§=U=-—x,~—[(+®-x)x, —0'x | ®)
1 2

B pesynbprare muddepeHumanbHOe ypaBHEHHE [JII OTKIOHEHHUS & CTAaHOBUTCA
OZHOPOJHBIM
. oD 9
P :——x2g , ( )

ox,
a 3HAYUT JIOIyCKAeT TPUBUAIIBHOE pelieHue &£(¢) =0. YTBEpKACHHUE TI0KA3AHO.
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Takum o00pa3oM, MOXHO YTBEpPXKIaTh, YTO s Jir0OoW auddepeHuupyemoit
¢ynkuun @(x,,x,) HagasubHOe 3HaueHus ¢(0) B 3agade Komm uis nud@epeHnuanbHoro

ypaBHeHUs (7) MOXKET ObITh BHIOpAHO TaKUM 00pa3oM, 4To B MOMEHT ¢ = 0 (popmyiisl (5)
CTaHOBSITCSI BEPHBIMU paBEHCTBAMU. B yacTHOCTH, 3TO 03HAYAET, UTO HaYaJIbHbIE 3HAUCHU S
U1 OTKJIOHEHUM ¢£(0) paBHBI Hyd0. B 3TOM ciydae paBeHCTBO (5) Ha TpaeKTOpHUU
paciipeHHol cucteMbl (2), (3) BBINOJHAETCS TOXIECTBEHHO, 00pa3ysi, TEM CaMbIM,
JIOTIOJIHUTENIbHOE KOHEYHOE COOTHOIIEHHE, B KOTOPOM €IMHCTBEHHBIM HEU3BECTHBIM
oCTaeTcst BemInHa A

B 06miem cimydae ocyniecTBUTh TaKOU BEIOOD &(0) HE yJ1aeTcs, MOCKOJIBKY JIJISI 3TOT0O

HEOOXOIMMO 3HATh BEIHUYHMHY A, KOTOpas, COOCTBEHHO, H SIBIIICTCS HCKOMBIM
HEU3BECTHBIM. B TO ’xe BpeMsi MOXHO MOMNbITaThCA HMCIOIB30BaTh (Gopmyny (5) mus
MTOJTyYCHUS] ACHMIITOTHIECKOMN OIICHKH ITapameTpa A Ha TOCTATOYHO IIUPOKOM MHOKECTBE
pemiennii pacmmpeHHoi cuctembl (2), (3). Hus sToro, B 4dacTHOCTH, TpeOyercsi u3
MHOJKECTBA BO3MOXHBIX QyHKUMH D(x,,X,) BBIOpaTh Takue, Il KOTOPBIX TPUBUAIBHOE

pemieHue cucreMsl (9) npu HaOmomaeMoM Bbeixone y(f) = (x,(?),x,(¢f)) obmagano Obl

CBOMCTBOM TIJI00aJIbHOM aCUMITOTUYECKON YCTOWYHUBOCTH.

5. Crabuau3anusi OTKJIOHEHU
Paccmorpum 3anauy nonodopa pynkumnu O(x,,x,), ocraromencs noka cBOOOIHOH,

C IIEJIBI0 CTAOMIU3AIIUY PEIICHUI CUCTEMBI (9).

Ob6mee pemenue (9) umeer BUI:
t

oD

£(t) = £(0) expi —[ “=(x,(7), 1,(r) - x, (2)d") .

0 OX,

CJ'ICJIOBaTeJ'IBHO, A0CTAaTOYHBIM YCJIIOBUEM, O6€CHC‘II/IBa}OHII/IM ACUMIITOTHYECCKOC
CTPEMJIIEHUE OTKIOHEHUS £(f) K HYIIO, ABJIACTCS YCIOBUE

t

lim @ (x,(7),x,(7)) - x,(7)dT = 0.
0ox,

—©
0

(10)

OueBuaHoO, 4To cymectByer kiacc GyHkuuid @(x,,x,) U Takue pemeHus x,(7),x,(t)

cucteMsbl (2), 11st KOTopbIX UHTErpai B gpopmyse (10) sBisieTcst pacXoaAIIUMCs IPU ¢ — 0 .
2

