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"worst" point is determined. 4. The "worst" points are sequentially removed as long as the
correlation coefficient reaches the desired magnitude.

More over there have been analyzed the features of remote compounds that distinguish
them from the main array.
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SOLVABILITY OF THE NEUMANN PROBLEM FOR SOME CLASSES OF
IMPROPERLY ELLIPTIC FOURTH ORDER EQUATIONS

There have been explored and established the sufficient conditions of solvability of the
Neumann problem for one class of improperly elliptic fourth-order general equations in a

disk K in space C4(K)F\C3’“ (I?).With the help of Chebyshev's polynomials we build

solutions of the Neumann problem.

Key words: improperly elliptic equations, properly elliptic equations, fourth order
partial differential equations, Neumann problem, Dirichlet problem, kernel, Chebyshev's
polynomials.

1. Introduction

This paper is devoted to the existence of a solution of the Neumann problem in a disk
for fourth-order improperly elliptic differential equations of general form. The range of
problems of our work belongs to fairly important questions of the correctness of the so-called
general boundary-value problems for high-order differential equations, which spring from the
works by Hormander and Wischik, who, with the help of extension theory, proved the
existence of a correct boundary problem for linear differential equations of arbitrary order
with constant complex coefficients in a bounded domain with a smooth boundary. For high-
order equations, in particular, for fourth-order equations and later for equations of arbitrary
even order 2m, m >1 , the Dirichlet problem was studied by Babayan [1, 9] and Buryachenko
[2, 4, 5]. As to the Neumann problem, some conditions of its solvability in a disk for second-
order equations without the lowest terms were obtained in the recent work by Burskii and
Lesina [3], and for equations containing the lowest part by Bonanno [10]. For equations of
general form with a homogeneous symbol of the fourth order and higher, the Neumann
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problem has been investigated only for the properly elliptic equation (see [6]). In the present
work, we propose to carry over the methods of investigations of our previous works [6,7] ,
which were applied for studying the properly elliptic Neumann problem for the case of
improperly elliptic Neumann problem. In this work we construct solution of such problem
with the help of Chebyshev's polynomials.

2. Problem statement
Let us consider the Neumann problem in a disk for fourth-order improperly elliptic
equations with constant complex coefficients:

0'u 0'u 0'u 0'u 0'u
L0 Ju=a +a +a +a +a =0, (1)
( )u ’ ;! ] O, Ox, ? O 0x3 ’ o, Ox; ! oy
0u o’u
on? Rk on? =/ 2)
n oK n oK
where i is the unit vector of an external normal,

ax:(a i],a,{eC,kzO,...A,f]eC"“‘(@K) and [, eC?(0K), O<a<l, are

8_x]’ ox,
functions specified on the boundary 0K which can be prolonged to analytic functions in the
disk K and outside it. We recall the important definition, which is used below.

Definition. Let A, be the roots of the characteristic polynomial

LLA)=aA' +a X +a,’ +a,ld+a,=0.

We assume them to be complex, 4, € C, i.e., Eq. (1) is elliptic. The elliptic equation (1)
is called properly elliptic if the roots A, are situated equally in the positive and negative
imaginary planes:

ImA, >0, /=12, ImA, <0,k=3, 4.
Assume that all roots of the characteristic equation a,A* + a4’ +a,4* +a,A+a, =0 are

simple and not equal to +i and Eq (1) is improperly elliptic, that is one of the next conditions
are fulfied :

ImA, >0, ImA, >0, ImA, >0, ImA, <0, 3)
ImA, >0, ImA, >0, ImA, >0, ImA, >0. 4)

3. Neumann problem in complex plane
We consider here Neumann problem (2) for improperly elliptic class (3). Let us pose
z+Z z—Z o 1o .0 o 1{o .0
xX= , Y= ,then —=—| ——i— | —=—|—+i—|,and
2 2i oz 2\o0x Oy oz 2\ox oy
i:2+Q_, i:i Q—Q_) Applying these expressions to the derivatives that
Ox 0z 0Oz Oy 0z 0z

enter into (1), we obtain the new form of this equation:

o oYo aYe oaYe o
RN SUNSIMNCE CREpNCE IRV o) 5
(az H 82](82 # 82](62 #362)(62 . az]“(z) ®)
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A =i A, —i Ay =1 Ay +i
=-— s, =— Sy ==V, = — . 6
. A +i o Ay +i = Aa+i A =i ©
We also rewrite the Neumann boundary conditions (2) in complex variables. For this
purpose, we use the relations

ou ou _ou 0"u ou _ou)"
— =z—+z—, =lz—+z—| ,m=23.
On | o oz 0z on"|, 0z 0Oz
Finally, we have the following boundary conditions:
3 3 3 2 2
226?+222 82u +7z? au2+228?+226u :F](z), (7)
0z 0z°0z 0z0z 0z 0z0Z |
3 3 3 2 2
Ezab:+222 8u2+22 82u +228b;+228u :Fz(z). (8)
0z 0z0z 0z°0z 0z 0z0Z |

Here F,(z),F,(z) are functions constructed with the help of specified functions
f, €C*(0K), f, € C*(0K) from the Neumann conditions (2).

