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XAPAKTEPHI OCOBJIMUBOCTI MPOLECY I'lITPOMEXAHIYHOI'O
CUHTE3Y HAHOITIOSACIB IIEHTAOKCHUAY BAHAIIIO

Y pobomi npedcmasneno pezyiomamu eKCNEPpUMEHMANbHO20 OO0CHIONCEHH Npoyecy
cunmesy HaHocmpiuok newmaoxcudy eanaodiro (V20s) 3a ymoe 2iopomexaniunozo eniugy 6es
3aCcmocy8aHts UCOKOmMeMnepamypHoi 00pooku. Ak 6uxXioHi KOMNOHEHMU BUKOPUCMOBYBATIUCS
nopouwiok V:0s ma 600ui pozuunu xaopudy nampiro (NaCl) piznoi konyenmpayii. Cunmes
NPOBOOUBCA ULIAXOM MPUBATIO20 NEPeMIULYB8AHHA CYCNeH3ii 3i NOCMIUHOW WBUOKICTI0
obepmanus. Y xo0i peakyii peecmpysanuce 3sminu pH, 6 s13x0cmi ma enekmponpogionocmi, wo
00360110 i0enmughikysamu emanu nepekpucmanizayii.

Memooamu ckanyrouoi enekmpoHHOI MIKPOCKONII NpOOEeMOHCMPOBAHO (HOPMYBAHHS
OOHOBUMIPHUX HAHOCMPYKMYD CMPIYKON00IOHOT MOopgono2ii 3 008d#CUHOW 00 7 MKM i
moswunoo oauzbko 10-15 wHm. 3minu nogepxwegoi cmpyKmypu CYNpo800}CYSANUCS
HOCMYNOBUM 3HUKHEHHAM BUXIOHOI 3epHUCmOi Mophonozii ma ymeopeHHAM HaHOnosAcis. 3a
00ONOMO2010  PEeHM2eHIBCbKOI  Ougpakmomempii  GUAGNEHO 3MEHUIeHHS  IHMEHCUBHOCI
KpUCMANIYHUX NiKi@ i3 4acom, wjo ceiouums npo nepexio 00 HAHOKPUCANIYHO20 CMAHY
mamepiany. Iixu 3nukanu noguicmio nicasa 96 200un 2iopomexaHiyHoi 0OpooOKuU.

Pesynomamu  yuxniunoi eonvmamnepomempii  6Ka3ylOmv HaA me, WO KOMNO3UMHI
eneKmpoou Ha OCHO8I 2pagimy 3 000a8aHHAM cuHme308anux Harnocmpivox V:0s maromo
HatKkpawji eneKmpoXiMiyHi Xapakmepucmuku cepeo YCix O0O0CHIONCY8AHUX BaAPIAHMIE.
Bonvmamnepoepamu  demoncmpyiome  4imko —upadiceni pedokc-niku ma  30L1bUeHy
iHmez2panvHy niowyy, wo ceiduums npo NiOsUWeHy numomy emHicms. IlpeocmasneHi
pe3yiomamu  niOMeepoOHCYIoms  eqPeKmuHicCms  2I0POMEXaHiuHo20 nidxody 00 CuHmesy
@YHKYIOHANbHUX HaHOMamepianie 3 HNOMEHYIanioM O BUKOPUCMAHHA 6 JiMil-iOHHUX
AKYMYIAMOPAX.

Kiro4oBi cjioBa: HaHOCTPYKTYpH, HAHOMOSCH, OKCUIM METaJliB, EHTAOKCH] BaHA/IIIo,
TiApOMEXaHIYHUI METO/1, HEPIBHOBAXH1 CICTEMHU.

1. Beryn
Po3BUTOK TEXHOJIOTi 30€epiranHs Ta NepeTBOPEHHs €HEePTii 3HAYHOI0 MipOO 3aJIeXKUTH BiJl
IIPOrpecy y CTBOPEHHI HOBHX (DYHKIIIOHAJIBHHMX MaTepiajiiB 3 HAHOPO3MIPHOIO CTPYKTYpOIO.
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30kpeMa, HAIIBIPOBIAHUKOBI OKCHIU METaliB AaKTUBHO BHBYAIOTHCS SK OCHOBA JUIS
BUTOTOBJICHHSI €JICKTPOJIiB, CEHCOpPIB, (HOTOKATAII3aTOPIB 1 JKEpPEeN KUBJIECHHS HOBOTO
nokoutinHs [1-4]. Oco6nuBuii iHTEpEC BUKINKAIOTh HAHOCTPYKTYPOBaHi (POPMH TaKUX OKCHIIB
— 30KpeMa, HaHOIOSACH, HAHOJAPOTH, HAHOAUCKUM — SKI, 3aBISIKU CBOill Mopdoiorii,
3a0€3MeuyIoTh MOKPAICHY 10HHY Ta eJIEKTPOHHY MPOBiAHICTD, MiABUIIEHY TUTOMY TOBEPXHIO
Ta MEXaHIYHY CTaOlJIbHICTb.

Cepen OKCHIIIB MEPEXiTHUX METAJIiB HAMOLIBIII MEPCTICKTUBHUM MaTepialioM ISl KaTOiB
y JITI-10HHUX aKyMYJISITOpax € nentaokcua BaHaio (V20s), 1110 MoeIHy€E BUCOKY TEOPETUUHY
€MHICTh, 0araTOCTYyIIEHEBI OKHCHO-BiJIHOBHI MEPETBOPEHHS Ta JOCTYIHICTh BHXIJIHOI
cupoBuHU [5]. Bukopucranus HaHoctpiuok V20s nae 3Mory 3MeHIIUTH IUy3iiHHUNA omip 1
nokpamuTty  enektponau. [Ipore macmTaboBaHicTh X BUPOOHHIITBA 3AJIMIIAETHCS OTHIEIO 3
OCHOBHMX NMpOo0JIEM NPAKTUYHOTO 3aCTOCYBaHHS.

Tpanuiiitai Metoau cuHTE3y, 30KpemMa TBepaodasHi ado TiApoTepMalibHi, TOTPEOYIOTh
BHCOKHMX TEMIIEpaTyp 1 THUCKIB, BHCOKOTEXHOJIOTIYHOTO OOJaJHAaHHS ab0 TPHUBAJIOr0 Yacy
00pobku [2, 4, 6]. Lle ycknmamHioe MmacmTa0yBaHHS Ta KOHTPOJb IapaMeTpiB POCTY
HaHOCTPYKTYp. Y IbOMY KOHTEKCTI1 aIbTEPHATUBOIO € TIPOMEXaHIYHI METOAHM, 1110 0a3yThCs
Ha BUKOPUCTAHHI IHTEHCUBHOTO MEPEMIITyBaHHS B YMOBaX BIIKPHUTOI CHCTeMH. Taki Miaxoau
JI03BOJISIFOTH BIUIMBATH HA KIHETUKY KpUCTai3allil IUITXOM BapitOBaHHs KOHIIEHTpaLlii TOro 4u
IHIIIOTO KOMIIOHEHTY B CHCTEMI, IIBUIKOCTI 00epPTaHHsI, BOAHEBOTO mokasHuka (pH), B’s3kocTi
cepenoBuiia Toulo [7, 9].

OxpeMy poib y TOSCHEHHI MeXaHi3MIiB POCTY HAHOCTPYKTYp BiJIrparOTh CydacHi
TeopeTuyHi Mojeni. ¥ poborax [6—8] mokazaHo, 1110 B yMOBaX HEPIBHOBAXXHOI'O CEPEOBHUILIA
peaizyloThCsl  aHI30TpOIHA HyKJeamis, OamicTH4Hi CTpHOKM aToMiB Ta eQeKTH
AHTHUJO3PIBaHHS, 110 CIPUSIOTh YTBOPEHHIO BHUJIOBKEHHX CTPYKTYp 0e3 moTpedu y BUCOKIH
temneparypi. Lli migxomn ¢opmyrooTh (Gi3WYHY OCHOBY JUISI PO3YMIHHS IOBEIIHKA
HaHOCTPYKTYp y JMHAMIYHHMX PIIMHHUX CEPEIOBUIIAX.

PesynpTat mnomnepenHiX eKCIEpUMEHTAIbHUX JIOCHIIKEHb aBTOPIB  MIATBEPIUIH
e(EeKTUBHICTh MOEHAHHS MEXaHIYHOTO MepeMilIyBaHHs Ta XiMiuHOro KaTanizy 3 6oky NaCl
SK YUHHUKIB, 1110 BU3HAYAIOTh MOpdoJorito cuHTe3oBaHux V20s HaHomnosciB [9, 10]. 3okpema,
OyJ0 BUSBJICHO 3aJIEKHICTh TPUBAIOCTI IEpeKpucTalizallii BiJ] KOHLEHTpauii coii Ta
HIBUAKOCTI MTEpPEMIIIyBaHHS.

Mertoro 1i€l poOOTH € eKCIepUMEHTaJbHE JOCTIKEHHS TMPOLECY TiAPOMEXaHIdYHOTO
CHUHTE3y HAHOIMOACIB IEHTAOKCHAY BaHaJII0 Ta aHali3 BIUIMBY KJIIOYOBHUX IMapaMeTpiB
(TemmepaTypa, KOHLIEHTpALlisl peareHTiB, IMIBUJKICTh IEpeMillyBaHHS) Ha Mopdoioriio i
€JIEKTPOXIMIUHI BIACTHUBOCTI OZIEpKaHUX CTPYKTYyp. PoboTa noeHye nonepeani pe3yabTaTu 3
HOBUMH CIIOCTEPEXKEHHSIMH, 30KpeMa CKaHyl4oi eJeKTpoHHOoi Mikpockonii (SEM),
peHtreHiscbkoi audpakrometpii (XRD) ta nukmniyHoi BosnbTamnepomMetpii (CV), 1 po3muproe
PO3yMiHHS YMOB ()OpMYBaHHSI Ta yTBOPEHHS HAHOMATEpiaiB.

2. MeToaUKA eKCTIEPUMEHTY

CuHTe3 HaHOMOSACIB MeHTaokcuay BaHalilo (V20s) 37iiiCHIOBaBCS B yMOBaxX BOJHOTO
CepeloBHIla 3 BUKOPUCTAHHSAM TIAPOMEXAHIYHOrO MeToay. SK BHUXIIHUN MaTepiai
3aCTOCOBYBaBCS KOMepLiiiHMNA mopomok V20s, po3Mipu YacTHHOK $IKOTO IEepPEeBa’KHO
3Haxonmiucss B Mexax 10-100 mxwm. Peakuiline cepenoBuiie ¢GopMyBaocs LIUISIXOM
pozuuHeHHs: xyopuay Harpito (NaCl) y 150 mu aucTuiboBaHOi BOAM 10 KOHIEHTpaLid y
miamna3zoHi 0,5 — 4 MoJb/1.

[Ticna crabimizanii Temneparypu y mexax 25-30 °C 1o po3uMHy J0JaBajid BUXiTHUN
OKCHJI BaHa/l110, 3a0€3MeUyI0ur NOCTiiHE MepeMIilllyBaHHs 3a JOIMOMOT0I0 MAarHiTHOI MIILIAIKU
13 mocTiitHO mBUAKicTIO 00epTanHs (Bix 200 1o 800 06/XB 3aekHO Bia cepii mocmiai). Jmis
pyWHYBaHHST TIEPBHHHUX  arjoMepaTriB Ta TMIABUIIEHHA OJHOPIAHOCTI  CyCIeH3ii
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BUKOPUCTOBYBAJIM  YIIBTPa3BYKOBY 00poOky TpuBamictio 10 xBuiamH. Xing —peakuii
KOHTPOJIFOBAJIM IIIJISIXOM BUMIPIOBaHHS MOKa3HUKIB pH, B S3KOCTI Ta €lEKTPONPOBIAHOCTI 32
JIOTTIOMOT'00 KOMOIHOBaHOTO BUMIPIOBAJILHOTO MPUCTPOIO. [Iporiec cuHTe3y TprUBaB BIIPOIAOBK
24-96 ronuH.

Jlnst mpuroTyBaHHS 3pasKiB 10 MopdosoriyHoro Ta (ha3oBOro aHaizy CyCHEH3iIo
NPOMHBAIIU JIUCTHIILOBAHOIO BOJIOI0 3 HACTYITHUM IHEHTPpU(DYTYBaHHAM Ta (iUIBTPYBaHHSIM.
Ocan BucymryBanu npu temmeparypi 40 °C Ha moBiTpi.

Jlns  pactpoBoi  enekTpoHHOI  Mikpockomii (SEM) mpuroryBaHHs — 3pa3kiB
3IMCHIOBANIOCS IUISIXOM HAHECEHHS CYCIEH31i Ha MeTalieBi BiAMONIpOBaHI MiIKJIATKA 3
BosbGpamy. [l 3amobiraHHs KpuCTajli3allii 3ajJuIIKOBOI COJII CYCICH3II0 IOIEepPEaHbO
po3bapmsimu y cmiBBigHOmeHHI 1:50. Jlns nocnimkeHHs (a3oBoro ckiagy warepiary
3aCTOCOBYBAJIM PEHTTCHIBChKY nudpakTomeTpiro (XRD), 3pa3ku m1s sskoi opMyBaiv MIJITXOM
HAHECEHHS PEYOBUHH HA CKIISIHY MiKIAIKY.

OIiHKY eJNeKTPOXIMIYHMX  XapaKTEPUCTHK NPOBOIWIA  METOJOM  IHKJIIYHOI
BoJIbTamIiepoMeTpii. Po0odi eIeKTpoIu BUTOTOBIISUIM UIIXOM MPECYBAHHS CYMillli TIOPOIIKY
HaHOCTPIYOK V:0s. BunmpoOyBaHHS €JIEKTPOIIB MPOBOAMIU Y TPHENEKTPOIHINH Komipii 3
BukopuctanusaM Ag/AgCl sk eTaJoHHOTO eNeKTPoaa

3. Pe3yjbTaTH Ta 00rOBOpPEHHS

Xia cuHTe3y HaHomnosciB V20s aHani3yBajaM 3a 3MIHOIO (Pi3MKO-XIMIUHUX BJIACTUBOCTEN
cycnensii, MOp(ONOTIYHUMH Ta  CTPYKTYpPHUMH  CIIOCTEPEXKECHHSMH, a  TaKOX
€JICKTPOXIMIYHUMH XapaKTEPUCTUKAMH OJISP’KaHUX MaTepiaiib.

Ha Puc. 1-3 HaBenmeHo wacoBi 3ajexHOCTi 3MiHM pH, B’S3KOCTI Ta MOTY>KHOCTI,
CHOXHMBAHOT IBUTYHOM Milanku. CriocTepiraerbes KOpesiiis MiX 3MEHIIEHHAM KUCIIOTHOCTI
Ta 3pOCTaHHSAM B’S3KOCTI CEPEIOBUINA, IO CYIPOBOIKYETHCS 3MIHOIO KOJIBOPY CyCIeH3ii Bix
CBITJIO-KOpHYHEBOTO 10 OopmoBoro. Lli 3MiHM cBimuaTh Tpo mepedir mepeKpucTamizarii
BUXITHOTO mopoiiky. [lapanensHe 3poctaHHs moTykHocTi obepranHsa (Puc. 3) Bkazye Ha
301IBIIEHHS OMOPY PYyXY, L0 MOXXE€ BUKOPHCTOBYBAaTHCH SIK ONOCEPEIKOBAHUN IHIMKATOP
3aBepIeHHs (pa3u pocTy HAHOCTPIYOK.

Ha Puc. 4 nponemoncTtpoBano BuiuB KoHueHTpanii NaCl Ha MIBHIKICT YTBOPEHHS
HaHOCTPYKTYp. BcTaHOBIE€HO, 110 HaBITh HE3HAYHE BBEACHHS COJ1 ICTOTHO MPUILIBHIIIYE
peaxIiro, TOAIL 5K 3a i BIICYTHOCTI Mpolec Moxe TpuBaTH 10 6—8 MicsauiB. Konnenrparis NaCl
BUSIBWJIACS KJIIOYOBUM (DaKTOPOM, 1110 3aITyCKae MEXaHi13M NepeKpucTani3aii.

JlogatkoBo OyJ10 TOCTIIKEHO Mporec po3unHeHHs V20s y 3aeXHOCTI BiJ IBUAKOCTI
nepeminryBanHs. Ha Puc. 5 moka3aHo 3MiHY €JeKTpONpOBIAHOCTI, SIKa 3pOCTa€ MPOMOPIIIHO
IHTEHCUBHOCTI 00€pTaHHs, XOYa YacTKa BHUXIJHOTO TOPOIIy y CYCHEH3il 3aJMIIaeThCs
He3MiHHOIO (~0,76 1/11), 0 CBIAYUTE PO OOMEXKEHY PO3UMHHICTh OKCHIy. BuMiproBaHHS
€JIEKTPOIPOBIIHOCTI cycreH3ii 31iicHIoBaocs konaykromerpom PC-800.
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Puc.1. 3Benenuii rpadik 4acoBoi 3MiHH BOJAHEBOTO MOKa3HUKA pH pO3YUHIB B 3aJI€)KHOCTI BiJl IIBUIKOCTI
nepeminryBanns. [lentokcun Banaaito V205 (5 r.), mBuakicts nepeminryBanns (200 06/xs., 500 06/xB., 800
00/xB.), TeMHIepaTypa po34mHiB B nporueci nociimkeHas (25 °C), 2M pozunn NaCl.
Fig. 1. A summary graph of the time change of the hydrogen pH indicator of the solutions depending on the
speed of mixing. Vanadium pentoxide V20s (5 g), stirring speed (200 rpm, 500 rpm, 800 rpm), solution
temperature during the study (25 °C), 2M NaCl solution.
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Puc.2. 3Beaenuii rpagik 4acoBoi 3MiHM BOAHEBOTO MMOKa3HWKA pH po34MHIB B 3aJI€)KHOCTI BiJ
koHIeHTpaiiii B po3unni V205. Ilentokens Banaairo V205 (1 r., 5., 10 r.), mBuakicts nepemimysanss (500
00/XB.), TeMIIepaTypa po34mHiB B mporeci gociimkeHss (25 °C).

Fig. 2. Summary graph of the time change of the hydrogen indicator of pH solutions depending on the
concentration in the V205 solution. Vanadium pentoxide V205 (1 g, 5 g, 10 g), stirring speed (500 rpm),
solution temperature during the study (25 °C).
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Puc.3. 3Benennii rpagik 4acoBoi 3MiHM BSI3KOCTI PO3YMHIB B 3aJIE)KHOCTI BiJl KOHLIEHTpALl B pO34nHi
V20s. TTentokena Banaxito V205 (1 1., 5 1., 10 1.), mBuakicts nepeminryBauus (500 06/xB.), Temmeparypa
po3uuHiB B mporeci gocmimkerns (25 °C).
Fig. 3. A summary graph of the time change in the viscosity of solutions depending on the concentration in
the V205 solution. Vanadium pentoxide V205 (1 ¢, 5 g, 10 g), stirring speed (500 rpm), solution temperature
during the study (25 °C).
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Puc.4. 3Benennii rpadik 9acoBoi 3MiHI BOJAHEBOTO MOKa3HUKA PH po34MHIB B 3aJIe)KHOCTI Bif
koHenTpaiiii B po3unti NaCl. [Tenrokcun Banazgiro V205 (5 r.), mBuaKicTh nepeminryBauus (500
00/xB.), TeMIiepaTypa po3unHiB B mipotieci gocmimkerss (25 °C), pizHa konnentpariist NaCl (0M,0.5 M,
1M,2M,3M).

Fig. 4. A summary graph of the time change of the hydrogen indicator of the pH of the solutions
depending on the concentration in the NaCl solution. Vanadium pentoxide V20s (5 g), stirring speed
(500 rpm), temperature of solutions during the study (25 °C), different concentration of NaCl (OM, 0.5
M,1M,2M,3M).
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Puc.5. YacoBa 3MiHa eNEKTPOIPOBITHOCTI pO3UMHY Yy TpoIieci iHTeHCHBHOTO nepeminryBanHs (500 o6/xB) 1 1., 5
r., 10r. mopomky V205 npu Temneparypi cycnensii 25°C.
Fig. 5. Temporal change in electrical conductivity of the solution during intensive mixing (500 rpm) of 1 g, 5g,
10g of V205 powder at a suspension temperature of 25°C.

SEM-ananiz (Puc. 6—7) no3BoimB (QikcyBaTH eBoiomiro Mopdosorii. Buximnuit
MOPOUIOK MpeICTaBIeHUIl MACUBHUMHU arjloMepaTaMu 3 HerpaBuibHO0 dopmoto (Puc. 6), Toxi
K mmicis 72 roauH nepeminryBaHHas npu S00 00/XB yTBOPIOIOTHCS BUJOBXKEHI CTPIUKONOIOHI
HaHOCTPYKTYpPH JOBXHUHOIO 10 7 MKM, mupuHoo 200-300 HM Ta ToBIIMHOIO O1m3bK0 10-15
M (Puc. 7).

PentrenoctpykrypHuii anaini3 (Puc. 8) ninTBepauB mocTynoBy 3MiHy (a30BOro CTaHy.
Uepe3 24 TOAMHU CIIOCTEPIra€Tbesi BHPAKECHUH TUPPAKIIHHUK K, XapaKTepHUH JUIs
optoroHasnibHoi (a3u V20s. Ilicns 48 roguH — MOMITHE 3HMXKEHHS IHTEHCHBHOCTI MIKY, 3
MOJAJIBIIIMM 3HUKHCHHSM KPUCTAIIYHUX CHUTHAJIB Ta JOMIHYBaHHSM IUQy3HOro (HOoHY, 110
CBIAYUTH PO MEPEXi J0 HAHOKPUCTAIYHOT 200 aMop(HOT CTPpYyKTYpH (po3Mip 4acTHHOK < 20

£ Sof o W \ N
Wegr 300KCK EHT= 600KV  Signal A=InLens Stage atT= 00° Mag= 1472KX EHT= 500kv  Signal A=InLens Stage atT= 00°
2um WD=53mm  Sample ID = V205 powder EsB Grid= 1600, | | 1um WD=53mm  Sample ID = V205 powder ESE Grid= 1500V,

Puc. 6. PEM 3HiIMKH BUXiTHOTO TIOPOIIKY IIEHTAOKCHIY BaHAIIO.
Fig. 6. SEM images of the original vanadium pentoxide powder.
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Puc. 7. 3HiMKH yTBOpeHHX HaHonosiciB V205 npu iHTEHCHBHOMY IIepeMilllyBaHHi cycrneHsii 3 uacrororo 500
00/xB nipu Temmnepatypi 25°C.
Fig. 7. Photographs of the formed V205 nanobelts during intensive stirring of the suspension at a frequency of
500 rpm at a temperature of 25°C.
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Puc. 8. Criextpu peHTreHiBebkoi qudpakromeTpii nepeTBopeHHs B HaHONosick V205 npu nepeMintyBaHHi
cycnensii 3 yacroroto 500 06/xB npu Temmnepatypi 25°C npotsrom: 4 ron, 24 rox, 48 rox, 72 ron, 96 rox.
Fig. 8. X-ray diffractometric spectra of transformation into V205 nanobelts with stirring of the suspension
with frequency of 500 rpm at 25°C for: 4 hours, 24 hours, 48 hours, 72 hours, 96 hours.

EnexTpoxiMiuHi BIIACTHBOCTI OIIIHIOBAJIM METOJOM IIMKJIIYHOI BOJBTaMIIEPOMETPIl
(CV) y po3unni 1M KCI npu mBuakocTti ckanyBaruas 50 mV/S y Mexax moTeHIianis Big —1,5
B mo +1,5 B. lnst mociimpkeHHs OyJI0 BUTOTOBJICHO CEPIf0 €IEKTPOIIB: 3 UUCTHM TIpadiToM, i3
HaHECEHUM KOMEpUIMHUM Ta mojApiOHeHMM mopomkoM V20s, 3  CHHTE€30BaHUMHU
HaHOCTPIYKaMH, a TAKOX KOMIIO3UTHUH BapiaHT (TpadiT/HaHOCTPIUKH y criBBigHOIIEeHHI 1:1).
Ha Puc. 9 nokaszaHo, 1110 KOMIIO3UTHUN €JIEKTPO]] POIEMOHCTPYBaB HAOUIBIITY 1HTErpaIbHY
miomry CV-kpuBOi Ta HallBUpa3Hilll OKUCHO-BIIHOBHI ITIKH, IO CBIAYHUTH MPO MOKPAIIECHY
MUTOMY €EMHICTb 1 €()eKTUBHICTh IEPEHOCY 3apsIy.
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Puc 9. Kpusi nuxitigaoi Boasrammnepometpii (CV) BUTOTOBICHHUX €JICKTPOIIB 3 HAHOTIOSCIB
V205(rpaditoBuii erexkTpoa, kKoMmepiiiHuii mopomok V205, moapiOneHnit nopomok V205, HAHOMOSCKH,
HaHomosicku 3 rpaditom (1:1))

Fig. 9. Cyclic voltammetry (CV) curves of manufactured electrodes from V205 nanobelts (graphite
electrode, commercial V205 powder, crushed V205 powder, nanobelts, nanobelts with graphite (1:1))

Takum 4MHOM, TIPOBENEH] TOCITIKEHHS MIATBEPIKYIOTh MOXKIIUBICTH KOHTPOJIHOBAHOTO
CHUHTE3Y HAaHOCTPYKTYp MEHTAOKCHIYy BaHaJlI0 IUIIXOM BapilOBaHHS OCHOBHMX IapaMeTpiB
nporecy. OTpuMaHi pe3yIbTaTH MOXKYTh OyTH KOPHCHUMHU IS TIOIAJIBIIOTO BIOCKOHAICHHS
METO/IIB CUHTE3Y Ta PO3LIUPEHHS 3aCTOCYBAaHH OTPUMAaHUX HaHOMAaTepialiB.

4. BucHoBknu

Y poboTi NpoBeAEHO KOMIUJIEKCHE JOCIIKEHHS TMpOLECY CHUHTE3y HaHOCTPIUYOK
neHraokcuny BaHafito (V20s) B yMoBax TiJ[pOMEXaHIYHOro BIUIMBY. BcTaHOBiIeHO, 1O
IHTEHCUBHE nepeMinryBanHa B npucytHocTi NaCl sk karamizatopa 3a0e3nedye eQeKTUBHY
nepeKpHrcTaNi3alilo KOMEpLUiHHOro MOPOLIKY B OJHOBHUMIPHI HAHOCTPYKTYpH Oe3 moTpedu y
BHUCOKOTEMIIEpaTypHiil TepMo0oOpoO1Ii.

3miHa pH, B’43KOCTI Ta MOTYKHOCTI IEPEMILIyBaHHS MOXE CIYTyBaTH HENpPSIMUM
IHMKAaTOPOM eTariB cuHTe3y. Mopdosoriunuili aHani3 NiATBEpIUB YTBOPEHHS BUIOBKEHUX
HaHOMNoACIB 13 po3MipamMu 10—15 HM y TOBHIMHY Ta 0 7 MKM y JOBXHHY. PeHTreHiBcbka
mudpakToMeTpis 3adikcyBajia 3MEHILIEHHS KpPUCTANIIYHOCTI NPOAYKTY Ta Hepexia 1o
HaHOKPHUCTAIIYHOro a60 aMOp(HOTO CTaHy.

JlocaimkeHHsT eeKTPOXIMIYHUX XapaKTePUCTHUK CHHTE30BaHUX HAHOCTPYKTYP METOIOM
uKIiyHOI BosibTamnepometpii (CV) mokaszano, o KOMIO3UTHI €JIeKTPOIU, BUTOTOBJIEH] Ha
OCHOBI TpadiTy 3 J0AaBaHHIM CHHTE30BaHUX HAHOCTPIYOK V20s, TEMOHCTPYIOTH MIABUILEHY
OUTOMY €MHICTh 1 CTaOiIbHICTh OKHUCHO-BITHOBHUX XapakTtepucTuk. Lle migTBepmxye
JOLIJIbHICT, BUKOPUCTAHHS OJIEp)KaHUX HaHOMAaTepiaiB K KaTOJHUX KOMIIOHEHTIB Y JITii-
10HHUX Oatapesx.

OTtpuMaHi pe3ysbTaTd MIATBEPDKYIOTh €(DEeKTUBHICTh BUKOPUCTAHHS T1IPOMEXaHIYHOTO
METOAY JJISl CHHTE3y HAHOCTPYKTYP NMEHTAOKCHly BaHAIII0 Ta BIIKPUBAIOTh HOB1 MOXJIMBOCTI
JUTSL TIOalibIoi ontumiszaiii nporecy. [logansimmii po3BUTOK METOAY Ta MOTO ajarTailis 10
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YMOB

MacimTabHOr0 BHUPOOHMIITBA MOXYTh CIHPHUATH CTBOPEHHIO BHCOKOE(PEKTHBHUX

TEXHOJIOTil CHHTE3y HaHOMAaTepialiB IS 3aCTOCYBaHHS €JIEKTPOHIlli, CHCTEMaX HAKOMMYCHHS
eHeprii, CCHCOPHUX MPUCTPOSIX Ta IHIIMX MEPCIIEKTUBHUX Taly3sX TEXHIKH.
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3MICTOBHI JMUCKYCil Ta MIATPUMKY IIiJl Yac MPOBEICHHS EKCIEPUMEHTAIBHHUX JOCIIIKCHb.
PoboTa BukoHaHa 3a MiATPUMKH MiHICTEpCTBA OCBITH 1 HAyKH YKpaiHu (HOMEp Aep>KaBHOI
peectpartii: 0121U113219).
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SPECIFIC FEATURES OF HYDROMECHANICAL SYNTHESIS OF
VANADIUM PENTAOXIDE NANOBELTS

This study offers a comprehensive analysis of the hydromechanical synthesis process for
one-dimensional vanadium pentoxide (V:0s) nanobelts. The research aims to develop a
scalable, ambient-condition methodology to produce nanostructured materials for advanced
energy storage applications. Aqueous suspensions containing commercial V:0s powder and
varying concentrations of sodium chloride (NaCl) were subjected to intensive magnetic stirring
without thermal post-processing. The experimental procedure involved monitoring the
evolution of physicochemical properties over time, enabling detailed insight into the
crystallization and growth behavior under turbulent liquid-phase conditions.

The evolution of the suspension’s chemical and physical properties was monitored using
measurements of pH, viscosity, and electrical conductivity. These indicators provided valuable
insight into the reaction kinetics and nucleation dynamics. pH decreased progressively during
the synthesis, signifying the acidification of the medium and possible hydrolysis reactions
involving vanadium species. Simultaneously, viscosity increased, indicating the formation of
extended molecular networks and colloidal intermediates. The observed changes in electrical
conductivity confirmed the dissolution of V:0s and the subsequent saturation of the solution.
These changes serve as indirect indicators of the progress of nanostructure formation.