ITycte, Hanpumep, DO(x,,x,) = x?z , Toraa yciosue (10) npuHuMaeT BUI

t

lim | x3(7)d7 = 0. (11)
0

B cnyuae, ecniu HaGnro1aeMoe penieHre CUCTeMBI (2) He SIBISETCS TPUBUAIBHBIM, TO
ycinoue (11) OyaeM cyuTaTh BBITIOJHEHHBIM. JIE€HCTBUTEIBRHO, TPOBEIACHHBIC BBIIIE
IIOCTPOEHMS] HUKAK HE BJIMSAIOT Ha XapakTep JBUKEHHUS HUCXOAHON CUCTEMBI, KOTOpas
COBEpIIaeT UUKINYECKUEe He3aTyxaromue konebanus. [Ipu atom x,(¢) =0 TOIBKO JIUIIB
Ha JUCKPETHOM MHOXECTBE MOMEHTOB BpPEMEHHM, Mepa KOTOpPOro paBHA HYIJIIO.
EcrecTtBeHHO mosarath, 4TO Ha Ka)KJIoOM M3 OECKOHEUHOrO 4HCia IUKIOB KoJeOaHWi
CYIIECTBYET KOHEUYHBI MHTEPBAJI BPEMEHH JUTHHBI A, Ha KOTOPOM HETpepbhIBHAS (DYHKITUS

|x2 (t)| > a >0 Orcroma u ciaeayeT pacxoauMOCTh nHTerpaia B popmysie (11).
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6. CemelicTBO HIeHTH(PUKATOPOB NapamMeTpa 4

N3 npuBeneHHBIX BBIINIE BBIKIAAOK CIEAYyeT, YTO /Jii CUCTEeMBI (2) MOCTpoeH
WJIEHTU(UKATOP, 3aJaHHBIA KOHEUHBIM COOTHOLIEHHEM (6) u auddepeHuaibHbIM
ypaBHeHueM (8). Ilpu nocraroyHo cinaObIX OrpaHUYEHUSIX Ha HaOII0aeMOe pEelIeHUe

HUCXOAHON cHucTeMbl (2) maeHTU(PUKATOp OOECIEYHUBACT MOJYYECHHUE ACUMIITOTHYECKOMN

2

x2
OLICHKU napaMmeTpa A. B wactHocTn, s pyHkun O(x,,x,) = > HMEET MECTO

Ymeepowcoenue 2. J1nst mo00ro HETpUBUAIBLHOIO pemieHus x,(f),x,(t) cucreMsl (2)
u Jroboro HavainpbHOro 3HadeHuss &(0)B 3amaye Komm misi  BCriomMoraTeslbHOTO

nuddepeHnanbHOro YpaBHEHUS
2

£=—x, (§+%—xl)xz—w2x] ,E(0) € R (12)

dbopmyna

zzg(z)+% (13)

JIOCTABJISIET aCUMIITOTUYECKYIO OLIEHKY IapaMeTpa A.
3ameuanue. IlOCKOIBKY JOCTaTOYHBIM YycioBHEeM BblOopa ¢yHkuuu D(x,x,)

sBisgercss  ycinoBue (10), TO  cymiecTByer  IIMPOKOE  CEMEMCTBO  (YHKLU,
YAOBIIETBOPSIIONINX 3TOMY YCJIOBHIO, a, CIEI0BATEIbHO, U CEMEMCTBO COOTBETCTBYIOIIUX
UM HJICHTH(UKATOPOB, pEHIAIOIMINX 33134y 1.