4. Solvability of the problem (5), (7), (8)
Note that the condition of improper ellipticity of Eq. (1) leads to the conditions

| 1, |<1,|v, <1,k =1,2. Obviously, the solution u(z) of Eq. (5) will have the following

form:

u(z) () (z+ul )+CD (z+u2 )+CD (z+u32)+‘1’1(2+vlz), 9
where @,, ¥,,/ =1,2,3 —are certain functions fairly smooth and analytic together with their
derivatives. We find them from the boundary conditions (7), (8). The principal role in this

study will belong to lemma on the representation of analytic functions, arising in first in [11,
12] . We substitute the solution u(z) of the form (9) in (7) and (8). For this purpose, we find:

3
U oo+ g1,2) 4 D2zt 1,7) + D7z + p1y2) 4 vIWIE +11,2),

0z>

ajjgi et 1 2)+ 1,7z + p1,2) 4 1 Oz 4 p1F) +vIPE 4 v, 2),
857“ T T AP ¥ Y AT TR S A WA R §
ZZ” — (4w )+ D (4 p,2)+ D1+ D)+ VIR v 2),
aaa“ 1ot p2)+ @ (o4 )4 0 (o4 1,F) v WIE ),
Ziu Oz + 12)+ 135 (2 + 1,2)+ iz + p12)+ Pz +v,2),
U 0o i) 0L+ 7))+ W 4v,2)

Using methodology which has been proposed in the work [6] we arrive to the following
equation for unknown coefficients of functions @,, ¥,, I =1,2,3.

Ak(Mk VT 20y v M+ quzl%zszm) Sy - (10)
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e

F
Here Mk:(Ak;Bk;Ck;Dk)T, S, = * , k=1,2,....are coefficients of functions

Gk
G—k
®,,¥,=123 and

1 1 1 v

H Hy H Vi

A, =
T T TS
‘u]k+] ‘u;+] luéc+] 1

Thus, the sufficient condition of solvability of Eq. (10) and, hence, the Neumann
problem (1), (2) is
detA, #0, Vk. (11)
Note that a similar condition arose in paper [7], where conditions of the existence and
uniqueness of solution of the Dirichlet problem for improperly elliptic Eq. (1) with condition
(3) were investigated. The solution of (10) exists because, according to (11), there exists A_kl .
Performing the substitution
Ek = A, Sps Hpv v, =6 (12)
we rewrite Eq. (10) in the form
M, +26M,,+8M,,,=S,. (13)
The obtained vector equation (13) is a fourth-order recursive equation with constant
coefficients (see [8]). Its solution M , according to the Moivre formulas [8], has the form

M, =0,(k- 1)(\[ng Yk-O, (k- 1)(\[ng +0, (k- 1)[— jg}k Yk-O, (k- 1)(— \’ET : (14)
with some polynomials Q, (k — 1), j=1..4.

5. Main result

Such a way from the previous sections we are coming to the theorem on solvability the
Neumann problem (2) for the class (3) of improperly elliptic fourth-order equations (1).

Theorem. Suppose that Eq. (1) is improperly elliptic, and 4,,4,,4,,4,are roots of
corresponding characteristic equation satisfying the conditions (3), and: A4, #4,,k # J,
A =i Ay =i Ay =i Ay +i

s Hy =~ s Hy =~ SV =T ;
’ ’ A+i ! Ay =1

AJ. #zxi,Vj=1,.,4. Let also o, ==

satisfy the condition (11):
1 1 1 v

H Hy H; V]k
T TN
‘u]k+] luéc+] luéc+] 1
and functions f, € C"* (6[( ), f,eC” (6[( ), 0<a <1 from (2) are specified on the boundary

0K and can be prolonged to analytic functions in the disk K and outside it. Then the

det
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Neumann problem (1), (2) will have a solution in the space C* (K ) N C> (I? ), which can be
represented as

u(z)z D, (z+ u12)+ @2(z+ y22)+ @S(z + y32)+ Y (E+v]z),
where ©,, ¥,,/=1,2,3 are certain functions fairly smooth and analytic together with their

derivatives and the column vector M, = (Ak;Bk;Ck;Dk )T of  coefficients
4,.,B,,C.,D, , k=12,.. of the expansion of functions ®,, ¥,,/=1,2,3 is determined by the

VR S
Moivre formulas (14).