Morphological transformation during the synthesis was documented through scanning
electron microscopy (SEM). The initial commercial V05 powder consisted of coarse particles
with irregular shapes and low aspect ratios. After 72 hours of hydromechanical treatment, the
formation of ribbon-like nanostructures was observed. These nanobelts displayed dimensions
ranging from 10-15 nm in thickness and several microns in length, with smooth surfaces and
apparent alignment. The observed anisotropic growth was likely governed by crystallization
along preferred lattice directions, influenced by flow patterns and ion-mediated surface
processes.

X-ray diffraction (XRD) analysis complemented the SEM observations. Initially, sharp
diffraction peaks corresponding to the orthorhombic structure of V:0s were present. With
increasing treatment time, a decline in peak intensity and broadening of diffraction features
were recorded. By the end of a 96-hour synthesis cycle, the crystalline signals had nearly
vanished, and the patterns suggested a transition to a predominantly amorphous or
nanocrystalline phase. These results underscore the mechanical disruption of long-range order
induced by constant shear and collision forces in the suspension.

Electrochemical performance of the synthesized nanostructures was assessed using cyclic
voltammetry (CV). Several electrode configurations were tested, including pristine graphite,
graphite with untreated commercial powder, and composites with V205 nanobelts at different
mass ratios. The composite electrode with a 1:1 mass ratio of graphite and nanobelts
demonstrated the most favorable electrochemical behavior. Well-defined redox peaks, high
reversibility, and increased charge-storage capacity were observed in comparison with
reference electrodes.

Further analysis of the CV profiles revealed rapid ion insertion/extraction kinetics,
enhanced by the high surface area and one-dimensional architecture of the nanobelts. These
structures facilitated efficient ion transport and minimized resistance. Additionally, the uniform
dispersion of nanostructures within the graphite matrix improved electronic connectivity and
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mechanical integrity. The findings highlight the synergy between nanostructured V.0s and
conductive matrices in optimizing electrochemical performance.

Beyond energy storage, the synthesized V.0s nanobelts exhibit promising characteristics
for applications in chemical sensing, electrocatalysis, and photonic devices. Their high surface-
to-volume ratio, redox activity, and structural flexibility make them suitable candidates for
multifunctional systems. The ability to tune the synthesis parameters — such as salt
concentration, stirring speed, and process duration-enables control over product morphology,
crystallinity, and functional behavior.

The use of NaCl as a catalytic additive is of particular interest. It accelerates the
breakdown of V:0s agglomerates and promotes nucleation. The presence of chloride ions may
alter the ionic strength and dielectric environment of the suspension, facilitating enhanced
diffusion and templated growth. These effects warrant further investigation, particularly
regarding ion-specific interactions and their implications for crystal engineering.

From a methodological perspective, the study showcases how mechanical forces—
traditionally overlooked in crystallization — can direct nanoscale material formation under mild
conditions. The interplay between turbulence, shear stress, and particle-solution interactions
contributes to a new paradigm in low-temperature nanomaterials synthesis. This paradigm
avoids complex autoclave systems or hazardous reagents, offering a sustainable alternative for
industry and research.

The experimental framework developed here may be adapted to other metal oxide systems.
For instance, analogous hydromechanical protocols could be applied to synthesize
nanostructured TiO:, ZnO, or Fe:0s. Moreover, the incorporation of dopants or functionalizing
agents into the suspension could further expand the utility of the process. The hydromechanical
route offers excellent compatibility with green chemistry principles, potentially reducing waste
and energy consumption.

The findings also open avenues for integrating such nanomaterials into hybrid energy
storage systems, such as supercapacitor—battery hybrids or solid-state cells. The scalability of
the method, combined with its reproducibility and material efficiency, enhances its appeal for
applied research and pre-industrial prototyping. Furthermore, the technique may be tailored
for batch or continuous-flow processing, enabling production at various scales.

In summary, this study delivers an extensive characterization of a low-temperature,
solution-based strategy for synthesizing V-Os nanobelts. It demonstrates the critical role of
hydrodynamic conditions and salt-mediated mechanisms in controlling the structure and
performance of nanomaterials. The synthesized nanobelts exhibit favorable physical and
electrochemical properties, confirming their suitability for energy-related technologies. The
approach represents a significant advancement in scalable nanomaterials fabrication and
paves the way for further studies in hydrodynamically controlled synthesis strategies.

Key words: nanostructures, nanobelts, metal oxides, vanadium pentoxide, hydrothermal
method, nonequilibrium systems.
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PO3POBKA TEXHOJIOT'TI 3’°€fTHAHHS MIJTHUX KOHTAKTIB 3A
JOIMIOMOI'OIO EJIEKTPOKOHAYKTHUBHOI'O CITIIKAHHA MITHUX
ITOPOLIKIB

Pospobneno memoouxky ma npogedeHo auaniz mexHono2ii 3’€OHAHHA MIOHUX
KOHMAKmMi6 3a O0O0NOMO20I0 eleKMPOKICKPOBO20 CHIKAHHA CYMIWi MIOHO20 1 0108'aH020
NOPOWIKIE MIJC MIOHUMU KOHMAKMHumMu niacmunamu. Ilposedeno Oocnioxcenus Ha
pacmpogomy enekmpoHnomy mikpockoni PEM-200 konmakmHuoi 30HU eKcnepumenmanbHux
3pa3Ki@ Nicisa eNeKmpoicKpo8O20 CNIKAHHA MINCKOHMAKMHOL 30HU ma Nicis mepMiuHo20
gionany 0ocnioHux 3paskie. Bcmamnoseneno, wo niciisi npoyecy eieKkmpoicKpo8o2o CHiKAHHS,
YMBOPIOEMBCSL 0OHOPIOHA KOHMAKMHA 30HA.

Kio4yoBi ci1oBa: eJIeKTpOiCKpOBe CIIKaHHS, Mijlb, OJIOBO, IOPOIIKOBA CYyMII,
pacTpoBa eIeKTPOHHA MIKPOCKOITIS.

1. Beryn

[TopomikoBa MeTamyprisi Ta IpoLec CIIKaHHS METaJIEeBUX MOPOLIKIB BiJIIIPalOTh KIOYOBY
pOJb y CTBOPEHHI MIJHMX EJIEKTPUYHUX KOHTAakKTiB. Bubip MeTony CcIHiKaHHS KPUTHYHO
BIUIMBA€ Ha BJIACTHBOCTI Ta JOBFOBIUHICTh KOHTAKTHOI 001acTi. ¥ cepi BUpOOHUIITBA MiTHUX
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KOHTAKTIB aKTyaJIbHUM € TEXHOJIOTIYHMU aHalli3 0COOJIMBOCTEH €JIEKTPOICKPOBOTO CIIKaHHS
MOPIBHSIHO 3 TEPMIYHUMH METOJAMH CITIKaHHSI 32 BUCOKHUX TemmepaTyp [1, 3].

Tepmiune cmoikaHHS MIIHUX TOPOIIKIB TPH BUCOKHX TEeMIIEpaTypax 4acTo
CYNPOBOJIKYETHCS TEXHOJIOTTUHUMHU BHUKJIMKAMH, 30KpeMa, IpoblieMaMu 3 OKHUCICHHSIM
METaJIeBUX MTOBEPXOHb, IO MOTIPIIYE EICKTPUIHY MPOBITHICTh 1 MEXaHIUYHY MIIHICTh MiTHUX
KOHTaKTiB [4]. Takox, BUCOKI TeMIEpaTypu MOXKYTb CIPUYMHUTH 3POCTAHHS 3€PEH, 110 Bee
0 YTBOPEHHSI MOPOKHUH 1 HEOAHOPIAHOCTEM y CTPYKTYpl MINK3EPEHHOrO MPOCTOPY, WIO
3HMXKYE SIKICTH 1 JJOBFOBIYHICTb 3’ €/IHAHb.

EnexTpoickpoBe crikaHHS TO3BOJISIE 3MEHIIWTH HETaTHBHI ()aKTOpH, 32 paXyHOK OLIbII
TOYHOT'O KOHTPOJIO 00JacTi HarpiBy 1 CKOpOUYEHHsS 4YacCy CIIKaHHSA, IO BaXIUBO JUIS
3a0e3medeHHs AKOCTI Ta OAHOPITHOCTI KOHTAKTHOI 30HM. Lleii MeToa TakoX 3HUXKYE BILIHB
OKHCIICHHS MiJi 1 3amobirae HebakaHOMy pocTy (a3, XapaKTepHOMY JAJsl CIIKaHHA HpU
BHCOKHX TeMmImeparypax [5, 6].

OpHi€ro 3 KIIIOUOBUX MEPEBAr CIiKaHHS CyMillli TOPOIIKIB MiJii Ta 0JI0BA € CTBOPEHHS O1IbIII
OJIHOPITHOT Ta MIIHOI CTPYKTYpH Martepiany. [lin yac crhikaHHs OJOBO i€ SIK 3B'S3yIOUuUil
areHT, 10 CHpHUsA€ PIBHOMIPHOMY pO3MOAUTY YaCTUHOK Mili Ta 3MEHIICHHIO YTBOPEHHS
MOPOXXHHH y KIHIEBiM KOHTaKTHIH 30HI. CrikaHHS CyMillli MOPOIIKIB MiJli Ta OJIOBA CIIPHSE
MOKPAIIEHHIO CIIEKTPUYHHUX BJIIACTUBOCTCH MITHUX KOHTAKTIB Ta 301IBIIYE iX JTOBrOBIUHICTB.
O110B0O, 3MIMIYIOYUCH 3 MIJUTIO, (POPMYE CIUIAB 3 BUCOKOIO €JIECKTPOIPOBIIHICTIO Ta HU3BKUM
piBHEM oOmOpY, IO € KPUTHYHO BAXKIUBUM JUIS €(EeKTUBHOI pPOOOTH ENeKTPHUYHHUX 1
eIEeKTPOHHUX pUcTpoiB [ 7, 8]. CrikaHHs cyMillll MOPOMIKiB Mifi Ta 0JI0OBA IEMOHCTPYE OLIbIII
BHCOKY TEXHOJIOTIYHY €(DEeKTHBHICTH Y MOPIBHIHHI 3 TEPMIYHUM CIIKaHHAM. MeToJ 103BOJIsIE
JIOCATTH Oa’kaHUX BJIACTUBOCTEH Marepialy 3a MEHIIMN 4Yac 1 3 MEHIIUMH €HEPreTHUYHUM
BUTpATaMH, 1110 pOOUTH HOro OUIBII MPUUHATHUM JJI1 MaCOBOIO BUPOOHHULITBA.

Bpemrri-pemr, crmikaHHs CyMillli TOPOIIKIB Mifl Ta 0JOBa 3MEHINY€ €KOJOTIYHUN BIUIMB
BUPOOHUITBA, 3HIKYIOUM BUKUAU CO2 Ta IHIIUX MIKIJJIMBUX PEYOBHH, 1110 CYHNPOBOIKYIOTh
TpaAUIlIiHI BUCOKOTEMIIEPATYPHI Mpoliecu crikaHHs. Lle poOuTs nporec OUIbI BIAMOBITHUM
JI0 CYy4acCHUX EKOJIOTIYHUX CTaHIApTiB, JOMOMAararoud BHPOOHHKAM 3MEHIIWTH BYTJICIIEBHA
ciig texuosorii [9,10].

Taxkum 4MHOM, 3aCTOCYBaHHS €JIEKTPOICKPOBOI'O CIIIKaHHS CyMIillli MOPOIIKIB MiJli Ta 0JI0Ba
€ TEXHOJIOT1YHO €(h)eKTUBHUM, IPUBOIUTH 1O €KOHOMI{ €Heprii, MOKpalleHHs SKOCTI MPOAYKIIT
Ta 30UTBIICHHS] €KOJIOT1UHOI CTIHKOCTI, 110 POOUTH WOTO BAXKIMBUM METOJOM y CYy4acCHOMY
BUPOOHUIITBI METANIEBUX JI€TaNel Ta KOMIIOHEHTIB.

B poGoTi mpoBenaeHO po3poOKy Ta aHaji3 TEXHOJOTIi 3’€IHAHHS MIJHUX KOHTAaKTIB 3a
JIOTIOMOTOI0  €JIEKTPOICKPOBOTO CIIKAHHS, CIIKaHHS CyMilll MOPOIIKIB MiJIl 1 OJIOBa IO
HEOOXITHO, IJIs1 JOCSITHEHHSI ONITUMAJIBHUX XapaKTePUCTUK MIKKOHTAKTHOTO 3’ €tHaHHs [11].

2. Onuc ekcnepuMeHTy
Jlnis mpoBesIeHHsI €KCIIEPUMEHTY 13 €JEKTPOICKPOBOIO CIIKaHHS CyMillll MiJIHOTO Ta
OJIOBSIHOTO TOPOILKIB OyJIM MOMEpeJHbO MiTOTOBICHI MifHI IUTACTUHH PO3MipoM 5*5 mMm.
[Tponec nutidyBaHHs 1 MONIpYyBaHHS MIAHUX IJIACTHHOK MPOXOAMB B JeKilbka eramiB. bymno
BUKOpHCTaHO nutidysanbHl kpyru P180-P2400. ITicnst kokHOTO eramy MOJipyBaHHS 3pa3kKu
MiJ/1aBajluCh ~ OYMUIEHHIO B  yJIbTPa3ByKOBi BaHHI. Jlig BHUrOTOBIEHHS  3pa3KiB
BUKOPHCTOBYBAJIACh CyMiIll MOPOIIKIB Mifl Ta 0JIOBA.
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Buxopucranns oOmagHaHHS a7 KOHTaKTHO-ToukoBOi 3Bapku TKC-1300 Oyio
KITFOYOBHM Y TIPOIIECi BUPOOHHUIITBA MIJTHMX KOHTAKTIB IIISXOM €JIEKTPOICKPOBOTO CITIKAHHS
MOPONIKIB. 3aCTOCOBaHI apaMeTpH IS IIbOTO eKcrepuMeHTy: cTpyM y 1300A, Hanpyra B 2B.
KoHTakTHa 30Ha opMyBanacsi MUIIXOM CTBOPEHHs BIJIMOBIIHOI CEHIIBIY-CTPYKTYpPH, € JIBI
MIJIHI TUTACTUHU PO3MIpOM 5X5 MM OyiH po3/iJIeHI HEMPOBIIHUM 130JISIIIHHAM MaTepiajioM 13
TOBIIMHOIO 250 MKM, y sikoMy OyB KpyroBwii oTBip 3 miamerpom 2 MM. Lleit oTBip cimyryBas
KOHTEHHEPOM JJIsl IOPOIIKY, 10 POMOAUISIBCS Y HhOMY piBHOMIipHO. L1116 13051TOpa mossirana
B 3a0e3MeueHH] MPOXOPKEHHS EJIeKTPUYHOTO CTPyMy JIMIIE uYepe3 30HYy CIIKaHHS, II0
OXOIUTIOBAJIa MiJHI MJIACTUHHU Ta MOPOIIOK, 3a0€3MeUyl0ul TOYHY JIOKAIi3allil0 MPOTiKaHHS
nporiecy crikanus [auB. Puc.1].

Jlocainnii 3pasok
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Puc. 1. Cxematuune 300pakeHHs MPOLIECy €IEKTPOICKPOBOTO CITIKaHHS
Fig. 1. Schematic representation of electric spark sintering
[Ipomienypa e€neKTPOICKPOBOTO CITIKAHHS JUIsl BUTOTOBJICHHS MIJHUX KOHTAKTiB

|

—‘

MPOXOJWiIa B KIJbKa €TaliB: CIOYaTKy 3pa3ku (IKCYBaIUChb MIXK €JIEKTPOJaMH 3 JIETKUM
CTHUCHEHHSIM, Jalli Ha HUX I0JaBaBCsl KOPOTKOYACHUIl €IeKTPOICKPOBUIl 13 MapameTpamu,
3a3HaYCHMMH paHiie. 3aBJIsSKU Takii mporueaypi JocsaraeTbest GOpMyBaHHS 3pa3KiB 3 BUCOKOIO
MEXaHIYHOIO MIITHICTIO B 00JIaCTI KOHTAKTY.

3. Pe3yabTaTn q0CaiIKeHHs] BUTOTOBJIEHUX 3Pa3KiB
JlocnikeHHsT KpOC CeKIlli KOHTaKTHOI 30HM €KCIIEPUMEHTAJIbHUX 3pa3KiB IICIs
€JIEKTPOICKPOBOTO CIIKaHHS MPOBOAMIIOCS Ha pacTPOBOMY eleKTpOHHOMY Mikpockoni PEM-
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200. 3HIMKHM KOHTaKTHO{ 30HU OTPUMYBAJIKCH 3a 3011b1eHHs B 30 pasis (Puc. 2-3.) ta 400 pa3is
(Puc. 4).

BSE COMPO 30.00kV x30.0
Puc. 2. CEM-300pakeHHS KOHTaKTHOT 30HU TICIIS €TIEKTPOICKPOBOTO CITIKAHHS.

Fig. 2. SEM image of the contact zone after electric spark sintering.

BSE COMPO 30.00kV x30.0

JonatkoBo, mo0 nocmiauTH mnpouec (a3o- Ta MOPOYTBOPEHHS B KOHTAKTHIA 30HI,
3pasku 6yJ10 3icTapeHo B arMocdepi aproHy mpotarom 6 roaus 3a Temmeparypu 500 °C.

BSE COMPO 30.00kV x30.0 BSE COMPO 30.00kV x30.0

Puc. 3. CEM-300paxxeHHs1 KOHTaKTHOI 30HH IiCIIsl TEPMIYHOTO BiAMaIy IPOTATOM 6

rouH 3a Temneparypu 500 °C.
Fig. 3. SEM image of the contact zone after thermal annealing for 6 hours at 500 °C.

BSE COMPO 30.00kV  x400 BSE COMPO 30.00kV  x400
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BSE COMPO 30.00kV  x400 ] BSE COMPO 30.00kV  x400

Puc. 4. CEM-300pakeHHs KOHTaKTHOI 30HU JIOCIIIHUX 3pa3KiB MiCIIs
€JIEKTPOICKPOBOTO CIiKaHHA (a,B) Ta MicIig TEPMIUHOTrO0 Biamany (6,r)
Fig. 4. SEM images of the contact zone of the experimental samples after electric
spark sintering (a,B) and after thermal annealing (6,r)

Ananiz CEM-300pa:keHHsI KOHTAKTHOI 30HH JI0CJIiTHUX 3pPa3KiB
SAxicauii ananiz CEM 300paxkens Ha Puc. 2 ta Puc. 3, 103BoJsie 3p0OUTH BUCHOBOK, IO B

30HI €JIEKTPOICKPOBOTO CIIKaHHS YTBOPIOETHCS CYIUIBHA KOHTAKTHA 30HA. [1icisa TepMidHOTO
BiJlaly 30Ha KOHTakTy € cyriuibHO0. Ha CEM-300paxeHsX KOHTAKTHOI 30HHU JOCIITHUX
3pa3kiB (Puc. 4.) 13 rpaaauii BiATIHKIB C1pOro BUIHO, 1110 B MICIIi CIIaiKK1 yTBOpHMIIacs JBoda3Ha
30Ha Cu Ta CusSns.

4. BHUCHOBKH

B pe3ynbrari e1eKTpoiCKpOBOTO CIIKAHHS CyMIIlli MiJTHOTO Ta OJIOB’STHOTO TIOPOIIKIB
MDK MiJHUMU KOHTAaKTHUMH TUTACTUHAMU YTBOPIOETHCS OJTHOP1/IHA KOHTAaKTHA 30Ha, CTiiKa 710
MEXaHIYHUX MOIIKO/KEHb.

B pesynbTati TepMiuHOTO Bimamy mpoTsArom 6 roauH 3a Temmeparypu 500 °C mMoxkHa
CTBEpKYBATH PO Te, 1110 B KOHTAKTH1H 30H1 B110YBa€ThCS pICT (ha3u Ta 3pOCTa€ KOHIEHTpaLlis
MyCTOT Ha OJMHUITIO TUIOIII ITOBEPXHI KOHTAKHOT 30HU 3pa3ka. AHaii3 nugpakrorpam ta CEM-
300pakeHb J03BOJIsI€ 3pPOOMTH BUCHOBOK, IO B KOHTAKTHIA 30HI JOCTIIHUX 3pa3KiB
yTBOpro€eThes ABo(daszHa 30ua Cu Ta CusSns.
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DEVELOPMENT OF A TECHNOLOGY FOR CONNECTING COPPER
CONTACTS BY MEANS OF ELECTROCONDUCTIVE SINTERING OF
COPPER POWDERS

Powder metallurgy and the sintering of metal powders play an important role in the
production of copper contacts. However, the choice of sintering method has a significant impact
on the quality and reliability of the contact zone. In the context of copper contact production,
it is particularly important to consider the advantages of electrospark sintering compared to
traditional temperature sintering methods

This article focuses on the development and analysis of the technology for joining
copper contacts using electrospark sintering of mixture of copper and tin powders to achieve
optimal interconnect characteristics. In this article, a scanning electron microscope (SEM-200)
was used to examine the contact zone of the experimental samples after electric spark sintering.
It was found that after the electrospark sintering process, a stable contact zone is formed in the
case of copper and copper-tin powders.

From the results of the analysis of the contact zone, it can be said that after thermal
annealing exist the intermediate phase growth and pore formation, the concentration of voids
per unit surface area of the contact zone.

Key words: electric spark sintering, copper, tin, powder mixture, scanning electron
microscopy.
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JTOCJIIIKEHHA MOP®OJIOTTT KOHTAKTHQi 30HU CIIAMHUX KOHTAKTIB
MIAI I3 3BACTOCYBAHHAM CEI'MEHTALII 30bPA’KEHD CTPYKTYPHHUX
EJJEMEHTIB HA OCHOBI BEMBJIET IEPETBOPEHHS

Mopdghonozcito Kommaxmuoi 30HU CRAUHUX KOHMAKMIE MIOI NPOAHANI308AHO 3
3aCMOCYBAHHAM ANOPUMMIE MeKCMYpHOI ceemenmayii 300pasicenb ma 6ioniomexu OpenCV.
Posenanymo ocrnoeri nioxoou 0o 8udinenns mixcghaznux megic 3acobamu epaghiunoi dioniomexu
OpenCV ma 3acmocysanns ¢ginempa l'abopa ons eudinens KOHMypie nop, 0emeKmyamHsl
Odegexmie ma nop Ha iHmepdgheticax, 6CMaHOBNIeHHs CNig8IOHOUIeHb (ha3 KOHMAKMHOI 30HU.
Yoockonaneno npoyedypy mexcmypyeanns 300padxcenHv 01a  300padxceHb  pacmpogoi
enekmpoHHoi mikpockonii. Po3spaxoeano nnowi az na inmepgeiicax ougy3itiHux 30H
cucmemu Cu-Sn 05 3paskie, wWo OMPUMAHI 34 PIZHUX DEHCUMIB eNeKMPOOCAOHNCEHHS MIOL.
CMayioHapHo2o, IMNYIbCHO20-PeBEPCHO20, CMOXACMUYHO20. YOOCKoHaNleno npoyeoypy
ananizy niows ¢gaz. 3acmocosano npoyedypy mMeKCmypHOi ceemeHmayii 01 300padceny,
amnaimyoa iHMeHCUBHOCMI 2padayiti cipo2o KOIbOpY 6 AKUX CHIBPO3IMIPHA 3 AMNAIMYOOH
wymy epaoayiii cipozo xoavopy. Ha 300pasicennsix pacmposoi enekmpoHHoi MiKpockonii 3a
00NOMO02010 PO3POONIEHUX A2OPUMMIE MEKCMYPOBAHO eleMeHMU NAMENAPHOI CmpPYKmypu 8
¢ az3060 HeoOHOPIOHOMY CNIASI.

Kurouosi ciioBa: dasosuii ckinaa, nudysiiiHa 30Ha, MiJib, 0JI0BO, PACTPOBA EJIEKTPOHHA
MIKpPOCKOITisl, aITOpUTMHU 00pOOKH 300paxeHb, BelBieT-neperBopeHHs, OpenCV.

1. Beryn
OnHi€I0 3 KIIOYOBHUX CKIJIAJIOBUX CY4YaCHUX TEXHOJIOTIH € 3abe3redeHHs HaAiiHOro
3'€JTHAHHS MK €JIEMEHTaMHU eJIeKTPOHHHUX MpUCTpoiB. Came TyT Ha Mepuiuil MiaH BUXOIAUTh
npobiemMa CTBOpEHHS CHailHMX KOHTakTiB cucreMu Cu-Sn, 110 € HEBII'€MHOI YacTHHOIO
e(peKTUBHOTO (QYHKI[IOHYBaHHS SIICKTPOHHUX MpuiaiB [4].
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[TopomkoBa MeTanmypris Ta CliKaHHS METaJeBHX MOPOIIKIB BiAIrpaloTh KIIOUYOBY POJIb
y BUTOTOBJICHHI MiTHUX KOHTaKTiB. [IpoTe, BUOip MeTOly CIiKaHHS CyTTE€BO BIUIMBAE HA AKICThH
Ta HAAIWHICTE KOHTAKTHOI 30HU.

Hns anamizy mikpodortorpadiii, mo OTpuMaHi METOJOM pPacTPOBOi EJIEKTPOHHOI
Mmikpockorii (PEM), po3po06ieHi anropuTMu mornepeaHboi 00poOKu 300pakeHb, alrOpUTMH
TEKCTYPHOI CErMEHTAaIlii 3pa3KiB Ta BU3HAYCHHS XapaKTEPUCTHK OPHCTOCTI KOHTAKTHOT 30HU
[5]. B manomy mociimkeHHi po3pobieHi anmroputMu [5] yaocKoHaleHi IS JTOCIIIHKEHHS
Mopotorii Ta (ha30BOro CKJIaay TOPIEBUX 3pi3iB 3pa3KiB KOHTAKTHOI 30HU, 1[0 YTBOPEHA B
pe3yNIbTaTi €IeKTPOICKPOBOTO CITIKAHHS MOPOIIKIB MiJli Ta OJOBA, 3aCTOCOBaHI PO3poOIIeHi
QITOPUTMHU KOMIT IOTEPHOTO aHAJI3Y.

PactpoBa enektponna wikpockomiss (REM) Hagae MOXIUBICTE OTpPUMAaHHSI
BUCOKOSIKICHUX 300paK€Hb MIKPOCTPYKTYPH KOHTAKTHOI 30HM 3 BHCOKOIO PO3JALIBHOIO
3natHicTio. OpHak, oOpoOka Ta aHali3 IUX 300paKeHb BpPyYHY MOXe OyTH dYaco- Ta
npane3aTpaTHO MPOIEYPOI0, @ TAKOXK CXUJIBHOIO JIO MOMHJIOK JIFOJACBKOTO CIIPUHHATTS. Y
[[OMY KOHTEKCTI 3aCTOCYBaHHS aIrOPUTMIB KOMIT'IOTEPHOTO 30pYy Ta 0i6miotexku OpenCV crae
[[IHHUM IHCTPYMEHTOM cTaHJapTu3oBaHoro aHaimizy. OpenCV - me BiIKpuTe IporpamHe
3a0e3MedeHHs 3 BEIHUKOI0 KUTBKICTIO (YHKIiN 17151 00poOKH 300pakeHb Ta KOMIT'FOTEPHOTO
30py. Buxopucranus OpenCV nist anamizy mikpodororpadiit KOHTAKTHOT 30HU 3pa3KiB Hagae
MOYJIMBICTh @BTOMATH3YBAaTH MPOLIECH 0OpOOKH Ta aHaNi3y, 3MEHIIYIOUX Yac, MOTPIOHMA [yIs
OTPUMAHHS PE3yJIbTaTIB, 1 3HWKYIOYH HMOBIPHICTh TOMUJIOK.

Jns aHanmizy TUIY Ta PO3MOJUTY TOMOJOTIYHUX Ae(EKTIB B 3pa3Kax Ta BU3HAYCHHS
JiTKHX MeX ¢a3 Ha MikpodoTorpadiii BaKJIMBUM € BUKOPUCTAHHS QJITOPUTMIB, IO
JO3BOJIAIOTh YITKO JETEKTYBAaTH TPaHUIll KOJIPHOTO TPAMIEHTy MK PI3HUMHU (Pa30BUMHU
HeoJHOpitHOCTAMU Ha PEM-300paskeHHSIX.

B pobGoti mpoBeneHo aHami3 ICHYIOUHMX Ta PO3POOJIEHO HOBI aIropuTMH OOpOOKH
300pakeHb KOHTAKTHOI 30HM 3pa3KiB Ha OCHOBI MiJHO-OJIOB’SIHUX CIUIaBIB, 110 OTpHUMaH1
3acob0amMM pacTpoBOi €JIEKTPOHHOT MIKPOCKOII].

2. Onuc aJropuTMy TeKCTYPHOI cerMeHTalii 300pakeHb

300pakeHHs 3pa3KiB, 10 OTPUMaHI METOJAMHU PACTPOBOI €JIEKTPOHHOI MIKPOCKOII,
BiJJOOpaXatoTh 1HTEHCHBHICTh B3a€MOJIi €JEKTPOHIB 3 IMOBEPXHEI0 3pa3ka y BUIIII
300pakeHb B Irpajalisx ciporo Koyibopy. Sk BiIoMo, sl KOJyBaHHS 300paXKeHb B rpajalisax
CIpOro MOXJIMBO BUKOPUCTATH OJUH OAaMT HA MiKCENb, IO BIANOBia€ 3HAYECHHSIM Tpajariit
ciporo kosibopy B Mexax Big 0 g0 255. Ockinbku B X011 (ikcarii 300pakeHHs eJIeKTPOHHOI
MIKpPOCKOIIi i1CHYIOTh MOXHOKM BHUMIpIOBaHb, OTPUMaHI 300pa)K€HHS HEOOXITHO [10JIaTKOBO
KOpEryBaTH, HAaMpUKIAJ 13 3aCTOCYBaHHSIM 3ropTkoBoro ¢insTpa [ayca, abo Hepi3koro
PO3MUTTS, [0 HOCHTh Ha3By OinatepaibHol (imbrparnii [1]. 3ropTkoBi GiabTpH A03BOJSIOTH
3MIaJUTH JIOKAJbHI TpaJieHTH Trpafauid ciporo koubopy. s TeKCTypHOI cerMeHTaii
300pakeHb Ta MOIIYKYy MeX (a3 Ha Mikpodororpadisx 3paskiB HEOOXIJHOIO YMOBOIO €
HasIBHICTb KOHTpacTy (a3, ane OocOOJMBOCTI OTPUMAaHHS 3HIMKIB 3aco0aMM €JIeKTPOHHOT
MIKpPOCKOMII BKJIIOYAIOTh HASBHICTh LIYMIB Yy OTPHUMAHUX 300pakK€HHSX, IO MEPEHIKOHKAE
noctoBipHoMy aHamizy. [Ipukian 300pakeHHST KOHTAKTHOI 30HHW, IO OTPUMAHO B PEXKUMI
B1JIONTHUX BTOPUHHHX €JIEKTPOHIB, MpuUBeaeHO Ha Puc 1.
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Puc. 1. PEM-300pakeHHs1 KOHTaKTHOI 1u(y31iHOT 30HU.
Fig.1. SEM image of the contact diffusion zone.