7. CucreMa aBTOKo0J1e0aTeJbHBIX OCHMJLISITOPOB

PaccmoTpuM muHAMHYECKYIO CHCTEMY, 00pa3yeMOor0 IEMOYKOW M3 TPEX HEHIECHTHIHBIX
ocWIIATOPOB BaH gep Ilons, CBA3aHHBIX MEXAy COOOW TIOCPEACTBOM YIPYTUX H
JMCCUTIATUBHBIX CBs3EH [2]

. . 2 2

X =X, % = (4 —x))x, —orx + F

. . 2 2

Xy =Xy Xy = (2“2 _x3)x4 —wyx, + F,

. _ . _ 2 2

X5 = Xg> Xg = (Ay = X5)Xg — 03 5 + F

(14)

e TIEPEMEHHBIE X,,X;,X; XapaKTEPHU3YIOT OTKIIOHEHHs OCLHUIIIATOPOB OT Havala KOOPJHHAT,
a IEPEMEHHBIE X,, X,, X, — CKOPOCTH 3THX OTKIIOHEHHH, COOTBETCTBEHHO; A, A,, A, — HCKOMBIE

rmapamMeTpbl, OTBEUAIONIME 3a HEJIWHEHWHBI XapakTep KojebaHuW paccMaTpuUBaeMOn
MEXaHUYECKOM CHUCTEMBI; ),®,,®; OIPEIENIECT YAaCTOTHBIE XapPAKTEPHUCTUKH aBTOHOMHBIX

OCLMJUITOPOB. BiusiHue cBs3eil Ha JMHAMUKY CUCTEMbl YUTEHO C TOMOIIbIO (DYHKIIHHI
Fr=v(x —x;)+ p(x, —x,)
Fy =v(x—x)+v (0 —x5) + p(x, —x,) + p1(x, —x;)
Fy=v(xs —x;) + p(xs — x,)

(15)

rae v — Ko3(QQUIMEHT KECTKOCTH, (1 — KOAPOUIUEHT TUCCUTIAaTUBHON CBS3H.

Cucrema (14) xapakrepusyercss OOJBIIMM YHCIOM I[apaMETPOB M MOXKET
JEMOHCTPUPOBATh CJOXKHYI0 U pa3HOOOpa3Hyl0 KapTHHY KoJIeOATE€IbHBIX pEXHMOB.
[TockonbKy B 3HAYUTEIBHOM CTEMEHU €€ MOBEACHUE 3aBUCHUT OT BEIUYMH U COOTHOIICHHA
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napamerpoB A,,4,,A, Mexxy coOoii, TO 3a7a4a MX ONpPENEICHUS B PEAIbHOM BPEMEHH IO
JaHHBIM H3MepeHui (azoBoro Bekropa x(f)=(x,(?),x,(t),x;(t),x,(¢),x;(¢),x,(f)) MOXKeT
[IPEJICTaBISATh UHTEPEC MPU MOJICTIMPOBAHUH CIIOKHBIX KOJ1€0aTEeNIbHBIX MTPOLIECCOB.

3aoaua 2. HaiiTh acHMITOTHYECKH TOYHBIE OLICHKHU MapaMeTpoB A, A,, A, cucremsl (14)
10 U3BECTHBIM 3HaUEHUSM (a30BOro BeKTopa x(z) .

Pemenue 3amaum 2 npoBeneM o ONMCaHHOM BhIlIe cxeMe. [IpeacTaBumM HEU3BECTHBIE B
BHUJIE CYMMBbI HEOIIPEIETIEHHBIX BEJIMUYHUH

A =& () =@, (x, (1) = £,() (16)
rae g;(t) — cooTBeTcTByIOIME OTKIOHEHMsA, QyHKnun D,(.) OyneM HCKaTh Kak (yHKIMH,
3aBUCSIIUE OT €JMHCTBEHHOIO apryMeHTa X,,, a NepeMeHHble & (f) SABIAIOTCA PELICHHEM
3anaun Ko as BcnomoratenbHoM cucteMbl JuddepeHnaabHbIX YpaBHEHUN