Moreover, conditions (11) hold almost everywhere and the kernel of the Neumann
problem (1), (2) is finite- dimensional and has

d=>) (4—rankA,)
k=4
linearly independent elements, which can be represented by the Chebyshev's polynomials.
Proof. The first part of theorem has been already proved in sections 2, 3. Let us
investigate the kernel of the Neumann problem for improperly elliptic equations under
condition (3) and build the elements of kernel with the help of Chebyshev's polynomials. For
this aim fist of all let us study the asymptotic behavior of the determinant of matrix

1 1 1 v

H Hy H V]k

A, = (15)
T T TS
‘u]k+] ‘u;+] luéc+] 1
for sufficiently large k. Let |u, >|u, [l ;| and a :&, Joj :&, y =v,u,. Then we
H, H
have
1 1 1 }/k+]
1 «a Bt
det A, ~det L gt g =(1=-y)(B-a)#0,

1 ak+] ﬁk+] 1

The fact that condition (11) does not hold for at least some k (i.e., the kernel is
nontrivial) 1s illustrated by the following example. In (15), let k = 3; and
2 1 Oy = 1
H _Ea,uz __Ea Hy =0,V _5’
Then det As = 0. Thus, for improperly elliptic equations satisfying condition (3),
condition (11) does not satisfied only for finitely many k (so, condition (11) is true almost
everywhere); consequently, in this case, the kernel of the Neumann problem (1), (2) is finite-

dimensional and has

d=) (4—rankA,).
k=4
This fact is consequence of analogous result about kernel dimension of corresponding
Dirichlet problem for the improperly elliptic fourth equation of class (3) ([7]) and famous fact
about equality of dimensions of Dirichlet and Neumann problems.
Now let us build elements of the kernel of Neumann problem. In the paper [7] it has
been shown that functions
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1
u (z C, T (uz+z)——T z+Z) |+
(2)= Z ( " (z+7) 201-2) v (1 )]
(16)
1 1
+Cy| =T, (-2~ T, ,(~z2-v,2)
2n 2(n-2)
are elements of kernel of Dirichlet problem for improperly elliptic fourth order equation of

0 .
Lj « = 0. Here Ty, are Chebyshev's polynomials.

5](:0’

2

v
Let us take u, = ——-, where v, are elements of kernel of Neumann problem. From the
]

62

formulae (16), u, = ~and | T, (2)dz = - T, ,(z),we have elements
v, of the kernel of Neumann problem for case (3) of 1mproperly elhptlc equation (1):
v,(2) = ZS: i 1 (2 +72) - n = n T (uz+72)+
T L T i (e 2) S —yn—2) "
n*-3n+6 1
+ T 7)— T -
S =2 (=3 =) ) T T G Ty e ME T ED T
+Ci( 1 Tz vE) - (v
S8n(n+D(n+2) " SR —(n-2) " !
n*-3n+6 1
+ T (—z2—-v3)— T (s ).
s30T R e TN

So, theorem is proved.

Conclusions
In the present paper it has been investigated the Neumann problem in a disk for one
class of improperly elliptic fourth order differential equation in general case, that is roots
A, Ay, Ay, A, are different, do not equal +i and satisfy conditions:
ImA, >0, ImA, >0, ImA, >0, ImA, <O0.

We expanded the methods of investigations of our previous works [6, 7] , which were
applied for studying the properly elliptic Neumann problem for the case of improperly
elliptic Neumann problem, obtained sufficient condition for existence of solution of posed

Neumann problem in space C*(K)nC** (I? ),0 <a<l,and constructed solution of such
problem with the help of Chebyshev's polynomials.
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Anorauia. K. O. Bypauenko. Po3é’aznicme 3a0aui Heiimana o0na HenpasuibHO
eninmuyHux pIiGHAHL Yemeepmozo NopAaAoKy. B pobomi oOocniddiceno ma 6CMAHOBIEHO
docmamui ymosu po3e’saznocmi 3a0aydi Hetimana 0ns 00Ho20 Kiacy HenpaguibHo einmuyHux
PIBHAHb Yemeepmo2o NOpsOKY 3a2anbHo20 6u2sdy 6 kpy3i K. JJloeedeno icHyeanus po3e a3Ky
3aoaui 6 npocmopi C* (K )mC e (I? ) 3a donomoecorw noninomie Yebuwesa nobyoosarnuti
PO38 30K 3a0a4i 8 A6HOM) BURTIAOL.

KurouoBi cioBa: HenpaBUIbHO €NINTUYHI PIBHAHHS, MPABUJIBHO ENINTUYHI PIBHSIHHS,
nugepeHLiaabHl pIBHSIHHS B YaCTMHHMX IMOXIIHUX YETBEPTOro MOPSIKY, 3ajaya Helimana,
3amava Jlipixie, siapo, mosiHoMu Yeburena.
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