BesnocepenHbo 30Ha CiKaHHS MOPOIIKOBUX CYMIIIeH MiCisl BIAMMATy MICTUTh O3HAKH
HasIBHOCTI MEeBHUX (ha3 3a TOTIOMOTOIO0 SIKUX 1 JOPMYETHCS €NEKTPUYHHIA KOHTAKT B Pe3yJIbTaTi
crikanHs mopomkiB. Ockiibku Ha PEM 300pakeHHSIX eeKTH KOHTAKTHOI JU(y3iiiHOT 30HM
(Topu, Ta KOHTJIOMEPATH TIOP) MOXKYTh OyTH MpPEACTaBICHI K 3aMKHEHI KOHTYPH TIKCEIiB, SIKi
MEPeNIKOKAIOTh aHamizy o (a3, Juisl BiIOKPEMIICHHS 3aMKHEHUX KOHTYpiB OyIio
BUKOpucTaHo (pinsTp ["abopa, 1m0 sBiIse cOO000 TBOBUMIPHUM 3rOPTKOBHH (IBTP HA OCHOBI
BeiiBnery ['abopa [1]. laHuil aaropuT™ HIMPOKO BUKOPHUCTOBYETHbCA B aHali3l ONTHYHHMX
JMAKTUIOCKOMIYHUX CKaHIB, /e He0OXiHEe YTOUHEHHS I'PaHUIlb BIIOUTKIB MajbIliB [3]. PinbTp
['abopa OyB BUKOpPHCTaHMI HaMu s BIJOKpPEMJICHHS KOHTAaKHOI 30HM Bia nedekTiB
KOHTaKTHOI u(y31iHOI 30HM (IIOp, Ta KOHIJIOMEPATIB IOP), IO JO3BOJIMIO MOKPAIIUTH
KOHTpacT iHTepdeliciB B AuQy31iiHII KOHTaKHIH 30HI.

Otpumane nuisixoM (GuibTpaitii 300paKeHHsST KOHTAKTHOI 30HM 3 BHUKOPUCTAHHSIM
¢ipTpy I"abopa npuseneno Ha Puc. 2.

TyT, mocni1oBHICTH eTamiB 00poOKH 300paskeHb, 110 OTPUMaHI 3ac00aMu pacTpoOBOi
€JIEKTPOHHOI MIKPOCKOTIii, € HACTYITHOO:

1) 3o0paxenHs y Gpopmari bmp 3aBaHTaxyeThCs y Iporpamy 3 aitnoBoi cucremu;
2) 300pakeHHS KOHBEPTYETHCS B KOJIPHHH MPOCTIp Tpajalii ciporo B Jiamna3oHi Bif

0..255, ne 0 BigmoBigae YOpHOMY KOIILOPY, 255 - GioMy;

3) OrmnmioHaabHO 3aCTOCOBYEThCs GinbTp [ayca 3 po3mipom BikHa 3X3 mikceri;
4) Ockinbku 300pakeHHs TUQY3iHHOrO Mpodino MicTHTh nedektu y dopmi mop Ta

MOPOKHHUH, SIK1 Ha 3HIMKaX pacTpOBOi €JIEKTPOHHOI MIKPOCKOIII MalOTh XapaKTepHH

KOJTip OJIM3BKUH 10 YOPHOTO, 10 300pakeHHS 3aCTOCOBYEThCS BeiiBieT-inbTp ['abopa

(HamamTyBaHHS (QUTBTPY MOXKHA KOPETYyBaTH) AJIs1 yTOUYHEHHS TpaHULlb (a3 B IEBHOMY

KOJIIPHOMY Jliana3oHi (OMuiiHO MOKHA PETyJIIOBaTH);
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5) Jlns BindinpTpoBaHOTO 300pakeHHs OYAy€eThCS JiarpamMa po3noisy KOJIbOpiB, 3TiTHO,
Harnpukian4];

6) 3a KOJIIPHOIO JliarpamMor0 B pyYHOMY PEXHMMi KOPUCTYBa4 BUOUpPAE JTialla30HM Tpaalliit
ciporo s KOXHOI 3 (a3 KOPUCTYHOUHMChH Jlala30HOM JiarpaMud  PoO3MOJALTY
IHTEHCUBHOCTI I'paJiallii ciporo KoJabopy;

7) Jlns BCix miKceliB 300pakeHHsI, K1 BXOIATH 10 BUOpAHHX Jialla30HiB rpajalliii ciporo
KOJIbOPY, 3HAYCHHS KOJIBOPY 3MIHIOETHCS Ha ¢ikcoBane (3 kpokoM B 50 rpamaiiiii ciporo
JUTSL KOJKHOT 3 a3).

8) B pe3ynabraTi TEKCTypyBaHHs OTPHUMYEMO KOpPEroBaHE 300pa)KCHHsS, IO
BUKOPHUCTOBYETHCS IS TIOJIABIIIOTO aHAI3y po3mojiay ¢a3 B KOHTAKTHIN 30HI, JI0
NPUKIIAAY PO3paxyHKy Iuiomi (a3 Ha 300paxKeHH1 13 3aCTOCYBaHHSAM MacIITa0yruoro
Koe(dimieHTa.

0
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Puc.2. Pe3ynbrat Bukopuctanus Gpinetpy ["abopa ju1st 300pakeHHsI KOHTAaKHOI 30HH 3 pHC. 1.
Fig. 2. The result of aplying Gabor filtering to image of contact zone from the fig.1.

OckiibkM 300pa)K€HHsI HEOJIHOPIJIHE 3a KOJbOPOM, HEOOX1JTHO MOOYAyBaTH KOJIIPHY
ricTorpaMmy po3mojiay rpafamiii ciporo. TyT, 3a BIIOKpEMJIICHHMH MiKaMU 1HTEHCUBHOCTI
rpajauiif ciporo KoJibopy i3 TicTOrpaMu po3noAiTy rpajaliid ciporo KoJibopy, MOKHA CyJTUTH
PO ICHYBaHHS /1ialla30HiB rpajalliif ciporo KoiIbopy AianazoHiB ¢a3, oJHaK Ternep Micls, 10
BIJIMOBIJAIOTH 3a JAe(eKTH MomipyBaHHs a00 MOPUCTICTh MOXKYTh OyTH BUKIIOUEHI 3 aHAMTI3y
oI (a3 Ha 300pakeHHAX KOHTAKTHOI 30HH. 3a/1al04H Jlialla30HU Ipajaliid ciporo KoJibopy,
K1 B1IMOBIAAIOTh MEX1 IHTEHCUBHOCTI KOHKPETHOI (ha3u, MOXkHa e()eKTHBHO BU3HAUATH IJIOLII
¢da3u B KOHTAKTHIH 30HI.
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300paxeHHs, mpuBeneHi Ha Puc. 1. ta Puc 2. mo3BONAIOTH TMPOBECTH aHAIi3 3a
JIOTIOMOT 010 QJITOPUTMIB KOMIT FOTEPHOT'0 30py Ha HasBHICTh XapaKTEPHOI /ISl PO3May CIUIaBiB
JaMEIIPHOI CTPYKTYPH, SIKY JJOCHTH BaKKO BIJOKPEMHUTH aJITOPUTMaMH 00pOOKH 300pakeHb.

Puc.3. ITouaTkoBe (3J71iBa) Ta TEKCTYpOBaHE 31 3MIHCHOIO KOJIIPHOO MaITPOtO (Cripasa)
300pakeHHS] KOHTAKTHOI 30HH.
Fig. 3. Source image of contact zone (left side) and textured image (right side) with changed
color palette.
SAx 300paxkeHo Ha Puc. 3., anroput™m 103BOJISIE BiJIOKPEMHUTH HAaBITH CIEMEHTH

JaMEeIIIPHOL CTPYKTYPH CIUIABY, IO PO3MAIAETHCS Ta 3HAYHO ITiICHIIUTH KOHTPACT BiIMTOBITHIX
IuIgHOK. 3acTtocyBaHHS ¢uibTpy [abopa 103Bosie 3MEHIIUTH MOXMOKY Ha JAe(eKTHuX
JUIIHKAaX KOHTAKTHOI 30HH 3aB/SKH 3aCTOCYBaHHIO €(DEKTUBHOTO aJrOpUTMY IHOLIYKY MEX /e
HasiBHUM Pi3KUi mepexig MiX rpajamisiMy ciporo Koiabopy.

3. 3acrocyBaHHSI TEKCTYPHOI cerMeHTAallil 1Jisl yTOUHEHHSI PO3PaxyHKYy mJjion ¢ga3

3anponoHoBaHUM alropuT™ OyJi0 3acTocoBaHo s aHani3y PEM 300paxens 3paskis,
110 BUTOTOBJIEHI 32 METOAMKOIO [4]. Bchoro Oyiio onpaiboBaHo 300paKeHHs] KOHTAKTHUX 30H
cuctemu Cu-Sn st 5 3paskiB. s BuroTOBNeHHS audy3iiiHUX 3paskiB  Cu-Sn
3aCTOCOBYBaJIMCA MOAM(DIKOBaHI MiJHI TJIACTMHU Ha SIKI MOMNEPEIHbO OCa/KyBajacs MiJlb B
PI3HUX peXKUMax eJIEeKTPOOCAKEHHs, MOTIM 3JiHCHIOBaBCs Biaman audysiinux map Cu-Sn.
[Toniepennbo Bei oTpuMani PEM 300paxeHHs: KOHTaKTHOT 30HH OyJIU 3T1aJKEH1 3a I0TIOMOT 0F0
anroput™my QinbTpanii 3a ['aycom g 3abe3neueHHss OUTbII CTaOiIbHOI KOJTIPHOI KApTHHU B
rpajaamisx ciporo koibopy. Po3paxynok miont npomixauX (pa3z Cu6SnS ta Cu3Sn npoBoauBcs
TSl 300payKeHb KOHTaKTHUX 30H, 10 MicTim HacTymnHi (a3u: Cu, Sn, Cu6Sn5, Cu3Sn.

3acobamu tpadiunoi 6i6miotekn OpenCV OyB 3acrocoBanuii ¢insTp [abopa 3
HACTYITHUMU Napamerpami sizpa ¢inerparii: frequency=0.01, theta=0, sigma_x=sigma_y=1,
bandwidth=1, n_stds=1.

Komipui niamasonu a3 BuOHMpanuch BpydyHY 3TiITHO 3 alNTOPUTMOM KOJIPHOI
ricTorpamu, 1o omnucasi B [5].

Bci 300paxenHs monepeaHbo Oyl KOHBEPTOBAHI B 300paykeHHs 3 IpaJallisiMU Ciporo
KOJIOPY, TOOTO MICTHJIM JIMILIE OJWH KOJIpHUH KaHal 3 Mexxamu Bij 0 1o 255.
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Pesynbrar 3actocyBanHs ¢inmbTpanii ['abopa mist yTOYHEHHS TpaHUIb Ae(eKTiB
nokasaHo Ha Puc 4.

Puc.4. TTouaTkoBe (3J71iBa) Ta TEKCTYpOBAHE 31 3MIHCHOIO KOJIIPHOIO MATITPOrO (IpaBopy)

300paxxeHHs audysiiiHoro iHTepdeicy.
Fig. 4. Source image of diffusion zone (left image) and textured image (right image) with
changed color palette.

Bukopucranus anroputMy TEKCTypHOI cerMeHTtamii (a3 1g03Boisie  e(heKTUBHO
po3paxyBatu mioii (a3 3 aHaizy 300pakeHb 3paskiB. s 1ociiKeHNX 3pa3KiB, 300paKeHHS
akux npuBeneHi Ha Puc. 5, B Tabmumi 1 momani BimomocTi mpo pesyiabTaTd 0OpOOKU
300paxxenb. B Tabnumi 1 momano BigoMocTi mpo po3paxosani miomti ¢pa3z Cu6SnS ta Cu3Sn B
KOKHOMY 3 PEeKUMIB €JIeKTPOOCAIKEHHS MiIi, 110 OMUcaHi B [4].

3arponoHOBaHUN aJITOPUTM TEKCTYpPHOI cerMeHTalii 03BoJIsie 00pOOUTH 300paKeHHs 3
PEM nns po3paxyHKy criBBiAHOLIEHHS 10w (a3 6e3 ypaxyBaHHs Je(EKTHUX, HEOJHOPILAHUX
JIUISTHOK (ITOp Ta KOHIJIOMEPATiB MOp), K1 3ac00aMu eJIEKTPOHHOI MIKPOCKOITii (DIKCYIOThCS Ha
pacTpoBUX 300paXEHHSX Yy BUTJSAI 3aMKHYTHX KOHTYPIB 3 BHPQKEHHM 3MEHIICHHSIM
IHTEHCUBHOCTI CIpOr0 KOJIbOpY. BUHKIIIOUEHHS LUX AUISHOK 3 aHaji3y A03BOJSE YTOUHUTHU
pO3paxyHOK 1wion (a3 mpoMiKHUX ¢a3 13 300paKeHb.
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Puc. 5. Buxinne 300pa’keHHs Ta pe3yJIbTaT TEKCTYPHOI CerMeHTallil pparMeHTiB 300paKeHb
¢a3 Cu6Sn5 ta Cu3Sn i3 3acrocyBanHsM ¢dinbTpariii ["abopa.
Fig. 5. Source image and texture segmentation image result for intermediate phases Cu6Sn5
and Cu3Sn by applying Gabor filtering.
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Tabmuus 1. Po3paxoBani o npoMiXkKHUX (a3 Ha OCHOBI 300pakeHb TEKCTYPHOI

cerMeHrarii.

Table 1. Calculated intermediate phases areas based on texture segmentation images.

Ne Iiioma ¢pazu Cu6SnS, | Ilnoma ¢pazu Cu3Sn, CniBBiHOIIEHHS
3paska MKM? MKM? o ¢az Cu6Sn5/
Cu3Sn

1 31260 16965.33 1.84

2 314634.67 132149.33 2.38

3 166004 150484 11

4 201801.33 185592 1.09

5 41592 34089.33 1.22

4. BucHOBKH

Po3po0nenuii airopuTM TEKCTypHOI CerMeHTalii 3 BUKOPHCTAHHSAM BEHBIET-PUIBTPY
["abopa 103BOJISIE TEKCTypyBaTH MUISHKU, SIKI MpUTaMaHHI AeQEKTHUM CTpPyKTypam (Iop,
MOPOKHUH, KOHIJIOMEpATIB MOp) Ta AKi MPOSIBIAIOTHCS Ha 300pakeHHsx PEM y Burmisai
3aMKHEHHX KOHTYPIB 31 3HM)KEHOI 1HTEHCHBHICTIO Tpajalliif ciporo KOJIbOpYy MOPIBHSHO 3
CepeIHIM MOKa3HUKOM 1HTEHCUBHOCTI CIpOT0 KOJIbOPY BHUXITHOTO 300pakeHHSI.

ANTOPUTM TEKCTYpHOI CErMEHTAIlil JO03BOJSE YITKO BU3HAYATH JIJISTHKH, J€ MOXKIIUBI
HE3Ha4YH1 3MIHH TPAIAIliid CipOTo KOJIHOPY, IO JO3BOJISIE BU3HAYATH Masl 3MiHH KOJBOPY, sKi
Ha 300pakeHHsX PEM nmudy3iiHUX 3pa3KiB CIUIaBIB, IO PO3MATA0THCSI, MOKYTh ITPOSIBIISATUCH
y BUTTISL TaMEISIPHOT CTPYKTYPH.

Bukopucranns ¢pinsTpy ['abopa 103B0osIsi€ OIBII TOUHO BU3HAYMTHU TPAHHULI pi3HUX (a3 Ta
po3paxoByBaTH IUIONI (a3 HABITh 3a YMOB, KOJM 3aCTOCYBaHHs 3TJa/KyBaHHS 3a ['aycom
HEMOXJIUBE, OCKUIbKH 300paXkeHHS Iudy3iiHOro iHTepdeiicy Moke MICTUTH JTUISHKU
IPOMDKHUX (ha3 criBpO3MIpHUX 3 PO3MIPOM BiKHA po3MUTT 3a ['aycom.

Bukopucranna OinarepanbHoi ¢inbTpauii, abo po3MuTTs 3a ['aycoM y mnoeaHaHHi 3
BeliBneT-pubTpoM ["abopa 103BoJIsIE OTpUMATH OUIBII YITKI 300pakeHHs MK (a3 Ta 1mop e
HPUCYTHIN TpaJlieHT Ipajaliil ciporo KoJbopy B 300pa’keHHSIX HU3BKOI SIKOCTI.
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RESEARCH OF THE MORPHOLOGY OF THE CONTACT ZONE OF
COPPER WELDED CONTACTS USING IMAGES SEGMENTATION OF
STRUCTURAL ELEMENTS BASED ON WAVELET TRANSFORM

The article focuses on the analysis of the morphology of the contact zone of
copper junctions using image texture segmentation algorithms and the OpenCV library.

The article discusses the main approaches to the selection of interphase
boundaries using the OpenCV graphics library and the use of the Gabor filter to select
pore contours, detect defects and pores on interfaces, and establish contact zone phase
ratios. The image processing procedure, based on Gabor filtering, was developed and
tested. The phase areas at the interfaces of the diffusion zones of the Cu-Sn system were
calculated for the samples obtained for different modes of copper electrodeposition:
stationary, pulse-reverse, and stochastic.

The phase area analysis procedure has been improved. Attempts have been
made to apply the texture segmentation procedure to images in which the amplitude of
the intensity of gray gradations is proportional to the amplitude of the noise of gray
gradations.

An attempt was made to texture the elements of the lamellar structure in the
alloy from images of raster electron microscopy.

It was shown that the texture segmentation algorithm, which uses the Gabor
wavelet filter, allows the separation of image elements representing defective areas and
diffusion contact unnecessary areas. It was shown that texture segmentation algorithm
allows the identification of areas where slight changes in the color intensity gradient
(gradations of gray) are possible. It was shown that usage of bilateral filtering, or
Gaussian blur in combination with the Gabor wavelet filter, allows a clearer picture of
image boundaries where there is a gradient of gray gradations for low-quality images
(images that contain significant color differences in the noise presence).

Keywords: wavelet-transform, copper, tin, scanning electron microscopy,
image processing algorithms, OpenCV, powder metallurgy.
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NEW THERMODYNAMIC APPROACHES TO FAILURE ANALYSIS IN
MICROELECTRONIC MATERIALS

Failure of the microelectronic device may be treated in the frame of non-equilibrium
thermodynamics applied to open systems under the condition of incompatibility of steady states
for different processes. The criterion of failure can be related to some threshold amount of the
structural entropy produced and accumulated in the system by the external forces. This
hypothesis provides a simple interpretation of the empirical Black equation for the mean time
to failure in the case of electromigration, and helps to predict similar equations for the cases
of thermo- and stress migration. The failure itself can be treated as a phase/structure
transformation in the open system and described by kinetics similar to Kolmogorov-Avrami
kinetics of the first-order phase transformations.

Keywords: entropy production, vacancies, voids, failure, open system, flux, diffusion.

1. Introduction.

Failure of any concrete microelectronic device is a stochastic event and, as a rule, cannot
be predicted deterministically, but the mean time to failure and even distribution of times to
failure can be predicted with good accuracy. Actually, this is the main task of reliability theory
[1-4]. This paper will be about some fundamental, even philosophical aspects of reliability. The
key issues and questions of our thermodynamic approach to failure are:

1. Interconnect or solder joint is an open system under the heterogeneous external (boundary)
conditions producing the thermal and structural entropy

2. Failure is aresult of incompatibility of steady-state for different non-equilibrium processes.

3. Failure is a result of the accumulation of some threshold structural entropy

4. Failure is a kind of phase transition, including nucleation, growth, and ripening, but all this
in open heterogeneous systems.

5. All living creatures are mortal. All microelectronic devices are also, most probably, mortal.
Is it possible to make an immortal interconnect?
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Let us remind shortly some fundamentals of thermodynamics of the closed and open
systems. Our definitions of closed and open systems are similar to but not coinciding with
traditional descriptions. This is summarized in Table 1.

If a system is isolated and in a non-equilibrium state, it may have various evolution paths
to equilibrium (Fig. 1). What is the criteria of choice among these paths - is not known for sure,
but many people believe that the most probable evolution path corresponds to the maximal
entropy production rate among all possible paths. The final state of an isolated system (if one
forgets about fluctuations) corresponds to maximum entropy and it is a second law of
thermodynamics.

If a system is surrounded by (and in good thermal contact with) a thermal bath with uniform
fixed temperature and fixed volume, it may have also various evolution paths to equilibrium.
What is the criteria of choice among these paths - is also not known for sure, but many people

believe that the most probable evolution path corresponds to the maximal rate (— %) of the

Helmholtz free energy F=U-TS decrease among all possible paths. The final state of the system
in thermal bath and with constant volume corresponds to minimum Helmholtz free energy. It
is a well-proved consequence of the second law of thermodynamics.

If, instead of volume, the pressure is fixed (which is typical for condensed phases), the final
state is characterized by the minimum of Gibbs free energy G=U-TS+pV, and many people
believe that the choice of evolution path corresponds to the maximum release rate of Gibbs free

——

Initial state +
External conditions evolution paths

\\ Final state(§) .

may be ambiguous

Fig. 1. lllustration of multiple evolution paths.
Puc. 1. ImocTpariiss HEOAHO3HAYHOCTI UISIX1B €BOJIOIIIT

Table 1
Taoauns 1
Evolution paths and final state of the closed and open systems
nsaxu esontoyii ma Kinyesuti cmaH 3aKkpumux i 6IOKpUMuUX cucmem
Initial state + Choice of evolution Final state and
External conditions path and level of level of
understanding understanding
Closed Isolated Maybe, % = max, S->max -second law of
system but it is not proved thermodynamics
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In homogeneous
thermal bath,
T=const,
V=const

Maybe (-Z—IZ = max)
or maybe

transformation
velocity =max or...?

F=U-TS-> min
checked and proved

In the homogeneous
thermal bath,
T=const, p=const

Maybe(—i—f =

max) or maybe
transformation
velocity =max or...?

G=U-TS+pV-> min
checked and proved

Open
system

Under gradient of Not very well studied but | Steady-
electric potential taking a small state, characterized by
with constant time interval a minimum
conductivity of entropy production,
Stotal = min
dt
Under gradient of Temperature Steady-

temperature with
constant heat
conductivity

redistribution
according to heat
diffusion parabolic

state, characterized by a
minimum
of entropy production,

equation Stotal .
=min
dt
Under gradient of Electron wind effect Failure - formally, also
electric potential induces electro- “steady-

inducing the
electron wind effect

migration, and correspon
ding

redistribution of

atoms, vacancies.

Also, electro-

migration induces
stresses and
corresponding stress mig
ration. Also,

current induces
nonuniform Joule
heating and
corresponding
temperature gradients wh
ich induce the
thermomigration.

state” effect but with eff
ective conductivity tendi
ng to zero,

je=0

2. Evolution of open systems

2.1. Open system - one parameter - one steady-state process is approached

Now we come to an open system. We will treat as an open system any system, which finds
itself in the heterogeneous or/and time-dependent external (boundary) conditions which means
global gradients of temperature or electric potential, chemical potential, or any flux over the
system. In this sense, maybe it would be better to call such a system “driven” as Georges Martin
from Nuclear Centre Saclay in France used to call it. Yet, we will keep the more general term
“open system”.

For us, the system is open if its boundary conditions are incompatible with reaching the
equilibrium. If we keep the different electric potentials in different points of the conducting
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system, the equilibrium is not possible because the current will always pass between boundaries
with different potentials, unless the effective conductivity will decrease to zero due to a large
void or crack (and it means failure) (Fig. 2). Instead of equilibrium, the system may reach
the steady state: non-zero fluxes but zero time derivatives. Simple mathematics shows that, if
conductivity is constant, then the steady state corresponds to the globally minimal entropy
production among all possible distributions of electric potential and current, compatible with
boundary conditions for potential.

void  ——
Cu Je

d
«

sumu,
- Yo

: T
dielectric Ta liner

Fig. 2. Failure mechanism - migration of void under electron wind along the interface
metal/dielectric towards via
Puc. 2. MexaHi3M BiIMOBH - Mirpallisi IOpH J0 MEePEXiAHOTO 3’ €THAHHS i €10
€JIEKTPOHHOTO BITPY B3OBXK iHTEp(hEiCy MeTa/nieIeKTpuK

2.2. Entropy production minimization for steady-state current

The density of entropy production by current, multiplied by temperature, is just a product
of current and minus gradient of electric potential and is equal to Joule heating density. When
approaching the steady state, entropy production tends to a minimum. Indeed, entropy
production density times temperature is a sum of products of flux densities and the driving
forces generating these fluxes. In our case, the flux density is the current density, and force is a
minus gradient of electric potential. Flux and force are related by conductivity A. In a steady
state, the integral of this product over all volume of conductor should tend to minimum.
Mathematically, call such integrals the functionals of potential and current didtribution.

TS = [ 1a(—Yo)dV = [[f A(Ve)?dV = min (1)

Putting variation of this functional (under fixed constant conductivity A) and equalizing it

to zero at the arbitrary variation of electric potential immediately leads us (by the standard
procedure of variational analysis) to the Laplace equation for electric potential:

div(grad @) =0 (2

This distribution of potential and current may exist unchanged forever if the conductivity

will be constant. BUT! Conductivity, in the long term, is not constant because it depends on

morphology (including changing cross-section of interconnect due to voids and cracks),

morphology changes due to migration of atoms, and especially due to migration, accumulation,

and generation of vacancies.

3. Structural entropy production during diffusion, vacancy generation, and

annihilation.
Now we will concentrate on the entropy production as a reason, or at least, as a marker of

failure.
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Failure is, typically, a result of an accumulation of some threshold level of structural defects
in one place. On the other hand, the evolution of an open system is described by the entropy
production in local relaxation processes. This entropy production, in general, contains thermal
and structural parts. The thermal part of entropy production (in our case, Joule heating) usually
just dissipates in the ambient and is not accumulated, but the structural part may accumulate in
the form of extra defects. Thus, failure may be treated as the result of reaching the threshold of
the structural part of entropy production. Let us consider some obvious examples of the
structural part of entropy production.

3.1. Diffusional redistribution of tracer atoms in chemically homogeneous pure material or
chemically homogeneous alloy.
If the concentration gradient grad(C ) of the tracer concentration and corresponding driving

density (times temperature) will be the product of flux density —D - grad(C*) and the driving
force and of course, will be positive. Yet, redistribution of tracer atoms (isotopes of the main
matrix components) does not change any energy or enthalpy - thus, this entropy production
does not produce any heat - it changes only configurational entropy (increasing it). So, the self-
diffusion of isotopes produces only structural entropy.

3.2. Structural entropy production by vacancy diffusion.
In the solid material with vacancies but with vacancy sinks and sources only at the external

boundaries, the following conservation law is valid inside the material:
= —div(ayy) . 3)
(7, is a local vacancy flux density, 2 is the mean volume per site which we approximately
take as equal to vacancy volume).

Configurational entropy of vacancy distribution within the material is

av
Sy = —kyp fff(cvlncv + (1 -C)in(1 - Cv))? : 4)
The chemical potential of vacancies is equal to zero for the case of vacancies in equilibrium
and is determined by vacancy super- or undersaturation:

Cy
Uy = kaan ) (5)
so that
InC, = k’:—T +Ince? . (6)

Here C;? is an equilibrium vacancy concentration. After some elementary algebra, one gets
from Egs. (3-6) and taking into account that C, << 1:

dS —ky j ] ] Y (InC, — In(1 — C,))dV =

k — v
= 7” 1] (—dw(mv)x,;—T +InCyhHav (7)
The equilibrium vacancy concentration is determined by the vacancy formation enthalpy
Hyp:

Hiy
¢ = exp(— ) ®)
At that, Hy,, = TS;,, here S;,, is an entropy increase due to adding one vacancy to the
system.
Our result is:
ds,
T = — H1) 1pdZ + [[[ 7o (=i, dv (9)
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Here, the first term is an entropy production due to vacancy diffusion, and it is purely
structural, not related to any heat generation or absorption:

Jo(=Viy) = == (VC)(VC,) (10)

3.3. Structural entropy production by vacancies with an account of vacancy sinks/sources
in relaxation approximation.

Now we consider the more realistic case of entropy production by vacancies in the real
crystal with vacancy sinks and sources. Here we consider the simplest relaxation approximation
when these sinks/sources are “smashed” over all crystal continuously and characterized by the
single parameter — relaxation time. Mathematically it is a second term in the right-hand side of
the Kkinetic equation (11) for vacancy concentration.

aCy Cy—Coa

= = —div(0)y) - (11)

The first term is a minus divergence of vacancy flux, and the second describes going extra
vacancies to sinks if the vacancy concentration is higher than the equilibrium value, and the
generation of lacking vacancies by sources if the vacancy concentration is lower than the
equilibrium one. Here 1, - vacancy relaxation time determined by the mean free path for
vacancy migration from sinks to sources and by vacancy diffusivity.

If supersaturation or undersaturation by vacancies is relatively small, the difference of
actual and equilibrium vacancy concentration is easily transformed into the chemical potential
of non-equilibrium vacancies.

Cv v
Cy, —Cod = csq(C —1) =~ Ceqexp( =) = qu,:)—T (12)

In such terms, the relaxation rate is proportional to the dlfference of actual vacancy chemical
potential and equilibrium vacancy potential (WhiCh is, of course, zero).

aCV ~ _ L H'V
o = —div(Qf) = 5 (13)
Again we write down andtransform the expressions for vacancy configurational entropy and

the rate of its change:

Sy = —ky JI] (c InC, + (1 - Cy)In(1 - C) < (14)
. fff (lnC —In(1-C,))dV =
=—fff(—div(.(2ﬁ,)— v by nCYdv =

= [IF 5P divGyav + 5 fff = (“:j av + S [ dv - (15)
fff(uv - Hlv)dlv(]v)dv = fff dlv((UV - Hlv)]v)dv fff]v VquV (16)
Here,
[If 7o (=7 ) - entropy pr?duction by vacancy migration
¢ (u, — Hl,,)]_,,’df = dST — out-flux of entropy (if any)

Due to the out-flux of vacancies to the external boundaries which act as a vacancy sink, one
gets:

_€q _€q IPSNCL
fff va :V ~ fff Cv‘[:v dv = fff CydVv va fff av — ﬂNvaNv =0 A::: (17)
On the other hand,
(0] tot
W _ i (18)

tot dt dt
(total shrinking rate = L4
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Finally, our result is:
_ Ne

dSv — .3 Nv v
TE = #(ﬂv - Hlv)]vdZ + Hlv(_—) +
T‘V
R eq 2
TV + [ B (19)
Here, the first term is an entropy change due to the out-flux of vacancies.
The second term is a global entropy change due to the creation or annihilation of vacancies
at the sinks/sources.
The third term is entropy production due to vacancy diffusion.
The fourth term is an entropy production due to the relaxation of non-equilibrium vacancy
concentration.