- 3.
EO=U,&.x(1), §0)=¢, R, i=1,23 (17
[To ananoruum co cmocoboM nosrydeHus: ypaBHeHus (7) A OTKJIOHEHHS &, MOJTyYaeM B
HalieM ciaydae cucteMy JAu@@epeHUuanbHbIX  ypaBHEHMH (3HaK «'»  O3HA4aer
¢ depeHInpoBaHHE)
éi = _é:i(t)_q)le-x% = _Ui _(szt [(Si + éi + (Di _x22i—1 )x2i _a)izx2i—l + E}’i =1,2,3
[IpaBeie yactu cuctemsl (17) MONI0KUM paBHBIMU
U, = _(sz [(51 +@, - x22i—1 )Xy — a)izx2i—l + F:J ,1=1,2,3 (18)
B pesynbrare mnomyuyaem Ui OTKJIOHEHMM TpU OJMHAKOBBIX UG (depeHInaTIbHbIX
ypaBHEHUS
§=-D, xue,i=12,3. (19)
x2
Ilomarasa @,(x,,) = % 1, BOCIIOJIb30BaBIINCH PE3yJIbTaTaMU MPEbIAYIIEro pa3ena,

MOJIy4aeM
Ymeepowcoenue 3. JIns n060ro HETpUBHAIBHOTO pelieHus x(z)cuctemsl (14) u

nro0oro HavansHOro 3HadeHus &£(0)B 3amaue Komm st BCrioMoraTelbHOW CHUCTEMBI
mupdepeHmanbHbIX YpaBHEHUI

éi =Xy ( i+%_x22i—l]x2i — 0%, +F |, £(0)e R’ (20)
hopmyIBI
x5, (1)
Z’j:é(l‘)'FZiTa i=12,3, (21)

JOCTaBIIAIOT ACUMITOTUYECKYIO OLICHKY napaMmerpam A, 4,, 4, .

3ameuanue. VI3 ipuBeIEHHBIX NOCTPOECHUM JIETKO BUAETh, UTO YTBEpKIAeHUE 3
JIETKO MOJKET OBbITh PACIPOCTPAHEHO Ha LENOYKy H3 JIF000OT0 KOHEYHOro Yuciia
oCHWJLIATOPOB. bosee TOro, NOCKOJIbKY BJIMSIHUE YIOPYIHMX U JUCCUIIATUBHBIX CBA3EH Ha
JUHAMHUKY CHCTEMbI YUWTBIBA€TCS TOJIHKO JIMIIb BO BCIOMOraTeiabHbIX ypaBHeHUsX (20), To
MIOJIyYEHHBII pe3yibTaT MOXKET ObITh 0000LIEH M Ha CETh OCLUUJUISITOPOB IPOU3BOJIBHOU
CTpYKTyphl. [nst 3TOro nocrarodyHo ydecTh (MpeArnosaraercsi, 4YTO IapamMeTpbl CBs3ei
SIBJIIFOTCSI M3BECTHBIMM) B3aUMOBIIMSHUE i-TO U j-TO OCLUJUISTOPOB B COOTBETCTBYIOLIUX
BBIpAKEHUAX 1 cun Fi, Fj.
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8. UnciieHHOE MOeJIMPOBAHHE

[Ipemnoxennas B paboTe cxema pelieHUs 3aladu UACHTHU(UKAIMU OblIa YHUCICHHO
IIPOMOIETTUPOBAHA ISl IIMPOKOTO CIIEKTpa HA4aJbHBIX YCIOBUM U apaMeTpoB cuctemsl (14).
Pe3ynbTaTsl 01HOTO U3 BapUaHTOB pPacyETOB IPUBEIEHBI HA PUCYHKE.

0 05 1 15

Puc. 1. AcumnroTnueckoe onieHnBanue napameTpoB A1=2.0, 1,=4.0, 13=6.0.
Fig. 1. Asymptotic parameter estimation A1=2.0, A>=4.0, 23=6.0.

Hcnonbe3yemslii B popmynax unentudukaropa (20), (21) HaOnrogaeMblii BBIXOJ CUCTEMbI
— BekTop X(t) = (x,(?),x,(?),x;(t),x,(¢),x5(¢), x,(#)) OBUI MMOIY4YEH B PE3yJIbTATE YHUCIECHHOIO

pemenne cucteMsl quddepennmanbapix ypaBHeHuil (14). Mckomble mapamerpel 4,,4,, 4,

paBubl 2.0, 4.0 u 6.0, coorBercTBeHHO. OcTanbHble mapameTpbl: @1=3.0; 02=2.0; w3=1.0;
v=0.5; p=1.5.