4. Structural entropy production as a reason for failure

4.1. What is the fraction of structural entropy in the total entropy production by diffusion,
electromigration, thermomigration, and stress migration?

If the driving force of vacancy flux is purely configurational, the produced entropy is purely
structural. What is the form (thermal or configurational or both) of the produced entropy, if the
driving force is an electron wind in electromigration or temperature gradient thermomigration
or stress gradient in stress migration, is not very clear so far.

Let us consider electromigration. The elementary act of electromigration — atomic jump
(and opposite vacancy jump) under electron wind force, of course, proceeds with heat
generation during electron scattering on the jumping atom and its deformed vicinity. Yet, at
least a significant part of this heat generation is actually a Joule heating already taken into
account in entropy production by electron current under a gradient of electric potential.

Let us assume that the structural entropy production by electromigration is a constant
fraction f of total entropy production by the electromigration, (0 < f<1)

dSstruc ¢D ' '
TR )X = e (S22 Zepier) - Zepien (20)

Now we will try to apply this assumption for the explanation and prediction of parameters
in the Black equation for MTTF.

Our task is to understand the Black equation for MTTF and to provide receipts for the
prediction of its parameters n, Ea, A.

MTTF = AG™")exp (%) (21)

4.2.Treating MTTF as a time to accumulate the threshold structural entropy

Now, we consider entropy production during electromigration. We treat MTTF as a time to
accumulate some threshold entropy, S threshold. At that, we take into account the entropy
produced by electron flow (Joule heating) is evacuated by the heat out-flux. Thus, we may
assume that the accumulation of entropy proceeds via electromigration of atoms. We exclude
entropy production by Joule heating, from the entropy balance. So far, let us exclude also
thermomigration and stress-migration. The total entropy production until failure is

]-X-MTTF:TSthrVﬂ 22)
f:_"[]? . (Zepjel)z - MTTF = Tsthr‘f;shold (23)
b
failure _ TSthreshold _ Ar11 _ ,.-2 Ea
t T VeXe A i2D Aj”"exp (ka) (24)

4.3  Threshold structural entropy
It is important to suggest some receipt for predicting the threshold entropy corresponding
to failure. In general, it is a very complicated problem since failure has various mechanisms
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(modes). In this paper, we limit ourselves to the case of voiding (pore formation) at the cathode
end, as an immediate mechanism of failure.

To nucleate and grow the viable void, the cathode end should accumulate the
nonequilibrium vacancies. If the supersaturation by vacancies is not large, then the

accumulation of N,, extra vacancies increases entropy by @ Indeed, the equilibrium of the
vacancy subsystem means zero derivative of Gibbs free energy:
o (NH, = TS(N,)) = 0= H, =T

.. (25)

dN, dN, T

It immediately gives that the increase of entropy by adding one extra vacancy to the system
is just a vacancy formation enthalpy divided by temperature.

4.4. Vacancies as the “quants” of entropy and carriers of entropy

Thus, adding one vacancy to the almost equilibrium system means adding additional
entropy equal to the enthalpy of vacancy formation divided by temperature. In usual conditions
of small pressures (typically less than gigapascal) the vacancy formation enthalpy is close to
vacancy formation energy, so that

AS ~ ANSXtra% (26)

Sooner or later these extra vacancies will unite into the void or crack stopping the current.
To stop the current completely, the void should have cross-section A of the interconnect and at
least § = 0,2 nm of thickness:

Then the threshold entropy may be VERY ROUGHLY approximated as

ASE
Sthreshold ~227 (27)
N T

4.5. Competition of K (Kirkendall) - and F (Frenkel) - vacancy sinks

Relaxation of the vacancy subsystem can proceed in two ways:

1) The first way is voiding as a result of vacancy relaxation at the so-called F-sinks
(Frenkel sinks - the terminology of Ya. E. Geguzin), which means just joining vacancies
into voids.

2)  The second way is vacancy relaxation without voiding, at the so-called K-sinks,
(Kirkendall sinks, according to the same terminology of Ya. E. Geguzin, localized at
dislocation kinks or the surface of crystal grains).

This classification appeared due to an investigation of interdiffusion. Since 1947, thanks to
Ernst Kirkendall, we know that the inequality between the diffusivities of components in binary
diffusion couple leads to compensating vacancy flux from the slow component side to the fast
component side, and divergency of this vacancy flux leads simultaneously to two effects —
Kirkendall shift and Frenkel or Kirkendall voiding. The Kirkendall shift is a movement of inert
markers, embedded in the crystal lattice, shifted due to dislocation climb generated by vacancy
annihilation at one side of diffusion couple and vacancy generation at another side. Frenkel or
Kirkendall voiding is just uniting extra vacancies into voids.

The difference between K-sinks and F-sinks of vacancies in the case of interdiffusion
generating the vacancy flux from the side of slow component B to the side of fast component
A. Vacancies coming to the A-side have two possibilities — (1) to annihilate at the dislocation
generating its climb and causing the lattice shift? And (2) to join the void and increase it, instead
of causing lattice shift. In the case of electromigration, the vacancies migrate from anode to
cathode due to electron wind onto the atoms. If there are no preexisting voids, then they can be
created only at the K-sources at the anode end, but they have two possibilities at the cathode
end. Therefore, the total amount of “emptiness” in the interconnect increases (Fig. 3).
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Fig. 3. Mechanisms of Kirkendall and Frenkel effects (Drawing for description of
competition between the Kirkendall shift and Kirkendall voiding was made by Dr. T.
Zaporozhets)

Puc. 3. Mexani3zmu edektiB Kipkenganna ra @penxens (MaltoHOK Uil ONIHCY
KOHKYpEeHIIi1 Mk 3cyBoM KipkeHaaa Ta yTBOPEHHSIM MOP BUKOHAHO JOKTOpoM T.
3anopoxerp)

Vacancies lead to failure if they go to F-sinks, and they annihilate without causing damage
if they go to K-sinks. Thus, one should help K-sinks in their competition with F-sinks.

For this, we may try to increase the dislocation density. Yet, it will increase the resistivity,
which is not good. Professor Chih Chen et al. discovered about 10 years ago that nanotwinned
copper may be a good candidate. Nanotwinned copper can absorb vacancies without forming
voids and has a resistivity almost the same as “ideal ” copper without defects.

4.6. MTTF for thermomigration. Prediction of MTTF for thermomigration-caused failure
Similar to electromigration, the major entropy production in thermomigration is due to heat
propagation under a temperature gradient:

TdS
vde

TdS
vdt

f.]hXhtfailure —
MTTF =~ tfailure — TSthreshold __ B(—

V]%Xh
_ Q@ _or
Jn = Cka T ( 6x)
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— a)
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So, we predict that the MTTF for thermomigration is inversely proportional to the squared
temperature gradient.

4.7. MTTF for stress-migration
We can practically repeat the same time of derivation of MTTF for the case of stress
migration. In this case, the driving force is the gradient of the stress tensor, grad(o(1).

do)

Xg=—= (34)

Js = CMF = €22 (5 = 222 (35)
F-JoX,goilure — TSirsog (36)

MTTF ~ tfailure — Tbreshold — G(—9%)~2exp (22 (37

So, we predict that the MTTF for stress migration is inversely proportional to the squared
stress gradient.

5. Failure as a phase/structure transformation in open system

One of the basic equations in the general kinetic theory of the first-order phase
transformations is the Kolmogorov-Avrami equation for the time dependence of the
transformed fraction of the parent phase

Y =1—exp[—K-t"] (38)

where K includes nucleation frequency and growth velocity of the new phase precipitates.
The kinetics of K-A evolution is a typical S-curve (Fig. 4a), which gives, in a double-
logarithmic scale, the linear dependence (Fig. 4b)
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Fig.4. Kolmogorov-Avrami evolution: S-type dependence of transformed volume fraction vs
time (a) and the same dependence in double-logarithmic scale (b).

Puc. 4. Esomontist Kommoroposa-Apawmi: S-mogiOHa 3aeKHICTh YaCTKH MTEPETBOPEHOTO
00’emy Bij yacy () i Ta X 3aJeXKHICTh B OJBIitHOMY Jorapudmiunomy Macmradi (b).

On the other hand, the times to failure dispersion is often described by Weibull distribution,
which in cumulative form (Cumulative function -fraction of failed devices by time t) practically
coincides with the Kolmogorov-Avrami equation (Fig. 5):

F(x) = 1 — e~ /D"
~In(1 - F(x)) = (x/D)*
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In(=In(1 — F(x))) = kInx — kInA (39)
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Fig. 5. Typical Weibull plot (data taken from our recent paper[4])

Puc. 5. Tunosuii rpadik Beiibymnna (1ani B3sTi 3 HELI0/1IaBHBO1 CTAaTTi aBTOPIB [4])

Failure, like phase transformation, usually starts its pre-history by some (1) “nucleation
event” - for example, nucleation of nanovoid somewhere at the triple joint of grain boundaries
or the interface metal/dielectric, (2) “growth process” (for example, migration of nanovoid to
the cathode end, or/and merging or just growth of the voids at the cathode end).

At that, we should be ready to consider the “growth” process of future failure in the
multidimensional space depending on the nature of evolution from nucleating defects to the
abrupt change of resistivity (depending on mechanism).

6. Conclusions

1. Failure may be treated as a result of the accumulation of structural entropy beyond
some threshold value. Accumulation of structural entropy is calculated as a "non-heating”
part of entropy production in the processes of electromigration, thermomigration, and stress
migration. Such an approach leads to Black's equation for MTTF with exponent n = 2 for
electromigration-induced failure, and to analogous predictions for thermomigration-
induced failure, as well as for stress migration-induced failure.

2. Failure may be treated as a result of the incompatibility of steady-states for different
processes in an open system. For example, steady-state current under fixed voltage between
the cathode and anode ends of interconnect leads to electromigration of atoms and vacancies
which, in realistic materials, lead to non-steady-state voiding and hillock formation, and
eventual failure. Fully compatible steady-states for all processes would mean "immortality"
at least for interconnect.

3. Failure may be treated as a kind of first-order phase transformation in an open system
and includes nucleation, growth or migration, and (sometimes) ripening. Moreover, the
usually used cumulative Weibull distribution for time to failure (TTF) looks very similar to
the Kolmogorov-Avrami equation for crystallization kinetics describing nucleation and
growth of the crystalline phase.

4. Some ideas of the present paper may be found in the following books and papers: [1-
9].
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HOBI TEPMOAUMHAMIYHI HIAXOAHN 10 AHAJI3Y BI/IMOB Y MATEPIAJTAX
MIKPOEJIEKTPOHIKH

Mera pobotu: chopMmymoBatd 0a30Bi i7ei TEPMOAMHAMIYHOTO MIAXOAY A0 TPOOIEeMHU
Ha/IIHHOCTI MaTepialiiB MiKpOEJIEKTPOHIKH.

MeTtoauka: eneMeHTH MIKpOeJIEeKTPOHHOI 0 Mpriiay (y Imepiry 4epry MeTaueBl 3’ € JTHaHHS
Ta TPUNONHHI KOHTAKTH) PO3INIANAIOTHCS SK BIAKPUTI TEPMOAMHAMIUHI CHUCTEMH Y MOJSAX
TPai€HTIB EJIEKTPUIHOTO MOTEHITIATY, TEMIIEpaTypy Ta HAIPYT.
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Pesynbrat: BigMOBY MOXXHa pO3IJISIIATH SIK PE3YyJbTaT HAKOMMYCHHS CTPYKTYpPHOI
EHTpOIii, 110 MepeBUllye JAeIKEe MOpPOoroBe 3HaueHHs. HakomuueHHs CTPYyKTypHOI eHTpormii
pPO3paxoOBYEThCSI SIK «HETEPMiYHA» 4YacTWHA BUPOOHMITBA EHTPOIIi B MpoIecax
eJIeKTpoMmirpartii, TepMomirpaiii Ta mirpanii y rpamieHti Hanpyr. HetepMiune BHpOOHUIITBO
EHTpoIIii OB s3aHe, B MEPILy Yepry, 3 HapoKEeHHIM Ae]eKTiB, 30KpeMa BakaHCiid. Brepiie
OTpUMaH1 BUpa3u Il BUPOOHHUIITBA SHTPOIi y TBEPAMX TUIAX 13 CTOKAMH Ta JDKEPEJIaMH
BakaHcii. Takuii miaxig mpu3BOIUTH A0 HOBOI iHTepIpeTalil piBHAHHs bieka 11t cepefHporo
4acy /10 BI/IMOBU 3 IOKa3HUKOM N = 2 [JIsl BUNIAJKy B1IMOBH, CIIPUYUHEHO]T €JIeKTPOMITpalli€lo,
1 10 aHAJIOTIYHUX PIBHSAHB JUIS BIIMOB, CIIPUYMHEHUX TEPMOMITPAIli€lo, a TAKOXK MIrpaliero B
TIOJTI HATIPYT.

Bucnosku:

1. BigmMoBYy MOXHaA pO3IVISIAATH K PE3yJbTaT HECYMICHOCTI CTAaI[lOHAPHUX CTaHIB JIS
pi3HUX TpoleciB y BIAKpUTIH cuctemi. Hampukman, cramioHapHuil ctpym mif (hiKCOBaHOIO
HaIpyrow MDK KAaTOAHUM 1 aHOJHUM KIiHIIIMH 3’ €JHAHHS MPHU3BOJIUTH 10 €JICKTpOMIrparii
aTOMIB 1 BakaHCId, MI0 B pEaAiCTHYHUX MaTepianax NPU3BOAUTH O HECTaliOHAPHOTO
YTBOPEHHS MYCTOT 1 TOpPOKIB, a TaKOX 10 OCTaTOYHOTO BHXO0Ay 3 jJany. IloBHicTIO cymicHi
CTalliOHApHI CTaHW JJISl BCiX MPOILECIB O3HAYamu 0 «Oe3cMepTs» MpUHANMHI I 3'€THAHHS.
Hanpuknan, gac 10 BiAIMOBU MOBUHEH MPSMYBATH 0 HECKIHYEHHOCTI, SIKILIO CTPYM IIPOXOIUTh
yepe3 MeTal, Yy SKOMYy 3a0e3ledyeTbcsi TIOBHE MpurHiueHHS edekty DpeHkens
(mopoytBopenHsi) edekrom Kipkennamia (3cyBOM KpPUCTaIiyHOI TpaTKW  BHACIIOK
NePENOB3aHHS KPaOBUX AUCIOKALIIN).

2. BiaMoBY MO>KHA pO3IJISIIaTH SIK CBOEpiHE (a30Be MEPETBOPEHHSI MEPIIOTO MOPSIKY Y
BIJIKpUTIH CUCTEMI, SIKE BKJIFOUAE 3apOKEHHS, picT a00 Mirpartito Ta (iHo/1i) KOaJIeCIeHCII0 TIop
a00 IHIIMX MPUYMH BiAMOBH. [Ipu 1bOMy 3BUYHHI KyMYJISTHBHHI po3nonin BelOymia mis
yacy HanpaioBanus (T TF) Burisigae pyxe cxoxum Ha piBHsSHHA Kommoropoa-ABpami Juist
KIHETUKH KpUCTaNi3allii, [0 OMUCYE 3apOKEHHSI Ta PICT KpUCTaIiuyHOI (a3u.

KurouoBi cioBa: BUpOOHUIITBO €HTpOIi, BakaHCii, TOpH, BiAMOBA, BIIKPHTA CHUCTEMA,
HOTIK, TU(dy3is.

Ooeporcano peoaryiero 01.12.2022
Ipuiinamo oo opyky 11.12.2022

46



Cepist «®Di3uKko-MaTeMaTH4Hi HayKm», 2022

ORCID: 0000-0002-4950-394X
A.P.Tonga
acIipasT,
YHY imeni b. Xmensaumpkoro, Yepkacu, Ykpaina
andriy.gonda@vu.cdu.edu.ua

ORCID: 0000-0002-2594-5559
A. M. I'ycak
JTOKTOp (b.-M. Hayk, mpodecop,
UHY imeni b. XmenpauIBKOTO, Uepkacu, YkpaiHa
amgusak@ukr.net

DOI: 10.31651/2076-5851-2022-47-60 PACS 02.30.Jr, 02.70.-c, 05.70.Fh, 05.70.Ln
JU®Y3IIAHI «CIOPIIPU3U» B MOJIEJISIX B3BAEMHOI TU® Y311

B cmammi posenanymo onmumizosanuii ancopumm po3se si3aHHs pieHAHHA Oughy3ii 0ns
BUNAOKY HECKIHYeHHUX Ougy3itiHux nap i3 3aCMOCY8AHHAM HEPIBHOMIPHOI WKalu Nno
npocmopositi. koopournami. Onucano mooenv peakyilinoi ou@ysii 6 KeazicmayioHapHoOMy
HAOIUdICEeHH, 1T pe3y1bmamu NOPIi6HIOIOMbCA 3 NPAMUM YUCETIbHUM PO36A3KOM OPY2020 3AKOH)
Dika 3 KYCOUHO-HENEPep8HOID  3ANeHCHICMIO  Koeiyichma 683aeMHOI  Oux3iii 610
KOHYyeHmpayii, y sKitl yetl Koe@iyienm npuiiMacmovcs PIiBHUM HYIIO 8CIOOU 34 MeNCAMU
IHMepsanie 20Mo2eHHOCmI NPOMINCHUX T KpatiHix ¢ha3. 30iticHeHo Komn 1omepHe MOOent08aHHs.
Gazoymeopenns ma KOHKYpeHyii ¢paz 0ns eunaoky pocmy 0O0HIEL NpOMIdCHOI (hasu, pocmy ma
KOHKYPeHYii 080X ma mMpbox NPOMINCHUX (ha3, nepesipeHo GUKOHAHHS NapabdoiiH020 3aKOHY
pocmy ons paz. Onmumizosano mooensb O0isi OOCIIOHNCEHHS pYXy IHePMHUX MApPKepi8 8 OKOJll
nouamkogoeo iHmepgeucy ougysitinoi napu inmepghelicy ma OOCHIONCEHO MONCIUBY
oigpyprayito ma modxcaugy necmivkicmoe niowunu Kipxenoana. Ilpu yvomy cmabinvni K-
NIOWUHU € AMPAKIMOPaMU MapKepis.

KarouoBi cioBa: B3aemHa audysis, peakuiiHa audysis, KOHKypeHUis ¢a3, edekr
Kipkennana, iHepTHI MapKepH, YUCEIbHI METOAM Y (i3HIIL.

1. Beryn

Jlns aHani3y mpolieciB B3a€MHOI Ta peakuiifHoi audysii y TBepanux (azax, OCHOBHUM €
meron nudysitaux map. Cepen dbyHAaMeHTATHHUX (PEHOMEHOJOTIUHUX Mojenel audys3ii
MOYKHa BUAUTUTH MOJIEINI peakiitHoi anugys3ii B OiHApHIN cUcTeMi 3 YTBOPEHHSM MPOMIXHHUX
BIIOPSJIKOBAaHUX (a3 13 HEHYJILOBUMH IHTEpBaJlaMUd TOMOT€HHOCTI, a TaKOK B3a€MHOI 1U]y3ii
3 PI3KOI0 KOHIEHTPAIIIHOIO 3aJIeKHICTIO MapIiaibHUX Koe(ilieHTiB Anudy3ii Ta OB’ I3aHOTO
3 ix pizHunero epekry Kipkengana.

Merta cTarTi € B HepIily 4Yepry METOJUYHOIO: MPOJAEMOHCTPYBAaTH MOMIIMBOCTI HOBHUX
(hEeHOMEHOJIOTTYHUX TTIIXO0/IIB 10 MOJICTIOBaHHS TPAIUIIMHUX 3a/1ad B3aEMHOI Ta PEaKIiiHOI
Tudys3ii.

B 3aranbHOMYy BHMazaKy 3ajjadya mpo B3a€MHY JIHU(]y3i0 3 OJHOYACHUM YTBOPEHHSM 1
POCTOM KUIBKOX MPOMDKHUX (pa30BHX IPOIIAPKIB € CKJIAJHOI0 HAaBiTh NMpU Iudy3iiHOMY
KOHTPOJII Tportecy (KoM aTOMH HE 3aTpadaroTh MOMITHOTO Yacy sl IEpeTHHY Mik(a30BUX
mex) [1]. HaBite y 1poMy BUNAAKy YMCENbHUM PO3B’S30K O3HAYa€ y3arajlbHEHY 3a/ady
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Credana npo B3aeMHy nu(y3ir0 3 KOHIIEHTPALIIHO 3a7eKHUM KoedimieHToM nudy3ii B KOKHII
OoKpeMiii ¢a3oBiii 00JacTi 3 BIANOBIJHUMHU KPAHOBUMH YMOBAaMH Y BUTJISII OaJIaHCIB MTOTOKIB
Ha pyXxoMux Mik}a3oBux mexax. [Ipu oMy BUHHKAIOTH MPOOIEMHU 3 Y3TOHKEHHSIM BUOOPY
PO30UTTS HA CKIHUCHHI IHTEpBAJIM B CYCIAHIX (pa30BHX IMpOIIApKax, MpodiieMa y3roKeHHS
X JTUCKPETHUX PO3OUTTIB i3 HEMEPEPBHUM PYyXOM MEX TOIIO. BuHMKae Takox mpobiema
YUCEIHHOTO €KBIBAJICHTAa TPAHUYHUX YMOB Ha «JIiBIH 1 MpaBiii HECKIHYCHHOCTSAX» - aJKE MPHU
eKBITUCTAHTHIM JUCKPETHIM NPOCTOPOBiM CITIi Ui KIiHLEBUX pi3HULb Tpeda aech i
3aKiHYYBAaTH, 1€ HE JOXO/SIYH IO HECKIHYEHHOCTEH 1 B TOM )K€ Yac HE MPUMYIIYBATH CHCTEMY
B KpaifHiX TOUKax MaTu (ikcoBaHi KOHIEHTpalii a0 iX rpajieHTH (IpaHUYHI YMOBH IMEPIIOTO
abo JIpyroro pomay).

YacTkoBUI BHUXiJ 13 BKa3aHWX TPYTHOUIIB Ja€ HAOIMKEHHS MaiKe MOCTIHHUX I10
KOOPJIMHATI TTOTOKIB BCEPEIMHI KOKHOTO TPOIIAPKy MPOMDKHOI (ha3H, CIIpaBeIIuBICTh IKOTO
noBesieHa i (a3 i3 By3bKUMHU KOHIICHTpaIliiHUMH iHTepBaiaMu [2-4]. Lle# miaxin 3akpuBae
MATAHHSA TPO SBHHUH BUIJIAA KOHIICHTPAIIMHOTO MpOodUI0 BCEPEeIUHI KOXXHOTO (ha30BOTro
npomapky. llei npodinas, BUSBISAETHCSA, HA KIHETUKY pocTy (a3u Maibke HE BIUIMBAE, SK 1
KOHKpPETHa KOHIEHTpallliiHa 3aJIeXKHICTh Koe(illieHTa BCEepeArHI KOXHOTO 1HTEpBaly
TOMOTEHHOCTI — BIUIMBA€ JIMIIEC IHTErpaj BiJl IbOro KoedillieHTa B3aeMHOI Judy3ii 1Mo
1HTEpBally TOMOT€HHOCTI — KoediuieHT nudy3ii 3a Baruepom. A came, audy3iiiHMI TOTIK
OKpPEMOro 3 KOMIIOHEHTIB (Hampukiaj, B) B 3araapHOMY BHITAIKy AJIs1 TOBUTBHOI 1-1 IPOMIKHOT
da3u (mpubIM3HO OJHAKOBHH B ycix mepepizax (ha30BOTO MPOIIAPKY) MOXKHA PO3PaxXyBaTH
BUXOJISTYM 31 3HaUeHb BarHepiBchkux koedimienTiB qudy3ii, 11 X KOMIIOHEHTIB:

Céi) -
[ PIC _pac, o

AX. AX. AX.
i i i (1)

1 11el TOTiK, BiJIMTOBITHO, Maike OJHAKOBUM Ha JIiBIH 1 HA MpaBiii rPaHMIIX 1aHOI (a3u.

ojf -

3ajaua 11e CHpOIIY€EThCs, SIKIIO MOKHA 3HEXTyBaTHU po3unHHICTIO A BB i1 BB A. Y
BUIAJIKy CUCTEMH, JI€ MOXJIMBHUM PICT TPhOX MPOMIKHUX (a3, a «kpaiiHi (pa3u» (po3uuHu A B
B i B B A) BiacyTHi (popManbHO MarOTh HyJIbOBY KOHIEHTpaliifHy MHUpHUHY a00/i HyIbOBI
cepeHi Koediiertu Audys3ii) piBHAHHA OajlaHCy MOTOKIB HAOyBalOTh BUTIIALY:

(c(Ll) _0) dle =0— DlACl ,

dt AX,
(C(Z) _C(l)) dXZL — DlACl _ DzAcz
bR dt Ax AX,

(@)
(6(3) _C(Z)) dX3L _ DZACZ _ D3AC3
bR Tt Ax, Ax
D;Ac, B
AX,

B 3aranpHOMy BMMaaKy pIBHSHHS [UIsi OJHOYAaCHOIO TOBIIMH N MPOMIKHUX (a3,

dx
(1_cé3))d_iR = 0

aHaJIOTi4HO 110 piBHsAHB (1) Ta (2), MarOTh BUTIIS:

dAXi _ G —Ciy DiACi _ Di+1ACi+1 + Di—lACi—l
dt (Ci+1 _Ci)(ci _Ci—l) AXi (Cm -G )Axm (Ci _Ci—l)AXi—l , (3)
i=1.n
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IIpu mpomy st kpaiiHix ¢a3 (po3umHu a B B 1 B B A) mpumyckaeTbcsi HyJIbOBa
DAc| 0 D.Ac,

PO3YHMHHICTH 1 HYJbOBI IIOTOKHU: Ci|i:0 =0, Ci|i:n+l:1’ =0, =
AX; | AX.

i=0 I li=n+1

Cbeta

I
I
2 !
I
I
|

=

Calpha | !
XL ¥1R=X2ZL ¥2R =X3L X3R ¥, mkm

Puc. 1. IIpo¢ines KoHIEHTpallll Y BUMIAAKY POCTY TPhOX MPOMIKHUX (a3.
Fig. 1. Concentration profile in case of three intermediate phase growth.

OpnHak, 3aCTOCYBaHHS HaBiTh IUX CIPOMICHUX PiBHAHBb (3) B JESIKMX BUIAIKaX €
npobiaemuuM. [To-niepiue, nanexo He BCi NpoMiXHI (ha3u MaroTh By3bKY 001aCTh TOMOT€HHOCTI,
a 1€ € OCHOBHa yMoBa KBa3icTainioHapHocTi. [lo-apyre, B 0aratboX peajibHUX BUIAJAKaX,
npUHaiiMHI 3 oHOro 00Ky udy3iiHOT apyu, pO3YMHHICTh Yy OJHOMY 3 MaTepiajliB He MOKHA
BBA)KaTH HYJIbOBOIO. KpiM TOro, Mpu 3acToCyBaHHI JJO peaKiliii y TOHKUX IUIIBKaX HEOOX1JIHO
MOCTIHHO CIIJKYBaTH 3a IEpPepo3MOJUIOM IOTOKIB MPOMDKHUX (a3 micias BUYEpPHaHHS
CIIOYATKy OJHIET 3 KpalHiX (a3 (po3unHy), a MOTIM 1 TUX NPOMIKHUX (a3, sIKl 0JHA 3a OJJHOIO
CTalOTh KpallHIMH a BPaxOBYIOUH T€, IO MPOMIXKHI (a3 MOXKYTh HapOKyBAaTUCh 1 3HUKATH,
TO YHCETbHUN pO3B 30K piBHAHHS (3) MOTpeOy€e MEBHUX AITOPUTMIYHHMX HIOAHCIB 3
HApOJDKEHHSAM 3apOJIKiB MPOMDKHUX (a3 Ta 3a0e3NeyeHHs NpU LbOMY 3aKOHY 30epexeHHs
Marepii.

2. IlceBAOKOHTHMHYAJbHMIl WiaXiT g0 MoAe/JIOBaHHA YTBOPEeHHs, pocTy i
KOHKYpeHUil npoMixHux (¢as.

binapny nudysiiiny cucreMy XapakTepu3ylOTh KOHIEHTPaLlIHHUMU 3aJ1€KHOCTSIMH (200

HaOMMKEHUMH CepeHIMU 3HAUYEHHSMH) BCEPEAMHI KOXKHOTO KOHIEHTPALIMHOTO IHTepBalTy

TOMOTE€HHOCT1 ycix mnpoMikHHMX (a3. Ilepenmanau KOHLEHTpauid MK IUMH 1HTepBalaMu

TOMOTEHHOCTI € JIBo(a3HMMH 00JIacTAMH Ha Jiarpami CTaHiB: KO)KHA TOYKa BCEPEAMHI TaKoi
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oOacTi BiANOBigae Ha fAKiich oAHINA (a3l (po3uMHY UM BHOPSAKOBAHIM CHONYIN), a CyMimIi
nBOoX (a3 y piBHOBa3i Mik co00r0. JIBI pi3HUX TOYKH BCEpeauHI onHi€l aBo¢a3HOi 00IacTi
BIJIMIOBIIAFOTH JIBOM CyMIIIaM OJHHMX 1 THX € JBOX PIBHOBWKHUX MiX co00r0 ¢a3. Tomy
nepenaj KOHIIGHTpaIid BcepenuHi ABo¢a3HOi 001acTi HE O3HA4Yae Iepernagy XiMidHUX
MOTEHIIIAIB (TOW 3aIMIIAETHCS HYIHOBHM) 1 TOMY HE MPU3BOIUTH A0 MU(Y31HHOTO TIOTOKY
(TO¥ TeX 3aIMIIAETHCS HYIbOBUM). SIKIIO TaKy CUTYAIli0 IPOJOBKYBAaTH OMUCYBATH 3aKOHOM
®ika, TO B ONMCAHUX BUMAJKaX HEHYJIHOBHUU TPa/IiEHT KOHIIEHTPAIlli MOXKE JaBaTH HYJIbOBUI
MOTIK JuIiie Ko koediieHT nudysii B nepmomy 3akoHi dika MOpiBHIOE HYI0. ToMy Mu
NPOTNIOHYEMO ONHCYBAaTH peakliifHy augy3io He SK Kinbka nudy3iiiHuX 3a1a4 y (a3oBHX
00J1acTsAX, TOB’SI3aHUX TPAHMYHUMH YMOBaMH OajlaHCy TOTOKIB Ha PyXOMHUX MikK(pa3zHUX
MeKax, a sk oHy Audy3iiiHy 3a1a4y y BCbOMY iHTepBali KOHIIEHTpalii Big A 10 B 3 kycouno-
HEIEePEPBHOIO 3AJICKHICTIO KoedilieHTa B3aeMHOI nudy3ii. A came, 3py4HO BUKOPHUCTATH B

SIKOCT1 peryisTopa pocty (a3 cryminuactuii npodine koedimienTa B3aemHoi nudysii D, B
SKOMY Ha JUISHKAaX, Jie HeoOXiTHO 3a0e3MeunTH (MpH HEHYJIHOBUX CTPUOKAX KOHIIEHTPAILiil)
HYJIbOBUH CTPHOOK XIMIYHUX MOTEHLIaMiB, KoeiieHT nudy3ii piBHUHI HYTIO (SK IOKa3aHO Ha
puc 2.). B TakomMy BWIIagKy AOCTaTHHO 3aJIaTH 1HTEPBAIW iCHYBaHHS (a3 g OTpUMAaHHS
npodiiB KOHIEHTpAaIli Tpu peakiiiHii audy3ii it 3a1aHuX iHTepBaliB iICHYBaHHA (a3.
Toxi ans po3paxyHKy npo@igro KOHIEHTpamii mpu peakuidHiil audysii moctaTHHO
BUKOPHUCTATU PIBHIHHS APYroro 3akoHy dika Il 3aJIe)KHOr0 BiJl KOHIEHTpalii kKoediieHTa

mudy3ii:
o 0, 0C
E:&(D(C)&j 3

Just xoedimienTa qudy3ii Mo’KHA BUKOPUCTATH HACTYITHY 3aJI€KHICTb:
D, (c), 0<c<c,

0, Cyr<C<Cy
D(c)=4D,(¢), ¢, <c<cy ,n=L1.N @)
0, cgr<c<c,
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Puc.2. Tlpodine xoHUEHTpaMil IS TPbOX NPOMDKHUX (a3 npu peakuiiHin qudysii. ( D =0
BKa3zye Ha /ABo(a3HI KOHIIEHTpaliifHi 005acTi, Ha SKUX HEOOXIIHO 3aJaTh HYJIbOBUI
koedinient nudysii, CnL, CnR , n=1,2,3 — koHLEHTpaLiiiHI MEKi IPOMIKHOT (a3u).

Fig. 2. Concentration profile for three intermediate phases in reaction diffusion. (D = 0
corresponds to the two-phaser concentration, CnL,CnR, n=1,2,3 - intermediate phase
concentration bounds).

JI1s uncenbHOro po3B’Ai3aHHs PIBHAHHSA AU(Y3ii 13 KOHLIEHTPALIIHO 3aIeXHUM KOoe]illieHTOM
Tu(y31i BUKOPUCTAHO HACTYIIHY YHCEIIbHY CXEMY:

At C..—C . C.—C ..
c C +F|:a i,j+1 |,J_a__ i,j |,Jlj|,

i+l — “ij i, j+1 h i h
1 1 ©)
& ; :E(Di,j + Di,j—l)’ & i :E<D
ne At - kpok mo gacy, i-HOMep KpOKY IO 4acy, h - KPOK IO MPOCTOPOBil KOOPJUHATI, B SIKii

BiZI0yBaeThcs AUy31HHUIA Iepepo3noii.

+D,;),

i,j+1

3. Meroa ontumizauii po3paxyHky audysiiinux mnpodiniB y HeckiHYeHHIH

nudysiinii nmapi.

Pozpaxynox mudysiinux mnpodimiB B OiHapHId cucTeMi MOTpedye 3HAUYHUX
O00YMCIIIOBAIBHUX PECYpCiB, KOJIM HEOOXI1IHO po3paxyBaTh MNpo(diib KOHIEHTpAIii s
JIOCTaTHbO BEJTMKUX 3pa3KiB, OJJHAK CXeMa HaclpaBi € HEONTUMalbHOIO. [1i7 yac po3paxyHKy
BOKJIUBIIIMMHU € 3HAYCHHSI KOHIIEHTPAIIIl B TOUYKaX, HAWOIMKIUX 10 Tudy3iitHOT 30HH, HIK HA
Kpasx 3paskiB. [[ns gocsArHeHHs OUTbII ONTHMAIbHOTO PE3YyJbTaTy 3alpOlOHOBAHO BBECTU
HEPIBHOMIPHY IIKAITY JJIsI TPOCTOPOBOI KOOPAWHATH, Ta 3AIMCHUTH TEPETBOPECHHS PIBHSHHS
npyroro 3akoHy ®ika m0 ¢opmu, mpuIaTHOI UIs PO3paxyHKY B HEpPIBHOMIpHIN mIKaui
MPOCTOPOBUX KoopauHaT. HailOinpmn 3py4yHOIO (QYHKIIEI Ui NEPETBOPEHHS € TaHIeHC,
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OCKIUJIBKM 3MiHA apryMeHTa TaHreHca BiJ -m/2 no +m/2 BiamoBigae 3MiHI QyHKUIT Bil MiHYyC
HECKIHYCHHOCTI JI0 TUIFOC HECKIHYEHHOCTI [/1et0 BUKOpPUCTATH TO1I0HE TIEPETBOPEHHS Y CBIii
yac miaka3zaB ogHoMy 3 aBTOpiB mpod. bopuc I'onoBHs. st 3py4HOCTI 3A1IMCHUMO 3aMiHy
3MIHHOT POCTOPOBOI KOOPJAUHATH (ISl OTHOBUMIPHOTO BUIIAJIKY):

_2L. (7Y
X= ﬂtg(ZLj’ ©)

ne L - moBkuHA iHTEpBaly, Ha SKMH HEOOX1THO MacIITa0yBaTH KOOPIUHATY.

3ayBa)XMMO,III0 TOJII K KOOPJAMHATA X MOXKE MPHUIMATH 3HAYEHHS BiJ MIHYC J0 TUTFOC
HECKIHYEHHOCTi, HOBa KOOpJMHATa Y 3MIHIOETHCS B CKIHUEHHOMY iHTepBaii Bix —L mo +L |
JIOBXKUHY SIKOTO MOXEMO BHOMpATH 13 MIpKyBaHb onTuMizamii amroputMy. llpu mpomy
€KBIJJUCTAaHTHI 1HTEPBAIM 3MIHHOI Y BIAMOBIAAIOTH HEPIBHOMIPHIHN CITI JJIs 3MIHHOI X , TaK
10 B HEHTpaNIbHiN oOmacTi audy3iliHOT 30HU iHTEpBaJl HAWMEHIIHA, a JaeKo BiJ LHEHTPY —
HaWIOBIIHUHA.
Biamosigao qudepenitian dX BUpakeHO HACTYITHUM BHPA30M:

1

dx=——dy (7
cos® (”y)

2L

. 0
Omneparop audepeHiiroBaHHI = HaOyJie BUTTISAY:
X

9. cos? (”—yji (8)
OX 2L oy

3actocyBagiuu orneparop(9) 10 npaBoi yacTHHU PiBHSAHHS (3), OTPUMAEMO:

o _ost(TY) 2 2] ot (7)| 2D@[ 26 ), ey O
g—cos (ZLjay{D(c(y))ay} cos (ZL] ~ (ayj +D(c)ayz 9)

[eperBopuBIIY YncebHY cXxeMy (5) 3rifHo 3 piBHAHHIM (9) OTPHMaEMO ONITHMI30BaHYy CXEMY:

C...—C . C.. —C .
Ci+l.j =Ci,j +%{COS4 (Z—I)_/J:H:ai,ju ':J+; = _ai,j . ; I»Jl},
' Y Y (10)
1 1
&= E(Di,j + Di,j—l)' & = E(Di'm + Di,j)

4. JocaixxenHs 0ipypkauii KipkeHIa10BHX NJIOUIMHHA Ta PyXy MapKepiB.

[Ticns Bigkputtss y 1947 poui edexty Kipkennana (pyXy IHEPTHHX MapkepiB y
nuQy3iiHil 30H1, IKUH CBITYUTH PO PYX PEIIITKHU SK IUIOro y 1udy3iiHii 30H1, BUKIMKaAaHUN
HEPIBHICTIO NapuiajJbHUX KoedilieHTIB Audy3ii) 1€ ABUILE BBaXKAETbCA (PyHIAMEHTOM HaIllUX
ySIBIIEHB TIPO B3a€MHY AM(Dy3ito 1 JOBEIEHHAM BakaHCIHHOTO MexaHi3My. [Ipu 11boMy HIXTO He
3aJ]aBaB MMUATAHHS, YOMY BJAacHE psiJi BCTABJICHHUX B IJIONIMHY BHUXIJHOTO KOHTAKTy iHEPTHUX
MapKepiB MOBUHEH MPOOBKYBAaTH PYXaTHUCh y BUIJISAMI i€l K IUIOMMHU. BusBnserbes, e
¢dakT He € 3aranbHUM MpaBuioM. biauspko 20 pokiB TOMy Ipymia J0CHiTHUKIB 13 TexHiyHOro
VuiBepcutery EiinaxoBena mia kepiBHUITBOM npod. ®Ppanca Ban Jloo (i B Ky THMYacoBO
BXOJIMB 1 O/IMH 13 aBTOPIB JIJaHOI CTAaTTI) BIAKPHIIA MOXKIIUBICTh O1QypKalliil Ta HecTablIbHOCTEN
wiomyH Kipkennana mnpu B3aemHid nudysii  [5-7]. [dnga neranbHOro BUBYEHHS 1
MPOrHO3YBaHHSA MOAI0HUX e(PeKTIB He0OX1THO MaTH MBUIKOAIIOYY IPOrpaMy MpOTrHO3yBaHHS
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€BOJIIOLIT PyXy PELITKH 1 Mepepo3noAiTy iIHEPTHUX MapKepiB y aAudy3iiiHii 30Hi. [Ipn npomy
MOTPiIOHO MOEITIOBATH JIOBI1 Mepioan AuQy31HHUX BIAMAIIB 1 IUPOKi qudy3iiHi 30HU. Tomy
JUIS ONITUMI3alil po3B’sI3Ky PIBHSAHHA JUQY3ii BUKOPHUCTAHO CXEMY ONTHMI3allii po3B’ 3Ky,
onucany B po3niii 3. 3rijgHo 3 aHamizoMm JlapkeHa, koedimieHT B3aeMHOI nudy3ii 1 po3moia
MIBUJIKOCTEH pyXy MapKepiB y JOBUIbHIN Toulli AU(y31iHOI 30HM BU3HAYAETHCS PIBHAHHAMU

(12) i (13):

D(c) = ¢+ D, (¢) +(1—c)- Dy (c) (11)
9=(D, —DA)% (12)

3pyYHO Ui AOCHIIHKEHHS MOXIIMBUX HeCTaOlIpbHOCTEW 1 Oidypkamiii IUIOMHMHA
Kipkennana BHUKOpUCTaTH HACTYMHI] KOHILIEHTPALiHI 3aJIKHOCTI MapIiiaibHUX KOE(Ii€HTIB
Tdys3ii:
D, (C) = D,y exp(=a,C),

(13)
D; (€) = Dy, exp(—ag (1-c))
2
ne, o, , g - Macmrabui MHOKHHKH ~ 1+10, D,,, Dy, ~ 1042
c

[IBuIKICTh pyXy Mapkepa MoOJu3y IJIONIMHU MOKHA BH3HAUMTU 31 CIHIBBIIHOIICHHS IS
HMIBUAKOCTI Teuii rpatku 3a Jlapkenom (12) .
3pyuHillle MBUAKICTh PO3PAXOBYBATH 3 ONTHMI30BaHOI CXEMH Yepe3 HACTYITHUI BUPa3:

v = cos? (Z—Zj(DB —DA)% . (14)

5. Pe3yibTaTH Ynce/IbHUX eKCIIEPUMEHTIB.

5.1. Mooentwsannsa xoukypenyii ¢paz 6 binapuit oughy3itinii cucmemi 3 BUKOPUCTNIAHHAM
NCeBOOKOHMUHYAIbHO20 NIOX0O0).

Jiis moOya0BU KOMIT'FOTEpHOT MoJiesTi OyB BUKOPUCTAHHUM MiAXiA, OMUCAaHUN B po3Aiii 2.

BuxopucraHo rpaHu4Hi yMOBH JpYyroro poay Juisl pIBHSHHS AUQY3ii.

Jns 3a0e3nedeHHss OUTBII HIBUAKOTO (ha30yTBOpEHHS y SKOCTI MOYAaTKOBOI yYMOBHU
BUKOPHUCTAHO (YHKI[II0 TOMUJIOK BUTJISAY:

X
C,(x) =erf (m), keN (15)

max

ne, D,,, - MakcumanbHe 3HaueHHs Koedimienta audysii , Kdt - kinbkicTe KpOKiB st

3a0e3MedeHHs M0YaTKOBOIO PO3MOB3aHHA AU(PyY31HHOT0 Moo,
VY Bumanky pocty omHi€el ¢a3u, 3aJexHO Bl CEpPeIHbOI KOHIIEHTpaIlli, 3a sKoi icHye (a3a,
CIIOCTEPIraeThCs CUTYaIlisl i1 IIaHHs MaTepuHChKOi pa3u ( « , abo [, puc. 3)
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Puc. 3. IIpodins KoHIEHTpaIlil Y BUMIAAKY POCTY OAHIET MPOMIXKHOT (a3u
Fig. 3. Concentration profile in case of single intermediate phase growth

VY BHUmMagKy, KOJIM HasBHA MaTe€pHHChKa (a3a, KBaIpaT IIMPHHUA HOBOI, MPOMiXHOI (haszu
3pocTae 3a JIHIHUM 3aKOHOM, IO Y3TODKYETHCS 3 TapaOoIiYHUM 3aKOHOM pocTy da3. Ilicns
MIOBHOTO NTEPETBOPEHHS MaTEPUHCHKOT (Da3u picT CIOBIIBHIOETHCS 1 MPUMUHAETHCS (puC. 4.)
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Puc. 4. 3anexxHicTh KBapaTy TOBIIMHU (a3u Bia yacy qudy3ii y BUMAIKY POCTY OJHIET (asH.
[IpsimoniniiiHa AUIHKA BiANOBiAa€ mapadoiiyHOMy 3akoHy. [1o Mipi BuueprnanHs
MaTEepUHCHKUX (a3 y TOHKIN( TUIIBLI PiCT MPOMIXKHOI (ha3u MPUMHHAETHCS.

Fig. 4. Squared phase width dependence on time in case of single phase growth
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Puc. 5. {udysiitauii npodine Ta 3anexHICTh KBaApaTy MHUPUHU (a3u BiJ 4acy Ha: a —
novatky ha3oyTBOpeHHs; b — i yac KOHKypeHIlii 1BOX ¢a3.
Fig. 5. Concentration profile and the squared phase width time dependence: a — at initial
stage, b — during phase competition stage.

VY Bunaaky pocty BoX (a3, Koau BiacHUM KoeiieHT audys3ii ofHIET 3 TPOMINKHUX
¢a3 3HayHO mepeBuILye KoedilieHT audy3ii IHIIOI, CIOCTEPIraeTbcs CUTYyallis, KOJIU
NpUrHIYeHa Y pocTi (a3a, MOUMHAE KOHKYPYBaTH 3 CyClIIHBOIO (ha30l0, TOBIIMHA SIKOi Oyia
O1IbI11a, TOCTYIIOBO 3MEHILIYIOUH 3arajbHy TOBIIMHY L€l Ga3u (puc. 5).

120

110

100

CIx)
(Phase width)A2, mkmA2
3

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
x, mkm

time, s

55



ISSN 2076-5851. Bicuuk Yepkacskoro yHiBepcurery. Bumyck Nel. 2022

1 - -
14 H T
. = j E—
L -
900 j
08 o 800
£
0 £ 700
L° i g | {
3 e a T 00
I T
04 2 J’
/ o 500
2
£ ol
o & a0 !
o 300
200
0. e T
‘_|_|__‘_'
100 s
——
.
o
0 100 200 300 400 500 600 700 800
0 2 4 6 B 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 time
x, mkm
. 120! IIJ_L
110! b
1 h|-|_|
100
o g ‘—|_l
- T
L
0 o .
51 £
= g T
b} =
2
4
0. T
)
T
0. ‘-‘_""-|—|_
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
x, mkm

time, s
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— IPUTHIYEHHS MepILOo] MPOMIKHOT a3y, KOHKYPEHIIS APYroi Ta TPEeThol MPOMILKHUX (a3.

Fig. 6. Three phases growth: a — initial stage; b — two neighbour phases competition; ¢ — first
intermediate phase inhibition; ¢ — competition of second and third intermediate phases.

VY BUnaaky pocty Tpbox ¢a3, koau koedimieHT audy3ii mpoMIXkHOI, IIEHTpaIbHOI (a3u
OUTBIIMHA HIK y CYCIOHIX CIIOCTEpIraeTbcs CHUTyallis, KOJM IEHTpalbHa (aza, CIoyaTKy
IPUTHIYEHA, TOCTYIOBO NPUTHidye a3y 110 3HAXOJUTHCS HUKUYE B IHTEPBaJl KOHLEHTPALIIH.
Jani cioctepiraerbest KOHKYpeHuis (a3, 110 3aJIMIIMINCh 3 TOCTYIIOBUM IIPUTHIYEHHAM (hazu
3 MEHIIUM BJIACHUM KOeQilI€EHTOM AUPyY3ii.

5.2. Mooeniosanns pyxy mapkepie ma oighyprayii nrowunu Kipxenoana

s monemtoBanHs edekty Kipkennana B OiHapHiM nudys3iiHiA cucTeMi BUKOPUCTAHO
YHUCEIbHY CXEMY, ONUCaHy B po3aimi 4.

Jnis ontuMmizaliii po3paxyHKiB BUKOPUCTaHO yucenbHy cxemy (11).

[TouaTkoBa ymMoBa AJisi piBHSAHHS AU]Y3ii HACTYMHA:

0,x<0
c(x) = {1 ::0 (16)

HIBuakicTh pyxy MapkepiB omucyerbesi piBHsSHHAM (14). Mapkepu posmojineHi
BUIJIKOBUM YHHOM Y By3bKOMY 1HTE€pBAIi.
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Puc. 7. bidpypxkaris muromman KipkeHgana a TOYHINIE PO3IISIUICHHS Ha JIBi CTa0UIbHI

Ta OJIHY HECTaOUIbHY IUIOIIUHY
Fig. 7. Kirkendal plane bifurcation into two stable and one unstable planes

VY BUmNagKy KoM &, =g chiBBimHOUIeHs (13) MU MaeMO cHUTyaliloo, MO IUIONIMHA

Kipkennana po3aiuisieTbecs Ha TpU IUIOMIMHU (OHY HECTaOlabHY B HYJI KOOPIMHAT) Ta JABI
CTaOUTbHI 3 MPOTUJICKHUX CTOPIH. 3 pHC. 7 3pO3yMiJIO, IO MapKEepH HAMararoThCsl PyXaTHUCh
BiJl HECTaO1IbHOT MJIOUIMHY JI0 CTA0UIBHUX, PU IIbOMY PyX MapKepiB HEPiBHOMIPHHU.
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Puc. 8. Pyx MapkepiB 3a HasIBHOCTI JHIIIe oHieT HecTaOlnbHOI Tutonman Kipkennana

Fig. 8. Markers moving only by one unstable Kirkendal plane
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VY BUNAIKy KOJIM O, >> Xz 32 YMOBH, II0 MH TPALIOEMO 3 ITHKPEMEHTAIBHOIO Mapolo,

MaeMO CHTyamiro Hecrtiiikoi mmomuan Kipkenana (puc. 8), Koo Mapkepw MPOCTO
«p0o30piaroThCA» BiJl TOYAaTKOBOTO BY3BKOI'O PO3IOMAITY KOOPAMWHAT, HE (OPMYIOUYH >KOIHOL
TUTOIIUHH.

6. BucHOBKH

Po3pobiiennii Meton mojentoBaHHS pocTy (a3 B OiHapHMX AMQY3IHHUX CHCTEMax
JIO3BOJISIE CIIPOCTUTHU AITOPUTM ONHUCY (Pa30yTBOPEHHS Ta Kpaile MiIXOAUTh JJIsS BHUITAIKIB
KOHKYPEHTHOTO ()a30yTBOPEHHSI B TOHKHX IUTIBKaxX 1 y BHIaJKaX MPOMIKHUX (a3 i3 JOCHTH
HNIHPOKUMHU 00JIACTSIMU TOMOTeHHOCTI. KpiM TOTO, anroputM aBTOMAaTUYHO YCyBa€ mpooiieMy
3apOAKOYTBOPEHHS MPOMbKHUX (a3. Takox ycyBaeTbes 1 mpobdiieMa 30epekeHHs MaTepii.

VY Bumaaky pocty ofHiel ¢a3u MOKHA CBEp/DKYBATH MPO MapabOIiuHUI 3aKOH POCTY
JIUIIIE O MOMEHTY BUCHAKEHHS MaTePUHCHKOI (ha3u, Hagali picT (ha3u CIOBUILHIOETHCS 1 3aKOH
pOCTY 3MIHIOTBHCHA.

VY Bumaaky pocTy aBoX (a3 mapaOoidHHi 3aKOH pOCTY MOKE€ BUKOHYBAaTUCH i (asu,
IO 3HAXOIHUTHCS MOOIM3y MarepuHChKOi ¢asu. s a3, ski KOHKYpYyIOTh MK cO00I0 B
oOMexeHiil nudy3iiiHiii napi, napaboniyHuil 3aK0H, IPUPOAHBO, HE BUKOHYETHCS.

Y Bunmaaky pocty Tpbox (a3, skmo BiacHuil koedimieHT maudy3ii meHTpambHOI
npoMiXKHOI (a3 3HAYHO OUIBIINNA, HIK CYCIAHIX, HaBiTh, KO (aza Oyia MPUTHIYEHOIO B
pocCTi, BOHa MO’K€ YTBOPUTHUCH Ta KOHKYPYBATH 3 MOCTYIIOBUM MPUTHIYEHHSM CYCiTHIX (a3.

Mogaens, 0 onucana B po3iii 4, IEMOHCTPYE, 0 MAPKEPH, MTOYATKOBO 30CEPEDKEHI
noOM3y KOHTaKTHOTO iHTepdency, MOXYTh MEpPEepO3MOAUIATHCh MDK PYXOMHMH
atpaktopamu. [Ipu 1npomy KipkeHnamoBa IUionMHa, sKa BIANOBIAAE TMEPETHHY MPSIMOT
V=(1/2t)*X 3 kpuBow mBuakocteir V(X) Ha minsHii poxatHboi moxiguoi dC/dX, e
HecTab1IbHO. MapkepH Bil Hel a00 epeTIKaTh 10 iHIUX (CTA01IPHUX ) TUIOMIWH, SKIIO BOHH
€, abo B3arayi «po30pigaroThCs», O3HAYAKOYHM «3a0yBaHHS CHUCTEMOIO» BUXIJIHOTO MICIA
KOHTAKTYy.
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DIFFUSION “SURPRIZES” IN INTERDIFFUSION MODELS
Optimized algorithm of solution diffusion problem was described by using the non-
equidistant space coordinate scale. The quasi-stationary model of reactive diffusion is
described. The optimal diffusion-based phase growth and competition in binary system
algorithm are introduced.
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Numeric modeling of phase growth and competition for one, two, and three intermediate
phases is performed by two alternative ways. First, phase layer growth is computed under
steady-state approximation and with zero solubility of A in B and B in A. Second, phase growth
in multiphase binary couple is computed by direct numeric solving of the second Fick’s law
over total diffusion couple with interdiffusion coefficient being a piecewise continuous function
of concentration, equal to zero everywhere beyond the homogeneity ranges of intermediate and
marginal phases. Both approaches provide parabo;ic laws for infinite diffusion couples and
giva similar descriptions of the phase growth kinetics.

It was shown that for the single intermediate phase growth case the parabolic growth law
is valid till the beginning of the parent phase depletion. The intermediate phase growth slows
down after parent phase depletion. For twophase growth case the parabolic growth law can be
valid for the phase that is placed near the parent phase. For three intermediate phase growth
when the central phase partial diffusion coefficient is greatest than the nearest phases diffusion
coefficients phase can grow, compete and inhibit nearest phases.

The inert markers motion around diffusion pair interface plane model was developed and
optimized. The Kirkendal plane instability and bifurcation was investigated.

The model demonstrates that the markers, initially distributed in the vicinity of contact
interface, may be further redistributed between moving attractors. At the same time, the stable
K-planes are marker attractors. Furthermore, the K-plane that refers to the V=(1/2t)*X
intersection line with velocity curve V(X) at the positive derivative of dC/dX, is unstable. In this
case the inert markers disperse from unstable K-plane to stable K-planes if they exist.

Keywords: interdiffusion, reactive diffusion, phase competition, Kirkendal effect,
diffusion markers, computational methods in physics.
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AHAJIOI' IPUHIUITY MAKCUMYMY AJIA KOJIMBHUX ITPOIECIB

Hpunyun maxcumymy € Oi€gum [HCMPYMEHMOM Ol OO0CHIONCeHHs  AKICHUX
eracmueocmeti po38’s13Ki8 PIGHAHbL 6 YACMUHHUX NOXIOHUX. AK 6i0omo 3 Kypcy pieHsaHb
mamemamuyroi hi3uxu, 018 PIGHAHL eNINMUYHO20 MAd NAPAOONIYHO20 MUNIE NPUHYUN
MAKCUMYMY € OOCHIONACEHUM, GIOOMUM DAKMOM, A MAKONC BUBUEHO U020 3ACMOCYBAHHSA 8
NPUKIAOHUX 3a0adax mamemamuyHoi ¢izuku. Boonouac, ons pieusans 2inepboniuno2o muny
KAACUYHUU NPUHYUN MAKCUMYMY He BUKOHYEMbCS, ale BUHUKAE nompeda 8 11020 008e)eHHI,
Hasimo 6 clabKomy 8u2iili, ma 1020 nOOANbULOMY 3ACMOCYBAHHI K 0I€020 IHCMPYMEHM)
00CNIOHCEHHS AKICHUX 8IACMUBOCIEU PO38 A3Ki6 PIBHAHL 2inepboniunoco muny. Hapasi € nuwe
OesKi pe3yrbmamu, 8 AKux 6y10 no6y008aHO NPUHYUN MAKCUMYMY 05 2iNepOONIIYHUX DIGHAHD
ma cucmem Opy2o2o nopsaoxky. Omoice, 00CIIOHNCEHHA AHAN02I8 NPUHYUNY MAKCUMYMY OJis
PIBHOMAHIMHUX PIGHAHb 2iNepOONIUH020 MUNY € AKMYAIbHOW NPOOIEeMOI0 8 Meopii PieHAHb 6
YACMUHHUX NOXIOHUX.

06°ckm oocnidxcenns: Xeunvboge pi6HAHHA, NPUHYUN Makcumymy, 3aoada Kowi ons
DIBHAHNSA KOTUBAHHS CIPYHU 3 MOAOOWUMY YLeHAMU,; 3A0a4i HA XapaKmepucmuKax.

IIpeomem oocnioscenns: Ananoe npuHyuny Maxcumym Oisi piGHsAHb 2inepOoniuHO20
muny. Mema pobomu: /losedenns ananocy npunyuny Makcumymy 0Js pieHAHb 2inepooniuHo2o
MUY 3 MOIOOWUMU YeHamu. /][5 peanizayii nocmasieHoi memu 8 pooomi 8upiuleHo HaACMynHi
3a60aHHA. BUBYEHO MEemoO OMPUMAHHSL NPUHYURY ~ MAKCUMYMY O NPOCMIULO20
2inepoOoNiuHO20 PIGHAHHA KONUBAHHA OOHOBUMIPDHOI CcmMpYHU 0e3 MONOOUUX YleHis, KUl
nosA2ae 6 Memooi xapaxmepucmuxk, ma 3acmocyganti meopemu Cmoxca y 6Unaoky KiacuuHux
PO38 A3Ki6; OMPUMAHO 34 OONOMO20I0 BUBUEHO20 MEMOOY AHANOZY NPUHYUNY MAKCUMYMY OJis
X6UNbOBO20 DIGHAHHS 3 MOJIOOWUM YJNEHAMU MURY AMALIMYO; OMPUMAHO CIAOKUL RPUHYUN
MAKCUMymy OJis X8UIbOBO2O DIGHAHHS 3 MOJOOWUMY YeHaMU nepuioco nopaoky. Haykoeoro
HOBU3HOIO POOOMU € 008E0EHHS NPUHYUNY MAKCUMYMY OJisl 2inepOoNiYHUX PIBHAHbL OpPY2020
HOPAOKY 3 MOLOOWUMY YTIeHAMU, AKUU GUKOPUCTOBYEMbCA NPU 008E0eHHI meopemMu EOUHOCMI
ma HenepepeHoi 3aNedHCHOCMI P36 3Ky Mianux 3a0ad, a makodic 3aoayi Kowi ons makux
pisnanb. Haseoeno makooic @isuuni modeni ma ix ananiz, axi npusoosmev O1s PIGHAHb 6
YACMUHHUX NOXIOHUX OAHO20 8UJY.

61


mailto:k.buriachenko@donnu.edu.ua

ISSN 2076-5851. Bicuuk Yepkacskoro yHiBepcurery. Bumyck Nel. 2022

Kuro4oBi ciioBa: MeTo1 XapaKTEpUCTHK, PIBHSHHS B YACTUHHUX MOXITHUX JAPYTOTO MOPSIKY
rinepOoiYHOTO THITY, XBUILOBE PIBHSHHS, CIA0KHI MPUHIIMI MAaKCUMYMY, CHJIbHI PO3B'S3KH,
teopema CTokca.