PaccmoTpenHBIi BapuaHT pacuera MOJCIUPYET Cllydaild, KOTJa IEeno4YKa OCHUIUIATOPOB
BBIBEJICHA U3 COCTOSIHUS PAaBHOBECHS IyTEM CMEIIEHUS IOJIOKEHUs MepBOro u3 Hux Ha 0.5
€IMHUIL JUJTMHBI, COOTBETCTBEHHO HavaJbHbIE yCI0BUS B 3a1a4e Koum st uCX0IHOM CuCTEMBI
npuHATE paBHBIMHU: x(0) = (0.5;0.0;0.0;0.0;0.0;0.0) ; Ha4YadbHBIE YCIOBUSA I IEPEMEHHBIX
BCIIOMOTaTeNbHOM cuctembl tuddepeHianbubix ypaBHeHui (20) BeIOpaHbl pou3BoJibHO. B
nanHoM cirydae (1(0) ={(0) =£3(0) = 14.0.

Ha pucynke npusenensl rpaduxu dynxumii & (£)+0.5-x5,(¢), i=1,2,3 koTOphIe, B
COOTBETCTBUHU C YTBEP)KIEHUEM 3, aCUMITOTHYECKH CXOIATCS K MCKOMBIM 3HAYCHHSIM
mapaMmeTpoB, paBHbIM 2.0, 4.0 1 6.0. Pe3ynbTaTsl MOACTUPOBAHUS KaK JIJIS TAHHOTO, TaK U JJIS
MHOTHUX JIpyruX HaOOpOB 3HAuY€HHUH BceX MmapameTpoB cucrteMbl (14) noxaTBepkaaroT
paboTOCIOCOOHOCTD MPEI0KEHHON CXEMbI PEeLIeHHs 3a7jaui UACHTU(PUKAITIH.

9. BoIBOaBI

Paccmotpena 3agaua maeHTHUUKAIMU MapaMeTPOB, XAPAKTEPU3YIOUIUX SIBJICHUE
[IEpEMEHHON JUCCUTIALINU B CUCTEME, COCTOSIIEH U3 OHOTO UJIM HECKOJIBKUX CBSI3aHHBIX
MexXay coboi ocuumsaTopoB BaH gAep llomsa. Ilpenmoken MeTod MOCTPOCHUS
HEJIMHEWHOrO0 MACHTU(PUKATOPA, KOTOPBIM MO3BOJISET NOJIy4aTh ACUMIOTOTHYECKUE
OLIEHKU MCKOMBIX MapaMeTpoB II0 pe3yJibTaTaM HU3MEPEHMS BBIXOJHBIX CHUTHAJIOB B
pearibHOM MacmiTabe BpemeHH. Mcrnonb3yercst pa3paboTaHHBIM B aHaJIUTHYECKOM
MEXaHUKE METOJ HMHBAapUAHTHBIX COOTHOIIEHWM, KOTOpbIH B 3aJayax yIpaBJICHUS
M03BOJIIET CHHTE3UPOBATh JOIIOJTHUTENIbHBIE CBSI3U MEXK/Iy U3BECTHBIMU U HEM3BECTHBIMU
BEJIMYUHAMU. [IpoBenennoe YUCJIEHHOE MOJIEJIUPOBAHUE MIOJTBEPKIAET
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paboTOCHOCOOHOCTh NIPEUIOKEHHOM CXeMbl pelIeHUs] 3ajJauyd  HUACHTU(HKALUU.
P33pa6OTaHHBII\/1 noaxoa aCUMIITOTHYCCKOIO OLCHUMBAHMA HCHU3BCCTHBIX IIapaMCTPOB B
nanpHeWneM OyJeT HCIOJIb30BaH B 3aJadax aJallTUBHOTO YIIPABJICHUS XapaKTepoM
KOJICOaHUH OCIMIIIITOPHBIX CETEH.
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IDENTIFICATION OF DISSIPATION CHARACTERISTICS FOR
VAN DER POL OSCILLATORS

Summary. In many applications of physics, biology, and other sciences, an
approach based on the concept of model equations is used as an approximate model of
complex nonlinear processes. The basis of this concept is the provision that a small number
of characteristic types movements of simple mathematical models inherent in systems gives
the key to understanding and exploring a huge number of different phenomena. With this
approach it is a priori assumed that the entire physical manifold can be represented in the
form of fairly simple model equations. It is contributes to a qualitative study of complex
systems for various physical nature since basic models individually are well studied, and
their parameters have a physical interpretation.