1. Beryn
[TpyHIMI MakCUMyMy € JI€BUM IHCTPYMEHTOM Ui JOCIHIIPKEHHS SIKICHUX BJIACTHBOCTEH
PO3B'SI3KIB PIBHSHB B YACTHHHUX MOX1THUX. SIK BIIOMO 3 KypCy PiBHSIHb MaTeMaTU4YHO1 (Pi3UKH,
JUIS PIBHSHB EJINTUYHOTO Ta MapaOOIIYHOr0 THUIY MPUHIIUI MAKCUMyMY € JOCIIIKCHHM
(akTOM, a TAaKO’K BUBYCHO HOT0 3aCTOCYBAaHHS B IMPUKIIAJHUX 33[a4aX MaTeMaTUYHOT (i3UKU.
BiH 103B0oJIsIE BCTAHOBIIIOBATH SIK SIKICHI BIACTHBOCTI (D I3MYHMX IMPOIIECIB, K1 OMUCYIOTHCS 3a
JIOTIOMOTOI0  eNINTUYHUX Ta MapaloJiuHuX pIBHIHb B YACTUHHHUX TOXIIHUX, TaK 1
JIOCJTIJDKYBATH MOJIAJIbIII BIIACTUBOCTI PO3B’SI3KiB TAKKUX PIBHIHB, & TAKOK KPaHOBUX, MIIIIAHUX
Ta TIOYaTKOBUX 3a/a4 JUId HUX. Tak, 32 JOMOMOTOI0 BCTAHOBJIEHOTO KJIACHYHOTO MPHHILIUITY
MaKCUMyMYy JUIsl PIBHSHB CIINTHYHOTO Ta MapaOOIIYHOrO THIIIB, TOBOJI IMPOCTO JOBECTH
BJIACTUBOCTI €IMHOCTI PO3B’3KYy JAEAKHX 3a/Ja4, a TaKOX HEMEPEepBHY 3aJEeKHICTh BiX
[OYaTKOBUX JIaHMX, L0 € BAXKJIMBILIOI BJIACTUBICTIO B MOAAIBIIOMY iX 3aCTYBaHHS Hij 4ac
onucy ¢Gi3HYHUX MPOIECIB.
BonHouac n1s piBHsAHB TinepOOJIYHOTO TUITy KJIACUYHUM MPUHIMI MaKCUMyMy He
BUKOHYETHCS, BOAHOYAC, 3 OTJISAY Ha BUIIIECKa3aHe, HOTO JOBEICHHS HaBITh B CTAOKOMY CEHCI,
€ Ba)XJIMBOIO MPOOJIEMOIO Ul MOAAIBIIOrO JOCTIKEHHS SAKICHUX BJIACTUBOCTEH pO3B’S3KiB
3a[a4 s piBHSAHB rinepoomiyHoro Tuiy. OTKe, JOCTIKEHHS I[bOT0 MUTAaHHS € aKTyallbHOi
po0JIeMOI0 TEOpii piBHAHb MaTEMAaTUYHOT (QI3UKH.
Brniepuie noBeneHHS MPUHIUILY MaKCUMyMY JUIsl HAHIPOCTINIOTO PIBHSHHS TiNepOOIigyHOTO
TUILY, PIBHSHHS KOJIMBAaHHSI OJTHOBUMIPHOI CTPYHH, 3B’ sIBHIIOCS B po6oTi Agmon S., Nirenberg,
Protter M. B 1953 pori, mi3Himie JOCTiKSHHSIM IbOTO MUTAHHS IS TimepOoIiYHUX PiBHIHD
Jpyroro MOpsKy 3arajabHoOro Burisay 3aimanucs Protter M. H., Weinberger H. [1], siki B cBoil
poOOTI BCTAaHOBWJIM aQHAJOT MPUHIUITY MaKCHUMyMY [UIS XBHJIBOBOTO DPIBHSHHS, a TaKOX
PO3LIMPUIIN CBiH pe3yibTaT i TinepOoiYHUX PIBHAHB 3arajlbHOTO BUTIISAAY, B TOMY YHCII, 31
3MIHHUMH KOeQill€eHTaMH Ta MOJIOALIMMH 4YWIEHaMHU MEpIIOro MOpsAKY. Ycl po3B’s3KH, K1
PO3MIIIANINCS B 3raflaHuX poOoTax, OyJin KIaCHYHUMH.
Mawhin J., Ortega R., Robles-Perez A. [2] Oyio n1oBeeHO TPUHIIUTT MAKCUMYMY JIJIsl CITA0OKUX
obMexenux po3B’saskiB u € L°(R + T3) tenerpagHoro piBHAHHA 3 MapamMeTpoM A y
TPUBUMIPHOMY IIPOCTOPI IO IPOCTOPOBIM 3MIHHIM:

Uy =D U+ cup + Au = f(t,x),

nec > 0,X € (0,c?/4]if € L*(R + T?). Byno Bka3aHi TOUHi MeXi Ha apaMeTp A, a TAKOK
BCTAHOBJIEHO HEOOXIMHICTH YMOBH ¢ > 0 Ui BUKOHAHHS NMPHUHLUIY MakKCUMyMy. Takox
Clain S. [4] O6y70 OTpMMaHO MPUHIMII MAKCUMYyMYy JUIsl PIBHSHB TiepOOJIiYHOTO THITYy 3a
JIOTIOMOTO}0 YHUCEIbHUX METO/IIB TEOP1i AJITOPUTMIB.
VY BUNaAKy NMEpioJUYHUX PO3B’S3KIB MPUHIMII MAKCUMYMYy € IMPUPOJHHUM 1 OyB JTOBEICHHH
Wang F., An Y.[5] 1 Li Y.[6] y 3B’53Ky 3 ICHYBaHHSIM Ta KPaTHICTIO IOJAATHUX MEPIOJTUYHUX
PO3B’SI3KIB JJIsl HENIHIMHOT CUCTEMH Telerpa@HUX piBHSAHb. AHAJIOT MPUHLUIYY MaKCUMYyMY
TaKOX JOCTiKyBaBces B poborax Duffin R. J.[7], Protter M. H.[8], Sather D.[9], [10], Sousa
R., Guerra M., Yakubovich S.[11], Sloss J. M., Sadek I. S., Bruch Jr. J. C.[12].
B ocHoBI 1aH01 poOOTH JIEKUTH BCTAHOBJICHHS AHAJIOTy HMPUHIMIYY MAaKCUMyMY JUIsl PIBHSHB
KOJINBaHHS CTPYHH 3 MOJIOJIIIMMH WieHaMH. Ik OyJio BUIIE 3a3HAYCHO, TPUHIIAIT MAKCUMYMY
MOYK€ BUKOPUCTOBYBATHCH JIMIIIE JJIsl €MNTUYHUX 1 MapaOoIiuHUX PIBHAHB Ta 1a€ MOXKJIMBICTD
JOCIIIIUTA SIKICHI BJIACTUBOCTI PO3B'SA3KIB 3ajad MateMaTtuyHoi ¢i3mku. [i BmacTuBOCTI
(eqMHICTB Ta HENEpEPBHA 3aJIEKHICTD PO3B’SA3KY BiJl TOYATKOBUX JAHUX) 33J0BOJILHSIOTH J1BA
MYHKTH O3HAYEHHS KOPEKTHOCTI 32 AlaMapoM 1 € BaXKIMBUM 1HCTPYMEHTOM I11]1 4ac (13U4HOT
iHTepnperalii pe3ynbraTiB. Takoxk B poOOTi Oyae pO3IISHYTO PO3IIMPEHUH pe3yibTar Jyis
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rinepOoMiyHOrO PIBHAHHSA 3 MOJOAIIMMH WICHAMHM NEPHIOro MOPSAKY Ta 3MIHHUMH
koedimieHTamMu:

Llu] = auy, + 2buy: + cuy + duy, + eug,
Ie a, b, ¢ nBivi HenepepBHO AudepeHIliioBaHi, a d Ta e HenepepBHO AudepeHITiioBaH1 QyHKITIT
xit.
AHaJIOT MIPUHLUIY MAaKCUMYyMYy JJIs TinepOoJIiYHUX PIBHSAHb MOXJIMBO MOOYIyBaTH JUILIE B
c1abKoMy CeHCl, B TepMiHax OIiHOK. Tak, B po0oti, ciimyroun Mawhin J., Ortega R., Robles-
Perez A. [2], MU BUKOPHCTOBY€EMO HACTYITHE O3HAYEHHS CJIAOKOTO MPUHIUITY MaKCUMYyM IS
PIBHSIHB TiEpOOIYHOTO THITY:

Osnauvenns 1. [2] Hexait L = Lu geskwuii niHiiiauii 1udepeHIiialbHuil oreparop, Ui Ha
byHKIiAX u : D — R, BU3HAYCHUX Ha Jeskii nomyctumiid [1] muoxkuni D. Hexaii Takox 11i
byHKIIIT HaneXaTh AesKii ciM’i B, sika ckiamaeTbes 3 rpaHUYHUX, TOYATKOBUX, MIIIAHUX a00
OyIb-sKUX IHITHX YMOB. Bynemo kaszatwu, mo oneparop L 3a10BOJIbHSIE IPUHITUITY MAKCUMYMY
B CIIa0KOMY CEHCI, SIKIIO 3 YMOBH

L>0 u €eB,
BHIUIMBATHME, 110 # > () B KOXKHIiM Touwi odmacti D.

2. AHAJIOT NPUHIUILY MAKCUMYMY /151 OAHOBMMIiPHOI0 XBMJIbOBOI'0 PiBHSHHSA
[TpuHIMI MakCUMyMy B KJIaCHYHOMY CEHCI HE BUKOHYETHCS JJISI PO3B'SA3KIB TiepOOTIuHIX
piBHsHB 1 HepiBHOcTel. [lificHO, Afs HAWMPOCTINIOrO BUMAAKY OJHOBUMIPHOTO DPIBHSHHS
KOJINBAaHHS CTPYHU

Uy — U = 0, 1)
JIETKO MOOAYNTH, 1110 MAKCUMYM HETIOCTIHHOTO po3B’ 513Ky U Ha MHOXKHUHI D = {0 < x <, 0 <
t < T} MOXe 3HaXOJUTUCS Y BHYTpimHii Touli. [ificHo, QyHKIis

u =sinx-sint

€ PO3B’SI3KOM HAaBEJIEHOT'0 BUILE PIBHSAHHS Ta I0CSTa€ MAKCUMyMY B KBaapaTi D y BHyTpillIHIN
touui (1/2, m/2) uporo kBazapary. [1{06 3HaNTH MOXKITUBHI BapiaHT MPUHIIUI MAKCUMYMY IS
rinepOoMIYHUX PIBHSAHb, MU JOCIIKYEMO HPUPOY KOPEKTHO IMOCTABJIEHUX TPAaHUYHUX Ta
MOYaTKOBUX YMOB JIJISl HUX.
XBunpoBe piBHAHHA (1) ommcye momepeyHUil pyX OIHOPIAHOI CTPYHM i 4yac HaTATy.
HaiienemenTapHimor 3agadero I Takoi cucteMu € 3amgada Ko, a Takox MilIaHi 3aaadi.
PosristHemo criovatky 3anady Korri: 3amamo u, du/ dt npu t = 0 Ha geskoMy iHTepBasTi 200 <
x < 2B.
di3uyHa IHTEpHpeTallis IPUHIUIY MAKCUMYMY O3HAYae, 110 PyX OJHO3HAYHO BU3HAYAETHCS B
MeKaxX TaK 3BaHOTO XapaKTePHUCTUYHOTO TPUKYTHUKA, TOOTO TPUKYTHHKA, CTOPOHU SIKOTO
CKJIaJaroThes 3 iHTepBay 2a < x < 2f3, t = 0 Ta yTBOPIOIOTH 3 XapaKTepUCTUKaMHU KyT +1/4
(muB. Puc.1). JlemoHcTpalis nojisrae B OTpUMaHHI SIBHOIO PO3B'SA3KY LI€T 3a7adl METOJOM
Pimana.

1 Cloc+ B, B- )

A -
O 2« 2B X

Puc. 1: XapakTepucTH4HUIA TPUKYTHUK
Fig. 1: Characteristic triangle
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Hexait u nBivi HenepepBHO nudepeHiiiiorana GyHKIis i fudepeHIiaTbHuiA onepaTop
L[u] = Uxx — Ugt
3aJIaHO B XapaKTEpPUCTUYHOMY TPUKYTHUKY D 3 Bepimmnamu A(2a, 0), B(2B3,0) i C(a + B, B —

Q).
f J. uldxdt = f (Uyy — Uge)dxdt,

Posrnsnemo Bupas
1 3aCTOCYEMO JI0 HHOTO TeopeMy Crokca:

B c A
J.f Lluldxdt = futdx + f(uxdt + u.dx) + f(uxdt + uydx).
A
Ockinbku dx = —dt B3goBx Binpizka BCidx = dt B3nosx CA, Maemo:
B c A

ff Llul]dxdt = futdx — j(uxdx + u.dt) + j(uxdx + u,dt).

A B C
3Bigku:
ﬂ uldxdt = j usdx + u(4) + u(B) — 2u(C)
abo !
u(C) =5 [u(4) +u(B)] + [, updx — = = [f,, L [uldxdt. ()

TakuM YMHOM, 3HAYE€HHA U B BepIIMHI C xapaKTepHcquoro TPUKYTHHMKA OJHO3HAYHO
BusHavaeTsest B U(2a, 0), u(2pB,0), du/ ot wis 2a < x < 2B,t =0iL[u] BD.
3okpema, My 6aunmo, 1m0 Akmo L{u] = 08 D 1a

%(x,O) <0, 2a < x <28,
(3)

TO
u(C) <75 [u(A) +u(B)]. (4)

SIkio Mu Bi3bMeMO Oy/b-IKy TOUYKy C' B MeKax XapaKTepUCTHYHOTO TpUKyTHHKA ABC, Mu
MOKEMO MO0y lyBaTH MPAMOKYTHHIA piBHOOepennii TpukyTHUK A'B'C’' 3 A’ i B' na Bici Ox i
npssMuM KyToM B C'. To/li MM 3HAXOAMMO TAKHUM K€ YHHOM, 110

u(C’) < 5 () + u(B)]

3 1i€l HEpIBHOCTI BHUJIHO, 110 3HAY€HHS U B TPUKYTHUKY ABC He MOXYTh IEepeBHUIyBaTH
MaKCHMaJbHOTO 3HAUYEHHS U HA MOYaTKOBOMY B1JIpi3Ky mpsimoi AB. TakuM 4MHOM, SIKIIO U
3anoBonbHsE (3) 1 (4), il MakcumyMm Ha D U 0D MOBUHEH JOCSITaTUCh HA TOYATKOBIHM Mpsmiit
AB.
Lle#t pe3yabpTaT € CIaOKUM MPUHIIUIIOM MaKCUMYMY, OCKUIBKH BIH HE Ja€ >KOAHOI 1HQopMalii
po T€, YU MOXKe (PYHKIIIS JOCATTH CBOIO MaKCUMYMYy y BHYTpIlIHIHM Toui. BriacHe kaxyun,
byHKITIsS

u(x,t) =cosx-cost
3agoBosbHsiE L[u] = 0, Takox

Ju _0
Otleeg

Caiit makcumyMm u mocsrae Ha (0,0) i (2, 0), ane BiH TakoX H0csATaeThes B Toumi (1/2, /2).
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CuisBigHomeHHs (2) MOKa3yrOTh, 110 AKIIO GyHKIA U (x, 0) € Big'emHoro Ha AB abo KO
L[u] > 0B D To3HaueHHs u B C CTPOro MEHIIE, HIX cepeaHe 3HaueHHst A 1 B . Y miii curtyanii
MU 6a4yrMo, 10 K0 M mo3Havae MakcumMyM U Ha AB, Tou < M B D.

3. [IpyHUUN MaKCHMYMY ISl PiBHSHHS KOJIMBAHHSA 3 MOJIOAUIMMY WIEHAMM.
B npomy poszmini Oyae TOBEICHO OCHOBHI pe3yabTaTH POOOTH: MPUHLMII MAKCUMyMY IS

rinepOoNIiYHUX PIBHAHB 3 MOJOAIIUMH YICHAMH.
Teopema 1. Hexait u € C2(D) i 3a10BOIbHSIE
Llu] = uyy —uy +u = f(x,t) = 0 B geskiii gonyctumiii obsacti D.  Hexail  Takox
BHUKOHYIOTHCSI HACTYITHI YMOBH:
u(x,0) <M < 0,u(x,0) <0.
Tomi u < 08D.
Hoseoenns. 3acrocyemo teopemy CTokca j10 3a1aHoro oneparopa L{u] i orpumaemo:

ff uldxdt = f (Uyy — Uge + W) dxdt =

ff udxdt + f udx + f(uxdt + u.dx) + f(uxdt + u.dx).
A
[IpoiHTErpy€eMO OCTaHHIO PIBHICTh B3JI0BXK XapaKTEPUCTHK PIBHAHHS: dX = —dt B3IOBXK

Bizpiska BC (mepiua cimM’'st XapakKTepucTHK) i dx = dt B370BXK

CA (npyra ciMm's xapakTepuCcTHK). OTxKe, OTPEMAEMO HACTYITHE:
B

A
]]L[u]dxdt = ffudxdt + f udx — j(uxdt + u.dx) + j(uxdt + u.dx),
D D A B C

abo
B

lj Llu]dxdt = !)j udxdt + I! ugdx + u(4) + u(B) — 2u(C).

Bpaxosytoun L[u] > 0 B o6nacti D, ouirumo u (C):

u(C) <= [u(A) +u(B)] + ffudxdt + = futdx

3a ymoBamu Teopemu u(x,0) <M <0, u.(x, O) < 0, oTKe, 3aCTOCOBYIOYH IIi YMOBH,
OTPHMAEMO:

u(C) < 5 [u(4) +u(B)]. 5)

3 oTpuMaHOi HEpIBHOCTI 0auMMo, [0 3HAUeHHS U B TPUKYTHUKY ABC He MOXYTh
MIEPEBUIIyBAaTH MaKCUMAJILHOTO 3HAYCHHS U Ha MOYaTKOBOMY BiIpi3Ky mpsimoi AB.
Ockinbku Touku A Ta B nexxats Ha nipsimiit ¢ = 0, MaeMo:

u(C) < 0. (6)
Ockinpku Touka C, "epe3 siky OyJio MPOBEACHO CiM’1 XapaKTEPUCTUK 3aJIaHOTO PIBHSIHHS 3
obnacti D € NOBITBHOI, MPHUXOAUMO JI0 PE3YIbTaTy TEOPEMHU.
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AHJIOTTYHUN pe3ynbTaT Ma€e MIiCIe 1 /I pIBHAHHS KOJIMBaHHS CTPYHHU 3 MOJIOJIIUMH YWICHAMHU
HEepIIOTro HOPSIKY:

Teopema 2. Hexait u € C2(D) i 3a10BOIbHSIE
Llu] = uyy — U +u, = f(x,t) = 0 B geskiki gonyctumiii obsacti D.  Hexait  Takok
BUKOHYIOTHCSI HACTYITHI YMOBHU:

u(x,0) <M < 0,u:(x,0) <0.
Tom u < 0BD.
Hoeeoenns.  3acrocoByroun Tteopemy Crokca mis omeparopa L{u] = Uy, — Uy + Uy,
OTPUMAEMO:

ff uldxdt = f (Uyy — Upe + Uy )dxdt =

ff u, dxdt + f udx + f(uxdt + u.dx) + f(uxdt + u.dx).

A
38.CTOCOBYIO‘H/I, IK 1B TCOpeMl 1, IHTCTPYBAHHA IO XapaKTCPUCTHKAM plBHHHHﬂ, IMPOBCACHUX

yepe3 1oBUTbHY Touky C € D 10 nepeTuny 3 «npﬂMOIo IIO4YaTKOBUX IIaHI/IX)) t=0, maTmMeMo:
B

ff uldxdt = ff u, dxdt + f udx — f(uxdt + u.dx) + f(uxdt + u.dx),

A
B

lf Llu]dxdt = lf U, dxdt + ! usdx + u(A) + u(B) — 2u(C).

3a ymoBamm Tteopemu L[u] =0, u(x,0) <M <0, u;(x,0) <0, omke, NPUXOAUMO O
HACTYITHOI OI[iHKH:

u(C) <5 [u(4) +u(B)]

3 oTpuMaHOi HepiBHOCTI 0OauMMo, IO 3HA4YE€HHS U B TPUKYTHUKY ABC He MOXyTb
MEePEeBUILYBAaTH MAKCUMAJIbHOTO 3HAYEHHS U Ha B1JIPI3Ky MOYATKOBUX JIAaHUX, IpsiMiil AB.
Ockinbku Touku A Ta B nexatsb Ha npsamiil t = 0, maemo:

u(C) <
Ockinbku Touka C € D € MOBUIBHOIO TOYKOI IOMycTHUMOi oOnacti D, mpuxoammo 1o
pe3yNbTaTy TEOPEMHU.

4. BUCHOBKH

B poGoti Oyma posrisHyTa akTyajlbHa TpoOiemMa JOBEACHHS aHAJIOTY MPUHIIHITY
MaKCUMyMa JJIsl PIBHSHb B YACTUHHUX MOX1IHUX TiNepOOIiyHOrO TUIY, IS SKUX KIAaCHYHUN
NPUHIUIT MAaKCUMyMy He Mae Miciisl. BpaxoByroun GopMyITIOBaHHS MPUHIUITY MaKCUMY IS
PIBHSHB TinepOoIIYHOT0 TUITY MOMEPEIHIX POOIT, BCTAHOBJIEHO aHAJIOT IPUHIIMITY MAaKCUMYMY
JUISL KJIACHMYHOTO po3B’sA3Ky 3amaul Komrl piBHSHHS KOJMBaHHS OJHOBHMIPHOI CTPYHHU 3
MOJIOJIIMMH WIEHAMH THITY aMIUTITY/I, @ TAKOX MEpIIoro NopsiaAKy. JloBeieHHs ClIUpa€eThes Ha
pe3yJabTaT, 3amporoHoBaHuii B poboti [1], i BKiItouae B cebe MeTOJ XapaKTEPHUCTHK, IO €
IOPUPOHIM JUI PIBHSAHB TiNepOOIIYHOTO TUITY, a TakoX TeopeMy CTOKca, OCKIJIBKH MOBa ijie
PO KJIACHYHI PO3B’SI3KU JOCTATHHOI I1aIKOCTI.
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ANALOG OF MAXIMUM PRINCIPLE FOR THE WAVE PROCESSES

The maximum principle for partial differential equations plays essential role in various
applicatins. There is usually a natural physical interpretation of the maximum principle in those
problems in differential equations that arise in physics. In such situations the maximum
principle helps us apply physical intuition to mathematical models. Consequently, anyone
learning about the maximum principle becomes acquainted with the classically important
partial differential equations and, at the same time, discovers the reasons for their importance.
The proofs required to establish the maximum principle are extremely elementary. By
concentrating on those applications which can be derived from the maximum principle by
elementary methods, such as characteristics methods and Stock’s theorem, Green's theorem,
integrating by characteristics and others. The maximum principle enables us to obtain
information about solutions of differential equations without any explicit knowledge of the
solutions themselves. In particular, the maximum principle is a useful tool in the approximation
of solutions, a subject of great interest to many scientists. For the cases of elliptic and parabolic
partial differential equations maximum principle is well-known fact, at the same time, in the
case of hyperbolic equations classical formulation of maximum principle is not valid.

This paper deals with maximum principle for second order hyperbolic equatins this
lower terms. The forms that these principles take reflect the structure of properly posed
problems for hyperbolic equations. Both the statements of the theorems and the methods of
proof for hyperbolic operators, presented in this paper are quite different from those for elliptic
and parabolic operators. In particular, the role of characteristic curves and surfaces becomes
evident in the hyperbolic case. The maximum principle occurs in so many places and in such
varied forms that we have found it impossible to discuss some topics which we had originally
hoped to treat. For example, the maximum principle for finite difference operators is omitted
entirely. The mains results of the paper are theorems on maximum principle for second order
hyperbolic equations, lower terms of which contain amplitudes and first-order derivatives.

Keywords: method of characteristics, hyperbolic partial differential equations of the second

order, wave equation, vibrating string equation, maximum principle, classical solutions, Stock’s
theorem.
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BIIJIMB 30BHIIIHbBOI'O TUCKY HA KIHETUKY
POCTY ®A3U Y CUCTEMI Cu-Sn-Cu

Excnepumenmanvro odocniosceno Kinemuxy pocmy ¢paz y cucmemi Cu-Sn-Cu npu
i3omepmiunomy eionani (250°C), npu ammocgepHomy mucky i 3 HPUMYCOBUM 308HIUHIM
mucxom. Obpaxosarno moswuny ¢az CudSn + CubSnS uepes neeni npomixcku wacy sionauy
cucmemu i3 NPUMYCOBUM 308HIUHIM MUCKOM [ 6e3 Hbo2co. Ha ocHosi ompumanux OaHux
npedcmasieno epagiku 3anedchocmi  moswunu ¢has 6i0 uacy eionany. Ilokasano, wo
306HIUWHIL MUCK 3HAYHO CHOBIILHIOE picm ¢ha3 y 0aHiti cucmemi.

Kurouosi ciioBa: peakiiitna nudysis, 6iHapHa cuctema, piakodaszHi peakiii MiJii 1 0J0Ba,
KIHETHKA POCTY.

1. Beryn

He3Baxarounm Ha CTpIMKHI PO3BMTOK Ta MIHIATIOPU3ALiI0 €IEMEHTHOi 0a3u cy4yacHOl
€JIEKTPOHIKH, peali3allisl eJeKTPUYHUX 3’€lHaHb KOMIIOHEHTIB BIJOYBA€ThCSA 3a PaXyHOK
BUKOPUCTAHHS J]ABHO BiJIOMOI'O METOAY MasiHUX 3’€HaHb, OCHOBHUMHU KOMITOHEHTaMM SKHX
3aJIMIIAI0THCS MiJb Ta 0J0BO. [Ipu CTBOpEHHI MasHOro 3’€HAaHHA BIJOYBA€ThCS peakiiiiHa
IuQy3ist MK MO Ta PIAKUM OJIOBOM Y pe3yJbTaTi 4Oro Ha iX KOHTAKTI YTBOPIOIOTHCS JIBI
¢a3u Cu6Sn5 Ta Cu3Sn. Y mporeci pocty azu Cu3Sn B Hiil popMyrOThCS TOPH, SIKI MOXKYTh
BIUIMBATH HAa MEXaHIUYHI Ta EJEKTPUYHI BIIACTUBOCTI KOHTAKTy 1 CIyTyBaTH MICISIMU
3apOJKEHHS Je(PEKTiB, 0 CIPUYUHSIOTH BUXIJ 3 JIaly cCaMe €JIeKTPUYHUX 3’ €THaHb €JICMEHTIB
cxemu. ToMmy gociikeHHsAM peakuiiHoi nudysii y cuctemi Cu-Sn Ta npobiieMi yTBOPEHHS
HIOp MPHUCBSIYCHO 0arato myOIiKaIiii eKCIepHMEHTAIBHOTO Ta TEOPETHYHOTO Xapakrepy [1-5].

Ha mpomuec pocty dasm Cu3Sn Ta yTBOpeHHS B Hiil mop BIuMBae Oarato (axTopis,
HATIPUKJIA]] PO3MIp 3epeH MiUI0KKH Mifl [6], MeTouka 06poOka miamoxku [5]. B maniii poboTi
NIPOBE/ICHO EKCIIEPUMEHTAJIbHE TOCII/KEHHS BIUIMBY 30BHIIIHBOTO THUCKY Ha TPUTHIYCHHS
pocty ¢a3z Cu3Sn+Cu6Sn5 B cucremi Cu-Sn-Cu.

2. MeToauKa eKCepUMEHTAJBHUX JA0CTiKeHb

JIJIs eKCIIepUMEHTAITLHOTO JTOCITIKSHHSI KIHETHKH pocTy (azu y cucremi Cu-Sn-Cu Oyito
BUTOTOBJICHO JIBI MiJHI TUIACTUHKMA OJHAKOBUX PO3MIpPIB 3 PETEIbHO MiATOTOBICHUMU
MOBEPXHAMHU, SIKI OyJM MiAJaHl MEeXaHIuHIA Ta XiMiuHIA 00poOui. Mixk miacTUHOK Mial OyB
HaHECeHM mpomapok onosa. [l 3abe3meueHHs (hiKCOBaHO! TOBIIMHHU IIapy Sn y 3pa3kax,
OyJM BCTaHOBJIEH1 0OMeKyBayl 3 IBOX CTOPIH MIACTUHOK.
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Ili oOmexyBadi TrapaHTyBaJid OJHAKOBY ToBHIMHY Sn (15u) y 3paskax. Ilicns
PO3IMIIOBAHHS MaTepially, OTPUMaHi JBa OJHAKOBUX 3pa3KH, 3 SKUMH IPOBOIMIIN OB
nocmimkenHs (puc.l). Topui 000X 3pa3kiB Takox OylW MiAgaHI MEXaHIYHIM Ta XIMIYHIA
00po011i, 1006 3a0€3MeYNTH OJTHAKOB] YMOBH VISl IIPOBEICHHS €KCIIEPUMEHTY.

Cu

—>I Sn Jsw I«—

Cu

Puc. 1. Burorosnena cucrema Cu-Sn-Cu
Fig. 1. The Cu-Sn-Cu system was produced.

B ekcrnepumMeHTi OyJi0 BUKOPUCTAHO JiBa 3pa3Ku: OJWH 3 HHUX 3HAXOJIUBCS TpPHU
aTMoc(hepHOMY THCKY, a ApyTuii OyB CTHCHYTHH 3 ycixX 00KiB. 1 3a0€3neueHHs piBHOMIPHOTO
TUCKYy Ha CHCTEMY 3 YCiX OOKiB, 3pa30K OyB CTHUCHYTHH METaJCBHMU CTCPKHSIMH Ta
IUTACTHHAMU (pHC.2) 3 IOMOMOTOIO TifpaBiiuHoro npecy (Tuck 150kre/cm2 ). [locTiitHmii THCK
(bikcyBaBcs CIiellialbHO BUTOTOBJICHUMH 3aTucKayaMu. JlaHa mporeaypa Oyiia 3acTOCOBaHa 3
METO0 BUBYCHHS BILTUBY 30BHIIIHBOTO THCKY Ha KiHETUKY pocTy ¢aszu y cucremi Cu-Sn-Cu.

Puc. 2. 3pa3ok Cu-Sn-Cu y BUIIISITI caH/ABIYA, 3aTUCHEHUH Y CTPYOIIHHI.
Fig. 2. A sample of Cu-Sn-Cu in the form of a sandwich, clamped in a clamp.

[Ticng miAroTOBKHM €KCIEePUMEHTAIbHUX 3pa3KiB, MPOBEIEHHS MEXaHIYHOi Ta XIMIYHOI

00poOkH, OyJ10 po3MOYaTO BiJINai 3pa3KiB JUIsl BUBYEHHS KIHETUKU pocTy ¢a3u y cucreMi Cu-
Sn-Cu.
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JlaHi eKcIiepUMEHTAIbHO JOCHIKYBaHl 3pa3Ku MEBHHUM 4ac MiJAaBajics OAHOYACHOMY
130TepmiuHOMY Bianany npu temmepaTypi 250°C. Uepes neBHi iHTepBalu yacy (2 roJIuHU)
o0uiBa 3pa3KH JiCTaBajy 3 MeYi Ta MPOBOAWIM 3HIMKH TOPLEBOI MOBEPXHi. 3arajJpbHUN 4ac
BiJnany ctaHoBUB 12 roauH. J{ns npukiaay 3HIMKHY (3 OJHAKOBUM 301IbIIIEHHSM ) 3pa3KiB IMiCIs
130TepMIYHOr0 BiAnaxy IpoTAroM 6 TOAWH MiJ TUCKOM 1 0e3 HpOro 110 300paxkeHo Ha (puc.3-

4).

Puc. 3. 3pazok micinst 6 roauH Bigmany 6e3 Bl'[J'II/IBy 30BHIIIHBOTO TUCKY.
Fig. 3. The sample after 6 hours of annealing without the influence of external pressure.

IIpoBeeHO LUK €KCIIEPUMEHTIB JJIsi BCTAHOBJICHHs BIUIMBY TEMIIEpaTypu Ha IPOLEC
YTBOPEHHSI HAHOMOSCIB Ta MOOyIOBaHI BIAMOBINHI 3aJIeKHOCTI BOJHEBUX ITOKAa3HHKIB Ta
B’SI3KOCTI JTOCHIKyBaHUX cycrneH3id. Ha puc. 4-10 mpencraBieHi pe3ynbTaTH BILIUBY
TEMIIEPATypd Ta IHTCHCHBHOCTI IEPEMINIyBaHHS Ha BOJHECBUI ITOKa3HWK Ta B S3KICTh
CyCIIeH311 y IpoIeCi CUHTE3Y.

Puc. 4. 3pa3ok miciist 6 TOaUH BiJNaIy IMi1 BIUIMBOM 30BHIIITHBOTO THUCKY
Fig. 4. Sample after 6 hours of annealing under external pressure
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Uepes koXHI 2 TOAMHHM BUMIpIOBaach 3aranbHa ToBIMHA (a3 Cu3dSn + Cu6SnS. [ns
BHUMIPIOBaHHS TOBIIMHU (a3 OyB 3acTocoBaHmii MeTanorpadigyauii mikpockon [1M, a o06poOKy
3HIMKIB Ta BHUMIpPIOBaHHsS TOBUIMHHM BHILE BKa3aHUX (a3 31HCHIOBAIM 3 BUKOPUCTAHHIM
nporpamu Photoshop.

Hagith 6e3 BuMiptoBaHHS TOBIIMHH (a3, BizyalnbHO (puc.3-4) BUAHO, IO B 3pa3Kax sKi
3HAXOJMJIUCH i1 30BHILIHIM 101aTKOBUM THCKOM (150krc/cM2 ) ToBIIMHA (pa3 MeHIIa HIX Y
3paszkax mig atMocepHuM TuckoM. [licns 3aBepiieHHS KOXXHOTO BiJmaiy, MPOBOAMIACH
perenbHa 00poOKa 3pa3kiB [7] Ta 0OpaxyHOK TOBIIMHHU (a3.

Jlnst Bizyamizamii  3ajekHOCTI  pocTy (a3 Big yMOB Bigmamxy 13 OTpUMaHUX
eKCIePUMEHTAIBHUX JTaHUX OyI10 moOy1oBaHo rpadik.

Ha rpadiky (3pa3zok 1) npencraBiaeHuid TOCHIKYBaHHH 3pa30K, SKAW BiaNaTrOBaBCs 0e3
30BHIIIHBOTO TUCKY, TOAL SIK Ha Tpadiky (3pa3ok 2) mpencTaBlIeHU JOCTIHKYBAaHHHA 3pa30K,
KU BiAIIOBaBCs MPHU CTUCHEHHI 3 yCiX cTOpiH (puc. 5). ['padik geMoHCTpyE, IK 3MIHIOETHCS
picT a3u B 3aJ€KHOCTI BiI yMOB BiAmamy.

—@— without external pressure
32— —&— with external pressure
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Puc. 5. I'padik 3anexxHocreit pocty a3 BijJ 4acy Biamnamy
Fig. 5. Graph of phase growth dependences on annealing time.

Jlinisg Ha rpadiky 110 BIANOBIJAE BiANATy CUCTEMI MiJl 30BHIIIHIM THCKOM 3HAXOJUTHCS
HIDKYE HIXK JIIHIA, 110 BIAMOBIAA€E BigNany npu arMocepHoMy TUCKY. OTXKe 11e TOBOPUTH MPO
Te, mo ToBmuHA ¢az Cu3Sn + CusSn5 y 3pasky 3 JOAATKOBUM 30BHIIIHIM THCKOM MEHIIN HiXK
6e3 Tucky. Takox 3 rpadika BUIHO, 110 B IIIJIOMY TOBIIMHA (a3 Mpu aTMOChEepHOMY Bigmai
pocre aemto mBue. OCKUIbKY a3y IpH BiANaii 13 30BHIMIHIM THCKOM MEHIII 3a pO3MIpOM,
1 pOCTYTh MOBUIbHIIIE TPU aHAJIOTIYHUX YMOBAX, TO JOT1YHO Nepea0adynTH IO 1 Mop, K1 B HUX
YTBOPIOIOTHCS B IIJIOMY OyJie MeHIne. TakuM YWHOM, JJaHa METOJINKA MOKE PO3TIISAATUCH SIK
OJIUH 13 CIIOCOOIB MPUTHIYEHHS YTBOPEHHS MOP Y CUCTEMI1 MiJ[b-0JI0BO.
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3. BucHoBkH

1.Ilpu mocmijpkeHHI KIHETHMKKA peakuiiHoi audys3ii B cucremi Cu-Sn-Cu  mpu
13o0TepmivHoMy Biamani (250 0C) po3risiiaBcs OJMH 13 BapiaHTIB CIOBUILHEHHS pocTy (a3 i
BiJITIOBITHO TIOP, SIK HETaTHBHOTO SIBUIIA.

2.ExcriepuMeHTaIbHO, 3 JIOTIOMOTOI0 MMOPIBHSUIBHOTO —aHaii3y, BCTaHOBJICHO, IO
30BHIIIHIN THCK 3HAYHO CIOBUIBHIOE picT a3 y cuctemi Cu-Sn-Cu (pe3ynbratu A0CTiHKEHb
npuBe/ieHI Ha Tpadikax).

3.0tpuMaHi pe3yJIbTaTH TOBOPSATH MPO TE, IO TAHUK METOJ (I0AATKOBUI 30BHIITHIN THCK)
MOYKHA PO3TIISIIATH K OJIMH 13 CIIOCO0IB MPUTHIYEHHS YTBOPEHHS MOP y CUCTEMI Mi/Ib-0JI0BO.
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THE INFLUENCE OF EXTERNAL PRESSURE ON THE KINETICS OF
PHASE GROWTH IN THE Cu-Sn-Cu SYSTEM

In the conducted study, the kinetics of phase growth in the Cu-Sn-Cu system under
conditions of isothermal annealing at a temperature (250°C) were investigated. In addition, the
effect of external pressure on the process of growth or inhibition of the phase and the formation
of pores was studied. The main goal of the study was to determine the influence of external
pressure on the thickness of the Cu3Sn and Cu6Sn5 phase during certain periods of annealing
time of the system.

After the experiment, the obtained data were processed and analyzed. The thickness of the
Cu3Sn and Cu6Sn5 phases was processed for two test samples: with and without the influence
of external pressure. For this purpose, the values of the phase thickness at different stages of
system annealing were measured. After the calculation, graphs were drawn that show the
dependence of the phase thickness on the annealing time for both systems.

The results of the experiment showed that the external pressure significantly slows down
the growth of the Cu3Sn and Cu6Sn5 phases in the studied system. Graphs of changes in phase
thickness from annealing time showed a noticeable difference between the studied samples.
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This research has an important practical application in the field of materials science and
metallurgy. Because during the creation of a soldered joint, reactive diffusion occurs between
copper and liquid tin, as a result of which two phases are formed at their contact. In the process
of its growth, in turn, pores are formed, which can affect the mechanical and electrical
properties of the contact and serve as places for the nucleation of defects, which cause the
electrical connections of the circuit elements to fail. That is why the findings can help to
improve the technology of making soldered joints, ensuring better quality and their mechanical
properties.

Key words: reactive diffusion, binary system, copper/tin state liquid reactions, growth
Kinetics.
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JESIKI OCOBJIMBOCTI AEPOJUHAMIKH TA TEIIJIOOEMIHY
IIPU IONNEPEYHOMY OBTIKAHHI OJJMHOYHOI KOHIYHOI TPYBH
HA MAMJAHYUKY TEC

Humosi mpybu mennogux eiekmpocmanyii - ye 8adCIuull eiemMeHm CKIAOHOI
iHppacmpykmypu npomucnogozo matioanyuxa TEC. Ilpome npu po3paxymkax Oumosum
nmyoam npuodiiiEMvcsa He 0OCMmMamubo yeazu. B nawiii oepocasi Oinbuicms OUMoBUx mpyo
3HAXOOUMbCS 8 HE3A008IIbHOMY CMAHI, WO NPU3B00UMb 00 HE2AMUBHUX HACTIOKIE Ol
€KOJIO2TYHUX Y MO8 HABKOIUUHLO20 cepedosuwia ma eénaus na pooomy TEC 6 yinomy.

Y pobomi npedcmaeneni pezyromamu ducenbHo20 MOOENO8AHHSA AepPOOUHAMIKU Mda
Menyio00MiHY HA NOBEPXHI KOHIUHOI OumM0o80i mpyou, posmauwiosanoi na maroanyuxy TEC. V
pobomi euxopucmana mpaouyiina 0nsa 3aday OdaumHoeo knacy RNG k-¢ mooens
mypoyaenmuocmi. Pozensnymi pienomiprutl i 3MiHHULL NO 8UCOMI NPOGINb WEUOKOCI 8iImMpY,
00yMO8IeHUll THPPACMPYKMypoI0 HABKOIUWHBbO2O cepedosuwa (Pi3Hi munu micyesocmii) i
npomucnogoeo mandanyuxa TEC. Obmikanus oumogoi mpyou mae cKiaoHutli xapakmep, 3
Gopmysannam obracmeil 8i0pueHoi meuii ma pyuHy8anHs npukopoournozo wapy. Iloxaszano,
wo pozmauty8anus mpyou 6i0HOCHO 0OEKMI8 IHBPACMPYKMYPU NPOMUCIOB020 MAUOAHYUKA
menyogoi erekmpocmanyii 6idiepae 8aNiCIuU8y poib )y pPO3no0ili WEUOKOCHE, CIMAMUYHO2O0
MUCKY Ma Men1000MiHy no eucomi mpyou, Ki Maomsv NePioOUYHULL XAPaAKmep 3a 8UCOMOIO K
npu pisHOMIpHOMY Npo@ini weuokocmi, max i 8 ooracmi suwe 3a 0y0i6II0 MAUUHHOZO0 3ALY
npu  3MiHHOMY Npo@ini weuokocmi Habiearowoeo nomoky nosimps. Iloxazano, wo
BUKOPUCMAHHSA PIBHAHH 0BOMIPHO20 OOMIKAHHA KPY2l020 YUNIHOPA NPU3eooums 00 3HAYHOL
NOXUOKU NpU PO3PAXYHKY MENI08i00aui HaA 3068HIUHIN NOBEPXHI KOHIUHOT Oumo6oi mpyou. Taki
pe3yibmamu po3paxyHKie npuzeo0amv 00 He MOYHUX OOUUCIeHb MA 3HUNCEHHS CHPOKY
excniyamayii OuMo8ux mpyo menjioeux eieKmpoCmanyit ma pyuHy8aHHs iXHbOI NOBEPXHI.
Takooic nesipni po3paxynku mennogiooayi oumosoi mpyou TEC npuzodsams 00 6unadinmsi
KOHOeHcamy 8 il cepeOuHi ma maxoic npu3eoo0ums 00 Mpijur 8 KOHCMPYKYIi OuMosux mpyo.

Krouosi ciioBa: 1uMoBa Tpy0a, aeporHaMika, Tem1000MiH, Koe(illieHT TenIoBiadi,
npodins mBuakocti, RNG k-¢ mozens TypOynentaocti, ANSYS 2020-R1.

YMOBHI No3HAYEHHS

Wz — po(ib MBUAKOCTI BITPY

Wo — cepeIHs MIBUIKICTh HAOIrarouoro MmoToKy

o — KoeiIlieHT TerIoBiAaayi

Z — BIICTaHb BiJ TOBEPXHI 3eMJIi

K — KOeiI[ieHT 3MiHHU IIBUAKOCTI BITPY 3 BUCOTOIO
TEC — TemnuoBa eleKTpoCTaHis

Marmzan — ManuHANAN 3ai

Beryn

JlumoBa Tpyba — BaXKIMBHii CICMCHT CKIAAHOI iHGPACTPYKTypH OyIb SKOI TEIoBOI
enekTpocTaHilii. Ii o0cHOBHA 3a/1aua BUKK/I BiANPalbOBAHUX MiYHUX Ia3iB, IO € 3aBepIIaIbHIM
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€TaroM BUPOOHUYOT0 TEXHOJIOTTYHOTO [IUKITy BUPOOHHUIITBA TEIUIOBOI Ta €IEKTPUYHOI €HEpTii.
JumoBa TpyOa Mae 3a0€3MEUYUTH BHMOTH I10 JIOMYCTHUMIA KOHIEHTpPAIIl «IIKiIJTUBHUX)
NPOAYKTIB TOPiHHS y atMocdepi, SKi )KOPCTKO HOPMYIOTHCS Ui OXOPOHH HAaBKOJHUIIIHBOTO
cepenosuina [1, 2]. Y nporieci cantoBaHHs TajJMBa Ha TEILUIOBHX €JIEKTPOCTAHIIIAX [IKITHBI
ra3d MICTSATh TBEPJi PEYOBMHHU Ta KpaIlll PiAMHU, IO OCIJAIOTh HA BHYTPILIHIA MOBEPXHI
JMMOBOi TpyOU Ta 4aCTKOBO BUBOJATHCS B aTMoc(hepy. OCHOBHUMU HIKIATMBUMH PEYOBUHAMHU
e miokcun cipku (SO2) ta okcua azoty (NOx). Lli enemMeHTH CIPUYNHSIIOTh HETaTUBHUIN BILTUB
Ha 3JI0pOB’sl JIIOJUHU IIPY MOTPAIUISIHHI B JIET€H1 Ta MOXKYTh IPU3BOJUTH 10 KMCIOTHHUX JIOILIIB
1 YTBOpEHHI CMOTyY, 10 3aBJa€ MIKOAY 3eMelbHUM Ta Oiopecypcam [3]. {06 3abe3meunTn
HaJIHHY Ta JOBrOTPHUBAITY €KCILTyaTaIlil0 TPyOH, MOTPiOHO 3a0€31eYNTH TIEBHI BUMOTH, CEPE/I
SKMX OOMEXEHHSI BUIIAIIHHS BOJIOTH Ta MIKIITIMBUX PEYOBUH 13 MPOIYKTIB TOPiHHS yCepeanHi
TpyOu. BumaniHHs BOJIOTH MPU3BOJIUTH A0 MOCTIHHOI KOpO3ii B ceperHi TpyOH, yTBOPEHHIO
OIUIMH Ta TPINIMH, 3aMEP3aHHIO BOJOTH 1 TAHCHHS JIbOJY B HUX, PyHHYBaHHS TOBEpPXHI Ta
HEKOHTPOJILOBAHOTO MpHUILIMBY armochepHoro mositps [4]. Ilpore Haxkanb OULIBIIICTH
mumoBux TpyO0 TEC 3HaxoasThesi B HE3aAOBUIBHOMY CTaHi, IO MPU3BOAUTH 10 HETATHBHUX
HACJIJIKIB POOUTH TEIUIOBUX EJIEKTPOCTaHLii B wioMmy. JIMMOBI TpyOW NHpOAOBKYIOTh
eKCIUTyaTyBaTH, MIATPUMYIOYM TEXHIYHMH CTaH MOTOYHUMH Ta KaIliTAJIbHUMH PEMOHTAMH,
X0Ya y 3HaYHI{ 4acTUHI AUMOBUX TPYO BxKe BUPOOJIeHUH niepe1daueHnii TepMiH eKCIlTyaTanii
B 50 poKiB.

Jis1 3ano6iraHHs BUMaJaHHIO BOJIOTH B JIAHUI Yac 3aCTOCOBYIOThCS pi3HI MeToau. Cepen
HUX MOXKHA BIJMITUTH BUKOPUCTaHHS COpPOCHTIB, OXOJIO/UKCHHS JMMOBHX Ta3iB [0
TeMIIepaTypH, NpH sAKii BoJIa KOHJEHCY€ETHCS 1 MOXKe OYTH B1IOKPEMJICHA BiJ] Fa30BOI0 MIOTOKY
(TemnooOMIHHMKM @00  cHemiajbHI  KOHJEHCALiWHI ~ CHUCTEMM),  BHUKOPUCTAHHS
€JIEKTPOCTATUYHMX IPUCTPOIB, BUKOpHCTaHHs (inpTpiB. Hanpukian, y poboti [5] mpuseneHo
NPUKIAJ 3MEHIICHHS BOJIOTH B JMMOBHX Ta3aX y KOHJEHCALIWHUX TEIUIOyTHIIi3aTopax
KOTEJIbHUX YCTaHOBOK. Lli MeToIu MOXYyTh BUKOPUCTOBYBATHUCS OKpeMO a00 B IO€JHAHHI
3aJIe)KHO B1J] KOHKPETHUX YMOB Ta BUMOT €J1€KTPOCTAHII].

Jlisl TOCATHEHHST MEHINOI KIJIBKOCTI HIKIAJIMBUX PEYOBHUH, IO MICTATHCS y BUKUAAX
MPOJYKTIB FOPIHHS, BUKOPUCTOBYIOTH JeKiIbka MeTo1iB. [lepiinii 3 HUX — 11e CTBOPEHHSI O1JIbII
JIOCKOHAJIOTO YCTAaTKyBaHHsS 3 OYHILNEHHS, 30KpeMa BHCOKOE()EKTHBHUX eNeKTPOQiIbTPIB,
pyKaBHUX  QUIBTPIB, CHUCTEM  KaTaliTMYHOI  HeTpamizamii, pajaialiiHO-XIMIYHOTO
3HEUIKOJUKEHHS 1 Take iHme. [[pyruil — me po3pobka HOBHX €KOJIOTIYHO YMCTHUX TONKOBHUX
NPUCTPOiB, 110 3a0e3NneuyloTh MIHIMalIbHI BHUKHMIM 32 PaxXyHOK IHEpPEJOBHX TEXHOJOTIN
cniaymoBaHHs nanuB. HalimpocTimmii MeToa — 3HM)KEHHsI KOHIEHTpalii MPOAyKTiB TOPIHHSA Y
HOBITPi 10 O€3MEeYHOT0 PiBHA PO3CIIOBAHHAM X Ha Oiblny mionty. Hampukiiazg 3milryBaHHIM
nigirpitux rasziB. Tak B poOoTi [6] 3ampONOHOBAaHUN PO3PaxyHOK ONTUMAIBHHUX PEXHMIB
JI0JJaTKOBOT MOJayi B OCHOBY AMMOBOI TPyOM 3aKpydy€HOIO HiAIirpiToro MoTOKYy MOBITPS IS
yHepePKeHHs YTBOPEHHS KOHJIEHCATy Ta MiHIMI3alli eKOJOT1YHOI IKOAM. [HIMi miaxiy - ue
BUKOPUCTAHHS SIKOMOTa BUIIMX AMMOBHUX TpyO. Lle mpu3BOANTH A0 HU3KM CKJIAQAHOIIIB - 13
3017IbIIEHHSAM BHUCOTH 3pOCTa€ IIBUIKICHUN Hamip BITPY, 3pOCTaHHS TUCKY Ha KOHCTPYKIIi
TpyO Ta iHII, 10 OB’ A3aHi 31 CTIMKICTIO Ta HAAIKHICTIO 11 eKCIuTyaTallii, 1o OyJio 3a3Ha4eHO
B po0ori [7, 12].

3abe3neueHHs HaAIMHOT0 TEMIOBOJIOTICTHOTO PEXUMY B TUMOBIH TpyOi TiCHO NOB'sA3aHe
3 TpaHUYHMMHM YyMOBAaMU TpPEThOTO poAy Ha 11 30BHIMIHIA mOBepxHI (KoedilieHTH
TEIUIOBiAaui), sIKI BH3HAYAIOTBCS TeOMeTpUuyHOl (opmoro TpyOu, ii po3mipamu,
iHppacTpykTypoto TEC 1 HaBKOJUIIHBOIO MPOCTOPY, MIBUIKICTIO Ta HANpsSMOM BITpY,
TEMIIEPaTypol0 HABKOJIHUIIHBOTO MPOCTOpy. TakuM YMHOM, 30BHILIHSA TEIUIOBiAIada Tpyou
3HAYHOIO MIpOIO BU3HAYAETHCS OCOOIUBOCTIIMH 1i 00TIKaHHS Ta pO3TallyBaHHS Ha MiCIIEBOCTI.
BpaxyBaru Bce ¢akTopH, 110 BIUIMBAIOTh, B PO3paxyHKaX JIOCUTh Ba)KKO, TOMY B IPOEKTHUX
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pO3paxyHKax BUKOPHUCTOBYETHCS KJIACHYHE PIBHSHHS AJIS1 CEPEIHBOI 110 IEPUMETPY LMITIHIPA
TEIUIOBIIIayl:
ay = 7.3 Wg'66 , (l)

AKe JIa€ YuMaJl MOXUOKH MPH pO3paxyHKax..

Merta crpaBXHBOI poOOTH — JOCITIJKEHHSI aepOUHAMIKH 1 CEPEHBOTO IO MEPUMETPY
TEIJIO00OMIHY Ha 30BHINTHINA MOBEPXHI OAMHOYHOT KOHIYHOI TUMOBOI TpyOH, pO3TaIIOBaHOl y
MIiCBKili 3a0y/10Bi, a TakoX Ha TepuTopii MmyHinunaasHoi TEC. AHamni3yroTbes 3MMOBI, JIITHI Ta
OCIHHI yMOBHM eKcIiulyaTarii TpyOu. BpaxoByrouu CKIagHICTh EKCIEPHUMEHTAIBHOTO
JOCTIKEHHS 11i€i mpo0yieMu, y poOOTi BUKOPHCTAHO KOMITIOTEPHE MOJICTIOBAHHS, 3aCHOBAHE
Ha YHMCEIIbHOMY pO3B'si3aHHI IU(epeHIiaIbHUX PIBHAHb PyXy Ta €HEeprii 3 BIAMOBIAHUMH
TPaHUYHUMH YMOBAMH.

1. YyrnusicTh ciTkM i MoeJib TypOyJIeHTHOCTI

Ha mnowarkoBomy etami OyJi0 TPOBEACHO JOCTIDKCHHS 3 METOK BHU3HAYCHHS
ONTUMAIIFHUX TapaMeTpiB CITKU JUIs yMOB TerutoBingadi. [Ipu anani3i po3ristHyTO 30BHILITHE
oOTikaHHs IWIiHApUYHOI Tpyou amiamerpom 1700 MM, i moBxkuHOr 8000 MM, HIBHIKICTDH
Ha0iraroyoro MOTOKY 3MiHIOBanacs Bil 5 A0 25 m/c. BuBdeHi pi3HiI BapiaHTH CITOK 3
napamMeTpamH, 10 BIUIMBAIOTh Ha BiJICTaHb MEPIIOTO By3Ja Bil CTIHKH IMJIIHAPA B Jiana3oHi
0.02—12 MM, a TakoX Ha MIBUAKICTH 301IBIICHHS PO3MIPIB €JIEMEHTIB 110 Mipi BiiIaJICHHS Bij
obnacti intepecy (Growth rate GR). CitkoBi Mojeni 3reHEpOBaHO 3 HACTYITHHMH
napamerpamu: orthogonal quality >0.07 (pexomenmoBano Bixm 0.05); skewness < 0.9
(pexomenoBano a0 0.91).

1,2

oc/cx0
©
"y

0,7

0,6

0 2 4 6 8 10 12

BigcTaHb nepLuoro By3ana Big CTiHKX h, MM

Puc. 1 — 3anexHicTh CHIBBIIHOLLIEHHS 0/a0 B1Jl BICTaH1 MEPIIOTO By3ja O CTIHKU:
(—) Bapianr 1, (- - -) Bapianr 2; [lIBuakicTs Habiraro4oro motoky: 1 (e)—35 m/c, 2 (m)
—15wm/c,3 (A)—25 m/c.
Fig. 1 — Dependence of the ratio /a0 on the distance of the first node to the
wall: (—) Option 1, (- - -) Option 2; The speed of the oncoming flow: 1 (@) —5 m/s, 2
(m)—15m/s,3 (A)-25m/s.

3 puc. 1 MoXHa MOMITUTH, IO BapiaHTU ciTok 1 Ta 2 Ha npoMmixky 0.02—-8 MM €
npuOIM3HO MOJIOHMMHU 3a pe3yJbTaTaMH MOJENIOBaHHS (0. — YUCENIbHE MOJENIOBAHHS; 0o —
pO3paxyHOK 3a piBHSAHHAM 1). B pesynprari anamizy puc.l BHU3HAu€HO, L0 NpPU BijACTaHi
MIEPIIIOro By3JIa BiJl CTIHKH IMJIiHApa Ta 001acTi, 1m0 Hac mikaButh (Growth rate GR), 6inbire
8 MM BapiaHT 2 IEMOHCTpPY€E HECTAOUIBbHICTh, @ 3HAaUE€HHS KoedillieHTa TeIUIoB111a4i, OTpUMaHi
3a hopmynoro (1), BITXWISIIOTHCS BiJl OYIKYBaHHX 3Ha4eHb OumbIn HIK Ha 20%. B Toit e uac
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npu h > 8 MM Bapiant 1 nemMoHCTpye cTaOLIBHICTH pO3paxyHKy. B pesymbrare s
MOCITIIYIOIINUX PO3PaXyHKIB OyJjia 0OpaHa o0nacTh 3 mapamerpamu citkoBoi mojaeni GR = 1.1;
h = 8 MM (kinbkicTh By3niB citku 60109, umncno enementiB 155908). B poGoti obOpana
TpaauiiiHa 1 3agad ganoro kiacy RNG k-¢ mogens, npucrinna ¢ynkuis Enhanced Wall

Function Ta anroputM po3B’s3Ky Ais 3’€IHAHHA MIBUAKICHOTO THUCKY B CTIMKHX IOTOKax
Simplex.

2. Aepoaumnamika i Tem000MiH Oijsi OAMHOYHOI KOHIYHOI JUMOBOI TpPYyOM:
piBHOMipHH# Npodijab MBHAKOCTI HA0IraI040r0 NOTOKY

s nocnimpkeHHs B3sSTo oauHOUHY KoHIuHY TpyOy TEC, po3raimoBany BepTHKalIbHO Ha
3eMHil moBepxHi (puc. 2). Ilapamerpu TpyOu: Bucora — 40 M; miametp B ocHOBI — 1.7 Mm;
niametp B ycti — 0.85 m. Komm’rotepna mozaens pospaxopana B nporpami ANSYS2020-R1
(omHOpimHA 00JIACTh), NIe 3a cepenoBuIle B3ATO NOBITps. KoHycHa TpyOa 3HaXOIUTHCS Ha
BijicTaHi 12 kamOpiB BiJ BXOMAY, BIICTaHb JO BUXOJy 3 PO3paxyHKOBOi 00JacTi ckiamae 28
kaniOpiB. Ha mepmiomy erarti JoCHipKeHHsST pO3TIIAaBCcsS PIBHOMIpHUH MPOQiinb MIBUIKOCTI
BITpY mepen TpyOoro, sikuii 3amaBaBcsi Ha BijacTaHi 38.3 M Bim ocHOBU Tpyou. B sikocTi
IPaHUYHUX YMOB BHKOPUCTOBYBAIKCS TPaHWYHI YMOBH TEPIIOrO poay (Temmeparypa

nosepxui Tpy6u 100°C). Jlumosa Tpy6a yMoBHO posjizeHa Ha 40 cekuiit (Zones), KoxHa i3
SKUX CTaHOBWIIA 1 M.
“ZGUDQm

i
gragmm *{[*~

s ;

=

40000mm

60000

._/ ‘_‘ tﬂ/smnomm
3g300mm

Puc. 2. 'eomeTprdna MoieNb: OJJMHOYHA KOHIYHA TPyOa
Fig. 2. Geometrical model: single conical chimney

Ha puc. 3 mokazaHo moje IIBUJIKOCTI Ta TEMIIEpPAaTypH MOTOKY MpPHU IMO3A0BKHbOMY
nepepi3i TpyOu. 3 pUCYHKIB BHJIHO, IO B KOPMOBI 00iacTi Mo BCiii BUCOTI TpyOu 3MiHa
MO370BKHBOT MIBUAKOCTI Ta TEMIIEPATYPH MOTOKY Ma€ MepioJuIHHI XapaKkTep, IKU KOpEHHIM
YUHOM BIJPI3a€TbCAd BiJ BHUXPOBOI  CTPYKTYpH B KOPMOBIM o0iacTi mnpu OOTiKaHHI
0E3KOHEYHOr 0 IWIIIHApPaA NMocTiiHOro nepepizy. Ha puc. 4 moka3aHo CTOBIMUMKOBY Jiarpamy
NepioJUYHOT 3MIHM MO BHMCOTI KOHIYHOI TpyOM yCEepeJHEHOi IO KYyTOBI KOOpJAMHATI
KoedilieHTa TeroBigaadi. MakcuMmanbHe 3HaUeHHS Koe(ilieHTa TerIoBiiaadi 3HaX0UThCs
B Zone (21-22) i B Buxignid vactuni Tpyou Zone (39-40). IlepioguuHicts KoedilieHTa
TEIUIOBII]a4i B KOPMOBI 30H1 J0Ope BUIHO HA PHC. 5.
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(mis]

a)

Puc. 3 —Ilosne mBuakocti (a) Ta Temneparypu (6) NoBITPs NpH 0OTIKAHHI OJUHOYHOT
KOHI4HOI TpyOH. PiBHOMIpHMIA Ipodib mBHIKOCTI Habiraro4oro nmotoky. LIBuaKicTh
Ha0Iraroyoro MOToKy 25 m/c

Fig. 3 — Velocity (a) and temperature (b) field of air flowing around a single conical pipe.
A uniform velocity profile of the oncoming flow. The speed of the oncoming stream is 25 m/s

80
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o, Br/m2K

Zone0-1
Zone3-4
Zoneb6-7
Zone9-10
Zonel2-13
Zonel5-16
Zonel8-19
zone21-22
zone24-25
zone27-28
zone30-31
zone33-34
zone36-37
zone39-40

Puc. 4 — 3Mmina xoedirienTa Teruiosiaaadi st 40 cexiiif Mo BUCOTI KOHIYHOI TPYOH.
PiBHOMIipHUIT Tpodins MBUAKOCTI Habiratogoro notoky. llIBuakicTe Ha0iralouoro NOTOKY
25 M/c

Fig. 4 — Change of the heat transfer coefficient for 40 sections along the height of the
conical chimney. A uniform velocity profile of the oncoming flow. The speed of the
oncoming stream is 25 m/s
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Puc. 5 - KoedinienTn TemioBiagadi Ha moBepxHi Tpyou Ta B Zone (21-22) 30kpema.
PiBHOMIpHMIT pod iy MIBUAKOCTI Habiratrouoro notoky. IIBuaKiCT, HaOIrar0yoro moToKy 25
M/c

Fig. 5 - Heat transfer coefficients on the chimney surface and in Zone (21-22) in
particular. A uniform velocity profile of the oncoming flow. The speed of the oncoming
stream is 25 m/s

Puc. 6 — Bektopu mIBHIKOCTI MOBITPs P 00TiKaHHI KOHIYHOT TpyOH Ta B Zone (21-22)
30KkpeMa. PiBHOMipHUH npodiib MBUAKOCTI Halirarouoro notoky. llIBuakicts Habirarouoro
HOTOKY 25 m/c

Fig. 6 — Air velocity vectors when flowing around a conical chimney and in Zone (21-
22) in particular. A uniform velocity profile of the oncoming flow. The speed of the
oncoming stream is 25 m/s

o6 mosicHUTH pO3MOALT KOE(IIEHTIB TEIJIOBIAadl Ha pUC. 6 HABEJIEHO BEKTOPH
HIBUJIKOCTI pyXy MOBITPS IPU MONEPEYHOMY O00TiIKaHHI KOHIYHOI TPYOH. 32 KOHYCHOIO TPyOOIO
BUHUKAIOTh TNEPIOJMYHI 30HM LUPKYJALIl, sIKI BIAMOBIIAIOTH 332 TEIUIOOOMIH 3a «TOYKOIO
BiIpUBY». [HTEHCUBHICTD ITUPKYJIALIT B TAKUX 30HAX U3MEHSAETCS Bif 3aCTIHHOI — KOJH MOTIK
PYXa€EThCSI EPEBAXKHO B3JOBXK LUIIHAPY, c1ab0 MEepeMIlIyI0UUCh ¢ OCHOBHUM IOTOKOM, JIO
3BOPOTHOI LMPKYJALil. Pe3ynbTari, mpeacTaBieHHl Ha puc. 7, MOKa3yloTh, 10 CepelHii 1Mo
BHUCOTI KOHIYHOI TpyOM KO€(]iIli€eHT TETUIOBIJIadil BIAMOBIAAE pe3ysibTaTaM PO3PAXyHKY s
KPYIJIOTO HECKIHYEHHOTO IIMIIIHPA, TaKi 0COOIMBOCTI BUXPOBOI CTPYKTYpPH B KOPMOBIH 30Hi 1
dbopma TpyOH cnabo BIUIMBAIOTH HA CEPEIHIN TETUIO0OMiH.