In particular, it is well known that oscillatory motion of various systems with a
stable limit cycle can be modeled by a system consisting of one or more coupled van der
Pol oscillators. This systems are widely represented, for example, in the study and
modeling of some biological functions of the body, such as cardiac activity, respiration,
locomotor activity, etc. Therefore, the tasks of determining in real time the state and
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parameters of such systems based on the results of measuusaring the output signals are
relevant. One of these problems, namely, the problem of identification some parameters of
an oscillatory system, is considered in this article. In the paper it is proposed Aa method
is proposed for obtaining asymptotic estimates of parameters that determine the nonlinear
nature of oscillations for a system of interconnected van der Pol oscillators by information
about their motion. On the first step the corresponding identification problem was solved
for one van der Pol oscillator; further, the results obtained results are extended to a system
of interconnected oscillators.

The unknown parameter characterizes the nonlinear term in the van der Pol
equation and determines the threshold value for deviations at which the damping value in
the system changes sign. The method of invariant relations is used for identification scheme
design. Such approach allows us to synthesize additional relations arising between known
and unknown quantities during the observed motion of the system considered. The
constructed identifier provides an asymptotic estimation of unknown parameters for
oscillatory networks of arbitrary structure. The numerical simulation confirms the
operability of the proposed scheme for solving the identification problem.

Keywords: nonlinear oscillations, coupled van der Pol oscillators, parameter
identification, invariant relations, asymptotic estimates.

IJEHTU®IKALIA JUCUITATUBHUX XAPAKTEPUCTHUK
OCIIUJIATOPIB BAH JAEP ITOJIA

AHoTauif. Pozenanymo 3adavy idenmugpixayii napamempie mamemamuyHoi Mooeii,
SKA ONUCYE KOTUBAHHS OEKLIbKOX 83AEMON08 s13aHux ocyunamopie ean oep Ilona. Taki cucmemu
BUHUKAIOMb NPU MOOEN08AHHI 0a2amvoX HeNiHIUHUX QI3UYHUX, OI0N02IYHUX MA THUUX
YUKTIYHUX npoyecis, wjo maiome ckiaouul xapakmep. Lllykani napamempu eusnauaiomo
HeNIHIUHI CKIa008i mamemamudHoi mooeni i Xapakxmepuzyroms OUCUNAYII0, 3HAK SKOI
3anexdcums 60  GeIUYUH  BIOXUNEHb Gl  NOJIOJCEHHS  PIBHO8A2U  OAHOI  cUCMeEMU.
Ilepeobauaemvcs, wo 6 npoyeci KOAUuBanb NPOBOOAMbCSA GIONOBIOHI OHIAUH BUMIPIOBAHHSL
cmany, moomo ¢hazosuii 6ekmop € 8i0omoi yukyiero uacy. /nsa nobyoosu ioenmugikamopa
HeBIOOMUX napamempie UKOPUCIAHO Memo0 CUHMe3) IH8APIAHMHUX CHIBGIOHOULeHb, SKULL
pOo3pobieno 01 po36'a3yeanHs obepHeHux 3aday 6 meopii Kepysauus. Memoo 0o3sonse
dopmysamu CKiHUeHHI CNIBBIOHOWIEHHS, WO BU3HAYAIOMb WIYKAHI He8i0oMI AK (QYHKYIT 610
BIOOMUX GEUYUH.

KurouoBi cjioBa: HenmiHilMHI KolMBaHHS, ocuuisTopu BaH aep llons, ineHTHdIKaLIA
rapameTpiB, IHBapiaHTHI CITIBBIIHOIICHHS, aCUMITOTHYHI OIIHKH.
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