CraTHYHUI THCK MO BUCOTH TPYOM TaKOX IEMOHCTPYE MEPIOAMYHY 3MiHY IO BHCOTI
TpyOH B 30H1 BiipuBy (puc. 8). [Ipu aHani31 BUSBIEHO 30HU 3HMKEHOT'O TUCKY, 30KpeMa B Zone
(21-22) Ta Zone (39-40), sAki XapaKTepU3yHOThCS BUCOKUMH 3HAYCHHSMH Koe(illieHTa
TEIUIOB1IIayi.
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Puc 7 — Cepenniii mo BHCOTI TpyOH Puc.8 — CtaTaHui THCK 110 BUCOTI
KOe(]iIieHT TeII0BI1aui B1Jl cCepeHbO1 KOH14HOi TpyOu. IlIBuaKicTh Habirarouoro
HIBUJIKOCT1 Ha01ratoyoro noToky: 1 — HOTOKY 25 M/c

Po3zpaxyHok 3a piBHsHHM (1); 2 —

PesyIIETATH MOTEIIOBAHHA Fig. 8 — Static pressure along the height of

the conical chimney. The speed of the
Fig. 7 — The average heat transfer coefficient oncoming stream is 25 m/s
along the height of the chimney from the
average velocity of the incoming flow: 1 —
Calculation according to equation (1); 2 —
Simulation results

TakuM YHUHOM, OCHOBHOKO OCOOJIMBICTIO OOTIKaHHS KOHIYHOI JTUMOBOI TpyOm €
NEepiONYHUN XapaKTep 3MiHM JOKAJbHUX 3HaU€Hb IIBUAKOCTI, TEMIEpPATypy Ta CTAaTUYHOI'O
THCKY 32 BUCOTOIO TPYyOH y ii KopMOBiii ninsHI. e moB’s3aH0 3 ymoBaMu 0OTiKaHHS KOHIYHOT
TpyOM 1 HyJBOBHUMHU I'PaHUYHUMHM YMOBaMHU Ha TMOBepxHi 3emiti. Takuil Xxapakrep BUXpOBOi
CTPYKTYPH BHUSBIICHO BIIEpIIE, [0 KOPIHHAM YWHOM BiJPi3HSETHCS BiJ BUXPOBOI CTPYKTYpH
MOTOKY B KOPMOBIiM 00sacTi O€3KiHEUHOro KpYyIJioro LMIIHApA MOCTIHHOrO mepepizy Hpu
nornepevyHomMy oOTikanHi [8, 9].

3. AepoauHaMika Ta TeNJI000MiH 0iisi OAUHOYHOI KOHIYHOI TMMOBOI TPYOH: BIJIUB
iHQpacTPYKTYpH HABKOJIHIIHbOIO cepPel0BUIIA (THIIA MiCLIeBOCTI)

[Ipu mocmimkeHHH WCTMOJB30BHA OJWHOYHA KOHIYHA TpyOa, po3TamioBaHa Ha 3E€MHIH
noBepxHi (puc. 2). B skocTi TpaHUYHMX YMOB JUIs IIBMJKOCTI BITpY O MOBepxHi 3emii
BHUKOPUCTAHO MPOodiib, SKUH pekoMeHayeTcst B padoTi [10]:

w, = wo - k(2), ¥

JI€ W, — MIBHJKICTh Ha BUCOTI Z BiJ MOBEPXHI, Wo — Cepe/IHs IIBUIKICTh HAOITarouoro
oToKYy, K(z) — KoediIieHT, 110 BpaxoBye 3MiHY IIBHIKOCTI BITPY 3 BUCOTOIO Z 1 pO3PaxOBYETHCS
3a popmymoro:

k(2) = kio - ()% (3)
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3HayeHHs mapaMmeTpiB kqip1 a migOUparOThCA BHUXOAIYM 3 THUIY HABKOJHUIIHBOTO
cepenoBuima [4]. B po6orax [10, 13] po3risHyTO TpU THUIIM HABKOJMIIHBOTO CEPEIOBHIIA
(micmeBocTi):

Tun A: Binkputi y30epexoks MOPiB, 03€p 1 BOJIOCXOBHIII, CiJIbCbKI MICIIEBOCTI, B TOMY
gyucil 3 OyaiBassME BUCOTOO MeHIe 10 M, mycTeni, cTenu, jicocteny, TyHapa (Ko = 1.0; a =
0.30).

Tun B: Micbki TepuTOpii, JIiCOBI MacHBH Ta iHIII MiCLEBOCTI, PIBHOMIPHO IMOKPHUTI
neperkogamu Bucotoro 6inbmie 10 m (k1o = 0.65; a = 0.4).

Tun C: MicbKi paiioHH 3 IIIJILHO 3a0y10BOI0 Oy auHKamu 3aBBUIlKH Oibiie 25 M (Kio
=0.4; a=0.50).

140

120
100 -
80 -

60

Bucora, m

40

20

o 5 10 15 20 25 30 35
Weunakictb, m/c
Puc. 9 — Ilpodine mBHIKOCTI BITPY U PI3HUX THITIB HABKOJIMITHBOTO cepenoBuia. 1 —
tun micueBocti A; 2 —tun B; 3 —tun C. Cepeans mBuakicts BiTpy 10 m/c

Fig. 9 — Wind speed profile for different types of environment. 1 — terrain type A; 2 —
type B; 3 —type C. The average wind speed is 10 m/s

3 puc. 9 BuIUMBae, MmO Mpo¢ial MBHIKOCTI BITPY A PI3HUX THIIIB MiCLIEBOCTI
BUSBIIAIOTH HENIHIMHUI XapakTep. [Ipu mpoBeaeHHI po3paxyHKIB Mpodiib MIBUAKOCTI OyB
BU3HavyeHul Ha BifctaHi 38 300 MM BiJi OCHOBU TpyOH, SK MOKa3zaHo Ha puc. 1.

Ha puc. 10 nokazano cepeaHe 1o BUCOTI TpyOu Koe(illieHTH TeIIoBiAadl JUIsl PI3HUX
3Hau€Hb WIBUJIKOCTI BITPY. 3 BIJCH CIiAy€, IO THI MiICIIEBOCTI Ma€ 3HAUYHUN BIUIMB Ha
BEIMUMHY KoedimieHTa TeruioBingadi. Lle miaTBepikye HEOOXIAHICTb BpPaxOBYBaTH THUI
MICIIEBOCTI Ta Hpodiib HIBUIKOCTI BITpY Iepen TpyOOor0 MpH OLIHII TeIuloBiagadi Oins
KOHIYHOI TpyOH.
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Puc. 10 — Cepenniii mo BHCOTI KOHIYHOT TMMOBOT TpyOH KoedimieHT TeruoBinaayi: 1 —
PiBnoMipHMIT mpodine mBuakocTi, 2 — Tun micueBocti A, 3 — Tumn micueBocrti C.
Fig. 10 — The average height of the conical chimney heat transfer coefficient: 1 —
Uniform speed profile, 2 — Terrain type A, 3 — Terrain type C.

4. Aepogunamika Ta TemiooOmin Oiism gumoBoi Tpyom TEC: Bmius
iHppacTpyKTYypH HABKOJIUIIHBOTO cepenoBuma TEC

Tennosa enekmpocmanyis (TEC) — 11e KOMILIEKC EHEPreTHYHHUX YCTaHOBOK, 00JIaIHAHHSI
Ta anapaTypH, 1110 IPU3HAYEHI ISl IEPETBOPSHHS MTaJIBa Ha €IEKTPHYHY Ta TEIIOBY €HEPTilo.
3a3Buuail Ha mpoMucioBoMy Maiianuuky TE€C po3raioBaHi: FOJOBHUI KOpIyC; Ma3yTHE Ta
OJIMBHE TOCIIOIAPCTBA; KOPIYC MOAPIOHCHHS NaiuBa; Oy IiBJIi MiJCOOHUX BUPOOHHUIITB; TIKOBA
BOJIOTpiiiHAa KOTEJIbHS, I'PaJUpPHIi; AUMOBI TPyOU; ra3operyoounil MyHKT, OYUCHI CIIOPYAU
CTIYHMX BOJI, HACOCHI CTaHLIi LUPKYJIALIAHOTO, MPOTUIOXKEKHOIO Ta IHUTHOTO
BOJIONIOCTaYaHHs Ta iHmri 00'extu [11].

BpaxoByroun OCHOBHI CKIamoBi, Oysiio cTBOpeHO chpomieHny 3D-momens s
JOCITI/DKEHHS, 10 ii CKIaay BXoAsTh (puc. 11): MarmHHUA 3371, MiACTaHIlisA, aAMiHICTpaTHBHA
OyniBis, ckman Ta aBi rpaaupHi. Po3mip maiinananka TEC 3 ITiBgas va [liBHIY — 295 M, 31
Cxony Ha 3axin — 247 m. JlumoBa TpyOa mae niametp B ocHOBI D = 15 m, miametp B ycri d =
7.5 M (konycHictb 0.625), Bucora — 120 M. /lumoBa TpyOa po3TanioBaHa HECHMETPUUYHO
BiTHOCHO OyiBJII MALTUHHOTO 3aITy.

CitroBa monens iHppacTpyktypu TEC npeacraiena Ha puc. 11, KITbKICTh BY3JIiB CITKU
— 1137 781,uncno enementiB — 4 741 859, wmiHiManbHa opToroHaidbHa skicte — 0.1,
MakcuMmanpHuil Tiepekic — 0.89. B pospaxynkax BukopucroByBasiack RNG k-¢ Momens
TypOyneHTHocTi. ['ycTHHA MOBITPS HE 3aJieKHa BiJl TeMIepaTypH Ha BXOAl B pO3paxyHKOBHH
00’€eM, CHITaMU TSDKIHHSL 3HEXTYBaHO. TemnepaTtypa noBepxHi TpyOu 3ajaBanacs MOCTIHHOIO Ta
piBHOtO 100°C, mBUAKICTH BITPY 3MiHIOBasacst Wo BiJ 5 10 25 M/c.

VY po6oti [12] BUBYEHO [1Ba HANPSIMKH BITPY, sIKi HaBeJeHi B TaOnuii. Po3risHyTo nBa
cezonu ekcrutyarauii TEC (i1ito, 3uMa) 3 pi3HOIO TEMIEepaTyporo MOBITPs MPH CepeIHbON
mBUAKOCTI BITpY 5 M/c. [Ipodine mBuakocti Ha mexi Maiiganunka TEC ctaBuBcs BiNOBIAHO
70 1H(GPACTPYKTYPH HABKOJIMIIHBOTO MpocTopy HaBkoso MaiaaHunka TEC (Tinm miciieBocTH
C). TakuM YMHOM, TPUBEACHHI HIDKE pe3ylbTaTi JUIsl KOXKHOTO BapiaHTa OTpakaroT
COBMECTHOE BJIMSHHE 1H(QPACTPYKTYpl HABKOJIMIIHBOTO CEepeloBHINA (Tila MICHEBOCTH) Ta
maiinagunka TEC.
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Puc. 11 — Cnpoiiena iHbpacTpyKTypa TEIUIOBOI €JIeKTPOCTaHLI (3arajibHUN BUTIISAN)

Fig. 11 — Simplified infrastructure of a thermal power plant (general view)

Tabnuus 1. Buxigni nani ans po3paxyHKy

Table. Output data for calculation

Bapiantu .

03paxyHK mBHHKICTB Temnepatypa HanpsiMox moBiTps Ceson
p y HOBITPS Wo, M/C t, °C
Bapianr 1 5 -5 ITiBHiu — IliBneHb 3UMa
Bapiant 2 5 26 I1iBuiu — [1iBneun JITO
Bapiant 3 5 -5 ITiBnens — [1iBHig 3UMa

Bapianm 1. Hanpsimox nosimps Ilieniu — [lig0ens (3uma)

Ha puc. 12 300pakeHo mosie MmMBUIKOCTI B mIockocTi Z-Y. Tak sk 3a TuMOBOO TpyOOI0
po3TtamoByeThes Marn3an (Bucota 30 M, mupuHa 70 M), SIKH € epenIko010 Il TOTOKY, 110
oOTikae TpyOy, TO 0OTIKaHHS MAIIMHHOIO 3aJIy Ma€ XapakTep Tia, 10 IOraHo O0TIKaEeThes, 3
BIJJpMBOM TIOTOKY Ha OiuHMX moBepxHsX (puc. 13). Hecumerpuune posranryBaHHS AUMOBOI
TPpyOHM 1110J10 LEHTPY Mall3any MPUBOAMTE 10 HECUMETPUYHOI0 OOTIKaHHS OYy[iBii Mallzania.
VY monepeyHOMy HAmpsIMKy Oifisi TpyOu (OpMYEThCS «KpPHIIETIONIOHA» CTPYKTypa BHCOTOIO
noHaz 30 M, sika crasiae 1o Mipi BigganeHHs Bix TpyOu. Sk i npu oOTiKaHHS OAMHOYHOI TPyOU
(puc. 3) B KOPMOBIif YaCTHHI TPYOH CIIOCTEPITa€ThCs 3MIHHUN XapakTep 3MiHM IIBUAKOCTI 1O
BHUCOTI TPyOU B KOPMOBIii YacTHHI B 001acTi BHIie Oy/IiBIIi MamkMHHOTO 3ainy (puc. 12).

.

Puc. 12 — ITone noB30BXKHBOI MIBUIKOCTI BITPY NPH OOTIKaAHHI OJUHOYHOT KOHIYHOT

TpyOu, po3TaoBaHoi nepes OyaiBiaeio MAITMHHOTO 3Ty

Fig. 12 — Longitudinal wind velocity field when flowing around a single conical
chimney located in front of the engine room building
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Puc.13 — I[Tone mBuakocTi nmpu 00TIKaHHI OAMHOYHOT KOHIYHOI TPyOH Ha MalIaHYUKY
TEC. Bucora niepepizy 29 m
Fig. 13 — Velocity field when flowing around a single conical chimney at the TPP site.

The height of the section is 29 m

a) 0)

Puc. 14 — Aepoaunamika qumoBoi Tpyou TEC Ha pi3Hiii BucoTi Big 3emui: a — Bucora 29 w;
0 — Bucora 80 m

Fig. 14 — Aerodynamics of a TPP chimney at different heights from the Earth: a — Height 29
m; b - Height 80 m

Ha puc. 14 naBeneno BexktopHe noje mBUAKOCTI. Ha Bucoti 29 M B 0071aCTi HUKYE 1aXy
Malmzajga OOTIKaHHA TpyOM € HECUMETPUYHUM, M0 OOYMOBJIEHO HECHUMETPUUYHUM
po3TaiyBaHHAM TpyOM o0 31aHus Mamsany. B oGmacti mamany (puc. 14-a) Buxposa
CTpYKTypa 3a TpyOor0 3MilleHa BIPaBO, a CaM BUXOp KOPOTIIMHA 1 Mae OiNbII IITICHUHN 1
OJIHOHANpABICHUN XapakTep (3a TOJAMHHUKOBOIO CTPUIKOIO). 30Ha BIIPUBY TOTOKY
po3TanioBaHa B JIiBIM YacTUHI TpyOu (B HANpsMKY MOTOKY), MPUYOMY ii IIMPHUHA 3HAYHA 32
po3mipoMm. Bume OyaiBmi mamzany (puc. 14-6) roMoreHHa HMUPKYIIAIiS TOBITPs 3a TPyOOro
po30MBaAETbCA Ha KUIbKa MEHIIMX 3a pPO3MipaMu, ajie pi3HOHANpaBlIeHMX BHUXOpPIB ¢
NEPEMEHHUM XapaKTepOM 3MIHM IIBHJIKOCTI IO BUCOTI TpyOU B KOPMOBIi obnacti. 30ypeHHs
BiJl OyIiBii MOCTYHNOBO 3aTyXalOTh 1 OOTIKaHHA TPyOM CTa€ CHUMETPUYHHM 3 MPHOIU3HO
OJIHaKOBOIO 00JIaCTIO BIPUBY MOTOKY 37iBa Ta 3 IpaBa. TakuM 4YMHOM, KOHI4YHA (hopMa TpyOu
€ OCHOBHOIO NMPUYUHOIO (popMyBaHHS crieu(pidHOT BUXPOBOI CTPYKTYPH B KOPMOBIiil o0nacTi

TpyOu.
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Puc. 15 — Ycepennenuii no KyToBiii KoopAWHATI KOSQIIiEHT TEMJIOBIIAaYi: 3MiHA IO BUCOTI
nuMoBo1 Tpyou. Hanpsimok noBiTps IliBuiu — [liBeHs (3uma); MyHKTUpPHA JTiHIS —
BigxwieHus +20 % Bix popmyiu (1)

Fig. 15 — Heat transfer coefficient averaged over the angular coordinate: change in the height
of the chimney. Air direction North - South (winter); dashed line — +20% deviation from
formula (1)

Jani mo KyToBiii koopauHaTi KoedillleHTy TeIUIoBiqAaul Ounst IuMOBOi TpyOu
NPUBOAATECS Ha pHC. 15. Sk BuIUMBae, mo BCiii BHCOTI TpyOHM TeIUIOBiJada HUXKYE, HIXK
po3paxoBana 3a piBHAHHAM (1). B 30H1 BrumuBy OyaiBmi Mamsany (10 Bucotd 30 M) BIIXUICHHS
Bin dopmynu (1) cxmagae 6ins 20% i HaBiTh HWk4Ye y Oik 3MeHmeHHs. Lle 3ymoBieHO
3HIKEHHSIM HIBUAKOCTI TOTOKY Ta HECUMMETPUYHHUM XapakTepoM o0TikaHHs TpyOu. B obmacTi
30-80 m TemmoBinnaua npubimsHo Ha 10% HIpKYe 3a po3paxoBany 1o popmyuii (1), a B obmacti
80-110 m 3MeHIIeHHS TeIUIoB1 a4l 30ubIIyeThes 10 20%.

Bapianm 2. Hanpamok nosimps Ilieniu — Iliedens (1imo)

e Toil e HampsIMOK BITpY, 1110 1 AJis BapiaHTa 1, aje B JIITHINA nepioa. AepoarHaMika
0OTiKaHHs AUMOBOI TPYOH 30epiraeThcs MPaKTUYHO TAaKUH ke, K 1 B 3MMOBUI niepion. Pi3auis
B PO3MO/I1JI IBUAKOCTI MMOTOKY O17151 TpyOH 00yMOBJIEHO TUIBKH Y€pe3 3MiHY LIUIBHOCTI TOTOKY.
He3naune 3HMWKeHHS TeruioBianavi (puc. 16) mo BUCOTI TpyOH B JITHIN Mepio] B MOPIBHIHHI 3
3UMOBHUM T€pi010M 00YMOBJICHUH BILTUB TEMIIEpaTypHOTO (hakTopa.

35
30 —==
x 25 " oo
N -
EZO = - — v._—
e
L m— porZese
> 7 —0— Po3paxyHoK
(e}
10 7 : dopmyna...
5
0
0 50 100 150

Bucota, m

Puc. 16 — Ycepennenuii no KkyToBiif KoOopAWHATI KOEQIIIEHT TETJIOBIAAY1: 3MiHA IO BUCOTI
numoBoi Tpyou. Hampsimok noBitps I1iBHid — [1iBaeHs (J11T0); MyHKTHPHA JIiHIS — BIAXUJICHHS
+20 % Big hopmymnu (1)
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Fig. 16 — Heat transfer coefficient averaged over the angular coordinate: change in the height
of the chimney. Air direction North - South (summer); dashed line — +20% deviation from
formula (1)

Bapianm 3. Hanpsamoxk nosimps Iligdens - Ilisniu (3uma)

BapianTt 3 posrnsigae 3BOpOTHHM HANpSIMOK BITPY 3a OJHAKOBHX I'PAaHUYHHX YMOB 3
BapianToM l. Tak sk OyaiBns mamBany BHCOTOI 30 M pO3TAalIOBYETHCS TEpeN JUMOBOIO
Tpy6oto Bucororo 120 M (puc. 17), To 1ie CTBOpPIOE MEPELIKOAY MOTOKY, L0 Habirae i
«3aTiHEHHS» YacTHHM TpyOu Oyamukom. OTxe MOTIK, mo Habirae, orumHae OyIiBIIO 3IiBa,
IpaBopyY 1 3BEepXy 3 BIAPHUBOM MOTOKY Ha OOKOBHUX IOBEPXHAX Malll3aja Ta 3HMKEHOIO
MIBUJKICTIO TOTOKa 3a MamsainoMm (6mu3eko 0.5 m/c). «Cmig» 3a OympiBiero marizana
HecuMeTpu4yHUH (puc. 17), Mo 3yMOBICHO HECUMETPHYHUM PO3TAIIyBaHHSIM AMMOBOI TpyOn
moxo Oynieii Mam3any Ta BiuiiBoM iHdpactpykrypu TEC.

Ha puc. 18 HaBonuThCs aepoinHamika 0OTIKaHHS Malll3ajia Ta IMMOBOI TpyOH B miepepisi
Z-Y. ByniBins mMain3asa CTBOPIOE «3aTIHCHHS» IMOTOKY, 0 Ha0Irae, i 3a HUM yTBOPIOETHCS 30HA
3HMKEHOT IBUKOCTI. Buie OyniBii Mai3ana no BUCOTI TpyOU CIOCTEPIratoThes MepiouyH1
KOJIMBAaHHS IIBHUJKOCTI B KOPMOBIH IUISHII, a THUPJIO TPyOH OOTIKAETHCS 31 HIBHIKICTIO
OJIM3BKOIO /10 IIBUAKOCTI Ha0Irar 40ro noToky.

: B
] -
= . 5 )

Puc 17 — Aepoannamika maiinanunka TEC. Puc. 18 — [Tone mBUAKOCTI BETPY MpH

Hanpsimox moBitps [liBaens - [liBHiu. 00TiKaHHI OIMHOYHOI KOHIYHOI TPyOH,
Bucora nepepizy 10 m po3TamoBaHo Ha MaiinaHunky TEC

Fig. 17 — Aerodynamics of the TPP site. The  Fig. 18 — Wind speed field when flowing
air direction is South - North. The height of  around a single conical pipe located on the
the section is 10 m TPP site
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Puc. 19 — Ycepennenuii mo KyToBiii KOOpAWHATI KOSQIIIEHT TEIJIOBIIAaYi: 3MiHA IO BUCOTI
1uMOBOI TpyOu. [lyHkTHpHA TiHist — BigxwieHHs +20 % Bix popmyiu (1);BrcoTta nepepisy: a
-10M;6-20M,B—31 ™M
Fig. 19 — Heat transfer coefficient averaged over the angular coordinate: change in the height
of the chimney. Dashed line — +20% deviation from formula (1); section height: a— 10 m; b —
20m,c—-31m

—8— P0O3paxyHOK

50 100 150
Bucorta, m

Puc. 20 — Ycepennenuii mo KyToBiii KOOpAMHATI KOE(IliEHT TEIJIOBI1adi 10 BUCOTI JUMOBOI
Tpy6u. Hanpsimox nositps IliBaens — [1iBHIY (3UMa); myHKTUpHA JiHisA — BigxuieHHS + 20%
BiJ popmynu (1)

Fig. 20 — Heat transfer coefficient averaged over the angular coordinate along the height of
the chimney. Air direction South - North (winter); dashed line — deviation &+ 20% from
formula (1)

Ha puc. 19 posrisiHyTa aepoanHamika oOTIKaHHS Mall3ajia Ta TMMOBOI TpyOu Ha pi3HIN
BUCOTI Bia 3eMHOi moBepxHi. Ha Bucoti 10 31 M Tpy0Oa 0OTIKa€ThCSA MOTOKOM 13 Majoro
mBuAKICTIO. CKIlafHa CTPYKTypa MOTOKY (POPMYETHCS 3a paXyHOK BIJIPHBY IOTOKY Ha OIYHUX
MOBEPXHIX OY/IiBIII Ta 4aCTKOBO Ha ioro gaxy. OTxe Ha BUCOTI 31 M (BuIlle qaxy Main3ana) Ha
MOBEPXHI TpyOH (opMyeThes cilabka 30HA MIABUINEHOI MIBUAKOCTI, HA BUCOTI TpyOu 50 M i
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OipIe TMOCTYHNOBO (DOPMY€EThCS CHUMETpPHYHA CTPYKTypa OOTiKaHHS TpyOu 3 pi3HOIO
JIOBXKUHOIO «XBOCTa» 3a JUMOBOIO TpyOor. AHamiz puc. 19 Takox mokasye, 10 B 30HI
«3aTiHEHHS» TPyOM OyJMHKOM Mal3aja OOTiKaHHS TPyOUW HOCUTH HEpETyJspHUN BUXPOBHH
xapakTep 13 (OpPMyBaHHSIM TpaHUYHHMX JHIA — CliaiB OOTiKaHHS OymiBIl Malisana.
[TpumexoBUil map MOBEpXHiI TPyOH HE YTBOPIOETHCS, ajie Ha BUCOTI 31 M U Bimie 0OTiKaHHSA
TPyOH y’ke Mae Xapaktep 31 3MIIIEHHSIM BUXPOBOI CTPYKTYPH BIIPABO.

PesynpTaTii  po3paxyHKy yCEpEIHEHOTO II0 KYTOBIM KOoOpauHATi KoedilieHTa
TerIoBiAa4l peacrasieni Ha puc. 20. Jlo Bucotu Tpyou 50 M po3paxyHKOBa TEILIOBiaada
NEpEBUIIYE J1aHi, OTPHMaHI 3a PIBHAHHSAM Ul OAMHOYHOI TPYOU MpH piBHOMipHOMY Tpodii
IIBUIKOCTI TIOTOKY, 1110 Habirae. B o6macti 50—110 M, six 1y BapiaHTi 1, cepenHs TeruoBiaiaya
npuban3Ho Ha 10% HibKYe 3a JaHi po3paxyHKy, ane Outs rupia TpyOu mMae Micle JIOKaIbHe
30UIBIIEHHS TEIUIOBIAIAYl.

BucHoBku

1. TumoBa tpy6a TEC € omuum i3 BakiamBUX eineMmeHTiB iHppacTpykrypu TEC, 1o
3a0e3reyye eKOJOTYHO YUCTHI BUKU/ TPOTYKTIB 3TOpSAHHS B aTMocdepy. BaxinBoo yMoBoOO
ii excruTyarTarii € BiZICyTHICTh KOHICHCAIII1 BOJIOTH Ha CTIHKY TPYOH /ISl BUKIIFOUEHHS ii Kopo3ii
Ta TOCTYTOBOTO PyHHYBaHHS.

2. IndpacTtpykTypa HaBKOJIMIIHBOTO NpocTopy Ta Manmanumka TEC, a Takox ii
po3TantyBaHHs 1010 OyAiBJIi MalI3aty, Bilirpae BaXKJIMBY POJIb y PO3IOALT aepOIMHAMIKH Ta
TETUIO0OMiHY 10 BUCOTI TPYOH, 10 BU3HAYAIOTh YMOBH KOHICHCAIIIT BOJIOTH BCEpEeInHI TPYOH.

3. Brepie BusiBieHO 3MiHHHUI XapaKTep 3MiHU IMIBUJIKOCTI MOTOKY, CTATUYHOTO TUCKY
Ta TETUIOBIIa4i 10 BUCOTI KOPMOBOI YaCTHHH OJMHOYHOI TPYOH, 110 3yMOBIICHO i1 KOHIYHOIO
dbopmoro.

4. Posmopisn TemoBiAga4i MO BHUCOTI JUMOBOI TPyOM Mae CKIQIHHWA XapakTtep i
BU3HAuUa€eThes 11 posramyBaHHsM Ha wMainanunky TEC. Bukopucranus piBasiHHSA (1)
IPU3BOAUTH /10 3HAYHOI MOXMOKH M1l Yac po3paxyHKy TEIUIOBI1ayl Ha 30BHIIIHIA OBEPXHI
JMMOBOI TpYOH.
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PROBLEMS OF AERODYNAMICS AND HEAT EXCHANGE IN THE
TRANSVERSE FLOW OF SINGLE CONICAL PIPE AT THE TPP SITE

Chimney of thermal power plants are an important element of the complex infrastructure

of the TPP industrial site. However, insufficient attention is paid to chimney during
calculations. In our country, the majority of chimneys are in an unsatisfactory condition, which
leads to negative consequences for the ecological conditions of the environment and affects the
operation of thermal power plants as a whole.

The paper presents the results of numerical modeling of aerodynamics and heat exchange
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on the surface of a conical chimney located at the TPP site. The work uses the traditional RNG
k- turbulence model for problems of this class. The uniform and height-variable wind speed
profile determined by the infrastructure of the environment (different types of terrain) and the
industrial site of the TPP are considered. The flow around the chimney has a complex
character, with the formation of areas of separation flow and destruction of the boundary layer.
It is shown that the location of the pipe relative to the infrastructure objects of the industrial
site of the thermal power plant plays an important role in the distribution of velocity, static
pressure, and heat exchange along the height of the pipe, which are periodic in height both
with a uniform velocity profile and in the area above the engine room building with variable
speed profiles of the oncoming air flow. It is shown that the use of the equation of two-
dimensional flow around a round cylinder leads to a significant error when calculating the heat
transfer on the outer surface of the conical smoke pipe. Such calculation results lead to
inaccurate calculations and a reduction in the service life of smoke pipes of thermal power
plants and destruction of their surface. Also, incorrect calculations of the heat transfer of the
TPP smoke pipe will lead to condensation in its middle and also lead to cracks in the structure
of the chimneys.

Keywords: chimney, aerodynamics, heat exchange, heat transfer coefficient, velocity
profile, RNG k-¢ turbulence model, ANSYS 2020-R1.
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